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IIpeaucioBue

OTa KHUTa HAMMCAHA HA OCHOBE KYPCa JIEKIHH, TPOYNTaHHBIX
FO. . 2KypaBnépbiM Jist ¢TY/IeHTOB (haKy/IbTeTa yIPaBJIEHHS
MpUKIaJHON MaTeMaTuku MOCKOBCKOTO (DUBHKO-TEXHIIECKOTO
nHcTuTyTa. OHA TOCBSINEHA BBEJIEHUIO B BBICIIVIO aJredpy. B Heit
PacCMaTpPHUBAIOTCS OCHOBHBIE aJjirebpanveckue CTPYKTYPBI: IPYII-
I1b1, KOJIBIIA, 110J1s1. Kypc JIekIpii, KOTOPHIil GBI IOJIOZKEH B OCHOBY
KHHUTH, SIBJISETCS 9acThIO ODIIEro TpexceMecTpoBoro Kypea «/luc-
KpPeTHBIH aHaam3». 1103ToMy HmeHTpaJbHYIO POJIb B 3TOM Kypce
UrpaeT TeOpHsl KOHEYHBIX I0JIell, KOTOpBIe SABJIAIOTCA OJHUM M3
BaXKHEHITNX WHCTPYMEHTOB B KOMOWHATOPHUKE W TEOPETHYECKOH
nudopmaTrke. OJHUM N3 KJIACCHYECKUX TIPUMEPOB MTPUJIOZKEHUS
KOHEYHBIX II0JIEH SIBJISETCs TEOPHs KOJIOB, NCIIPABJISIONINX OIITHO-
Ku. B KHUTE aeTcd KpaTKOe BBEJEHNE B 3TY TEOPUIO.

Kaura comepxkut MHOTO 3371249. YacTh U3 HUX — yIparkKHEHUS
Ha NOHHMaHWE MaTepHaJla OCHOBHOI HacTH KHHWTH, YacThb JaeT
TIpeJicTaBJIeHHe O JAJbHEHINX pe3yIbTaTaX B TEOPHUH I'PYII, KO-
JIell, U TI0JIEM.

Kuura npejHa3Hadena Jiist U3y4eHns OCHOB BBICIIE ajrebpol
CTYJIEHTaMHU MJI3IInX KypcoB. Hanbosiee nosie3noi oHa OKarKeTcs
JUIsL CTY/IEHTOB, CHEHAaJN3UPYIOMUXCcS Ha IPUKJIAIHOI MaTeMa-
THUKE.

ABTOpPHI 61ArOMAPAT BCEX, KTO CIIOCOOCTBOBAJ BBIXOJY ITOM
kauru. Ocobas Gmaromapuocts — C. Enymoy, A. Kypakuny,
A. Mepzakpeegpoit, H. Ilycropoiitopy u /I. CasiHKHHY, KOTOPBIE
B3s1JIH Ha cebsi HEJIErKHil TPY/L 3alKch U paciindpoBKH JEKINii.



BBenenue

Aurebpa M3ydaeT MHOYKECTBA W OINpEJIeJIeHHbIE Ha, HUX OTepa-
mun. OHa 33aHUMAET IEHTPAJIBHOE MECTO B COBPEMEHHOW MaTeMa-
Tuke. Bejmka Takyke posib airedphl B MPUIOKEHUTAX. DTOT KypC
MOCBSIIEH KPAaTKOMY BBEIEHHIO B TEOPHUIO OCHOBHBIX aJirebpan-
9eCKUX CHUCTEM: TPYII, KOJel, mojeit. OCHOBHOW TeMoil siBjisier-
csl TIOCTPOEHNE KOHEYHBIX IMOJIell. DTU yAUBUTEIbHBIE OOBEKTHI,
BO3HUKAOIIHE U3 YHCTO aJredparmdeckoro pacCMOTPEHNUS, UTPAIOT
BOJIBIIIYEO POJIb B COBPEMEHHOI KOMOMHATOPHUKE U WH(MOPMATHKE.

Mpu1 mpuBeieM TUTITH OJIWH, HO OY€Hb BayKHBIN, TPUMeED UCITOJTb-
30BaHNs KOHEYHBIX TI0JIEil JIJisi perlenns: KOMOMHATOPHON 33,1891
MPUKJI3HOTO XapaKTepa. Pedb meT 0 Teopun KOJOB, UCITPABIIS-
FOIIUX OIITUOKU.

TTosiBuMch 3TN KOABI B CEepeIMHE TPOIILIOTO BeKa, KOTa Mt
[epesiavun CeKPeTHBIX cOoDIeHuii (CcKazkeM, TPUKAZ0B B BOICKa)
cTaJia aKTUBHO HCIIOIB30BATHCH PAAUOCBa3b. CoobIIeHnst Hy 2KHO
6B110 MM POBATH, & W3-33 TIOMEX IIPH TIepeIade BO3MOXKHBI OITHO-
KU, KOTOPBIE MOTYT CJEJIATh PaciindpOBKY HEBO3IMOXKHON wmin
GecCMBICIIEHHOM (UM TOTO Xy7Ke: OCMBICJIEHHO, HO OIIHOOYHON).
YTo6BI MOBBICUTH HAJIEXKHOCTE COODITEH ST, MOXKHO TTEPEIATH KarK-
JpIii CUMBOJI HECKOJIBKO pa3. Ckarkewm, ecjin mpu mepeaade azoy-
Kot Mopze mepenapaTh KasKIyIO TOUKY TPUIKIBI U KaryKJ0e TUpe
TPHKIBI, TO OJIHA OMNOKA B Mepelade CUMBOJIA HE MEIAeT BOC-
CTAQHOBJIEHUFO MCXOIHOTO COODITEHNS .

Ho mpu takom crniocobe KOAMpOBaHUS TME€PEIABAEMBIX CHMBO-
JIOB JyiuHa coobienus (1 BpeMs Mepejiaun) yBeJInIuBaeTcs B TPH
paza. EcrecTBeHHO BO3HHKAET BOMPOC: KAK KOAUPOBATH cOODIIE-
HIEe, YTOOBI COXPAHMIACH YCTONYINBOCTD K OMMUOKAM U HE CHJIBHO
BO3pACTaja JJINHA COODIMEHNs. JTO U €CTh 33/1a49a O MOCTPOEHIH
KOJIOB, MCIIPABJISIFOITNX OTIHOKIH.



Bgenernne 7

CpaBHHUTEIBHO JIETKO MOKHO MMOKA3aTh, YTO CYIIECTBYIOT «XO-
polirey KOJIbI, B KOTOPBIX HYKHO HCIIOJIB30BATH HEMHOTO JOTIOJI-
HUTEJBHBIX CUMBOJIOB. HO [isT TTPaKTUYECKUX HY2KJI OJIHOH Teo-
PEMBI CYIIECTBOBAHUST MAJIO: HYKHBI SBHBIE KOHCTPYKITHH KOJOB.
Kpowme Toro, ecrecTBeHHBIM TPAKTUYECKUM TPeOOBAHUEM SIBJISIET-
¢Sl TIPOCTOTA JIEKOUPOBAHUS TIEPEIABAEMBIX COOOITIEHMIA.

VAuBUTETBHO, HO BCST TEOPHUS ITOCTPOEHUsT XOPOIITHX KOJAOB OKa-
3BIBAETCSH TECHO CBSI3aHHON ¢ ajrebpoit. Vzyyus juik caMbie oc-
HOBBI 3TOI HAYKH, MBI CMOXKEM MOCTPOUTH TOJBKO IPOCTElirie
KOZIbI Takoro Tuma. OHu, BIIPOYEM, OKa3BIBAIOTCS BECHMA BarK-
HBIMU C TIPAKTUYECKOH TOYKHU 3peHus OJarogapst 3¢pdeKTuBHBIM
AJCOPUTMAM JIEKOINPOBAHIIS.

DTOT MpUMEpP UCIIOIB30BAHUS aJIreOPHI sIBISETCs BEChMa, IOKa-
sarebHbBIM. OYeHb 9acTO B KOMOMHATOPUKE BCTPEYAETCS MMEHHO
TaKas CUTYaIlsi: MOXKHO CPABHUTEJILHO JIETKO JIOKA3aTh, 9TO 00b-
€KTHI ¢ HEKOTOPBIMU CBOHCTBAMHU CYIIECTBYIOT (MHOT/IA JIaZKe, UTO
[OYTH BCe OOBEKTHI YIOBJIETBOPSIOT HYYKHOMY CBOHCTBY), HO siB-
HO TIPEIbABUTH XOTsi ObI OJINH TaKOW O0OBEKT HAMHOTO CJIOJKHEE.
W B o4eHb MHOTHX C/Iy4dasX SBHBIE KOHCTPYKIMA BO3HHUKAIOT W3
aredphI.

Heckombko cioB 06 ucropun. Arebpa MpoIia HECKOIBKO 3Ta-
OB B CBOEM PA3BUTHUU.

Ceiigac penreHnio JUHENHBIX U KB3/IPATHBIX ypaBHEHHiT 00y va-
FOT B CpeIHENl IMIKOJIE, TIOITOMY KaryKeTCs, YTO PEIaTh UX COBCEM
npocto. Ho noka He mosiBuinch OyKBeHHBIE 0DO3HAYUEHNsI, 3HAME-
HUTBIE a, b U ¢, Bce KBaJpaTHbIE YPABHEHUs 3AIICHIBAJINCH CJIO-
pamu. [IpencraBpre, 9TO KBaJApaTHOE ypaBHEHHE 3AIMCAHO TAaK:
«BO3BMH M3BECTHOE KOJIMYECTBO, [BA Pa3a YMHOXKEHHOE Ha HEM3-
BECTHOE KOJIMYECTBO, J00aBh K 9TOMY BTOPOE M3BECTHOE KOJIMYe-
CTBO, YMHOXKEHHOE Ha HEM3BECTHOE KOJINYECTBO, J0OABh K ITOMY
TpeThe M3BECTHOE KOJIMIECTBO, B CYMMe IOJIYYHUIlb HUYIeros. Bor
BaM TakKas 3aJa4Ka, u OyapTe JIOOE3HBI HAWTH ITO HEM3BECTHOE
KoJImgecTBO. JIpeBHME ernumTsite ¢ 9ToH 3aa9€eil CIpaBU/INCh IMEH-
HO B Takoii hopmyaupoeke. [Ipapaa, yauam sToMy MHOTO JIET, HO
KOTJIa 9YeJIOBeK HaydaJics, OH HAaXOJWJI OTBET TOYHO B TAKOM IKe
BHUE, KaK dopMysimpyercs 3aa4a. [ loTom Ha MpoTsiKeHnn OYeHb
JOJITOTO BPEMEHH JIeJTAJINCh TIOMBITKY PENTh YPaBHEHUsT TPeTheit
¥ YETBEpTON cTereHu. B KOHIE KOHIOB PeIleHnsi OBLIN TOJTyYe-
HBI; 9TO BecbMa JIIMHHAS U 3aIlyTaHHAs UCTOpHs (OTKPBLI OIUH,
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ory6JIMKOBAJI JIPYTOi, CIIOPBI O MPUOPUTETE U T.11.), HO B PE3YJib-
TaTe MBI C BAMU YMeEM DPEIIaTh 9TH ypapHeHus. /laiee BOZHUKIA
3a/a9a pelleHnsi ypaBHeHus 5-if cremenu. M BOT 31ech HaAYAJMCH
cnoxkuoctu. Jlonrue Ge3ycrientibie MOMBITKYA HAHTH hOpMyITy JTst
pelieHust ypaBHeHust 5~ cTeneHrn 3aKOHYIWINChL TeM, 910 AGesb
JIOKa3aJ1 HEBO3MOYKHOCTh PeIeHns ITOi 381291 B PaINKaAJIaX.

TTorom mosiBnsiercst [asiya. On moru6 B BO3pacte 20 jer, HO
3aTO OCTABWI mOcye cebsi paboTy, KOTOpas MPEIOIPe/IEIa pas3-
puTne aJredbpbl Ha MHOrO Jier repen. Cozmanubie [aya Teopun
MIPOJIOJIZKAFOT UCIOJIB30BATHCS B COBPEMEHHON MaTeMaTUKE.

Taya npemioxkun paccyKieHne, KOTOPOE [0 CUX TIOp siBJIsSeT-
csl OJHUM U3 OCHOBHBIX CPEJICTB paccyzkienuii B ajrebpe. [Ipem-
CTaBbTE, YTO BaM HAJIO PEINTh HEKOTOPYIO 33/1a49y. 3334 CJIOXK-
Has ¥ HUKaK He permaercs. MOKHO UITH ABYyMS IIyTSMEI: MOYKHO
CECTBb U PEeIaTh, PEIIaTh, PEMIATh, . .., 8 MOYKHO MMONTH TIO JIPpyTro-
vy mytu. Hampumep, moka He MpuyMaJji MHUMBIE YHC/Ia, HEKO-
TOpBIE KBa/IPaTHBIE YPaBHEHUs OBLIO HEJIb3s PEINTh, 8 BOT KOTJIA
BBEJIN 9Ty MHUMYHO €IUHHYKY, BCE Cpa3y CTAJIO MPOCTO. SHAYUT,
BTOPOIi ¢ri0cob COCTOUT B TOM, 4TOOBI PACIIUPUTE MHOYKECTBO (-
ceJi) Tak, YTOOBI y 331941 OSBUJIOCH pernenue. Lajya rmpe oK1
OYeHb OOIHil METO/T perTieH st ypaBHeHuil. Fciin OHI He pernaroTcs,
HaJ0 PACIIUPUTh MHOYKECTBO BO3MOYKHBIX PEIeHUil, TOYHO TaK
XKe, KaK U B CjIydae ypaBHEHHs BTOpOi cremenu. V1 oH mpesio-
JKIJT TAKUE PACIIUPEHNUsT, KOTOPBIE TO3BOJISIIOT PEIATh yPABHEHMSsT
JE0bOM cremern. DTO TaK Ha3bIBaeMble pacimpenus lagya. Drta
uaesi 0 HACTOSINEr0 BPEMEHWU SBJISIETCS OJIHOM M3 OCHOBHBIX B
COBpEMEHHOIT MaremaTuke. Fcum 9T0-TO He perraercs, TO, OBITh
MOZKET, HYZKHO He OUThCs JIOOM B CTEHKY, & PACCMOTPETH BO3MOK-
HBbIE PACIIUPEHUSI.



I'maBa 1

I'pynnbl

1.1. Onpegenienue u npocreiilme
CBOIICTBa

AbcrpakTHasT COBpeMeHHast aJrebpa OTIUYAeTCsT OT TKOJIBHOI
TeM, YTO B HEll pacCMATPHUBAOTCS IPOU3BOJILHBIE OMEPAIIH, Y0
BJIETBOPSIFOIINE 3aJaHHBIM CBOiicTBaM (aKcHoMaMm).

Mel 6yneM paccMaTpUBAThL TOJBKO OUHAPHBIE ONEpPavult, KO-
ra omepalnysi MpHMeHsieTcss K JIByM 3jieMeHTaMm. ['oBopsit, 4To
Ha MHO)KecTBe M ompenenena OuHapHas ajrebpamdeckas ornepa-
[UsT *, €CJIM JJIs BCIKUX JBYX €r0 3JIEMEHTOB @ W b OJHO3HAYHO
OTIpeJIeJIeH 3JIEMEHT ¢ = a * b, Ha3BIBAEMBIN npoussedeHuem dJie-
MeHTOB a u b (nopsjok onepanyos Baxken!). IIpumepamu Takux
omepanuii MOTYT CIYy*KUTh OOBIYHBIE OTEPAIH CJIOYKEHUs], Bbl-
YUTAHUS UM YMHOYKEHWUs] HA MHOYKECTBE JeHCTBUTEIbHBIX (MIH
KOMILJIEKCHBIX ) YHCe/I, ONIepallisl yMHOYKEHHsI HA, MHOYKECTBE KBa/I-
PATHBIX MATPHI[ JAHHOTO TOPSJIKA, OMepaliis KOMIOZUIUH Ha
MHOZKECTBE TEePECTaHOBOK M3 7 3JIEMEHTOB, OTEpallis BEKTOPHO-
o yMHOYKEHUsSI Ha MHOYKECTBE BEKTOPOB TPEXMEPHOTO MPOCTPAH-
CTBa.

CaM TepMUH <«ITPOUBBEJEHUE» IOJICKAZBIBALT, YTO PE3YJILTAT
OGuHAPHO orepalnyu, MPUMEHEHHO K djieMenTaM a u b, obo3nava-
ercs 00b19HO a-b win gazke ab. 10 MyavMUNAUKGMUSHAA 3ATTNCE.
Wnora ucnosib3yercs: addumueras 3a1uch a + b, ocobeHHO B Tex
CIy4asix, KOTJa Ha OJHOM MHOYKECTBE PACCMATPUBAIOTCS CPazy
e oneparyn. Kormga ucrnoib3yercst aJJIATHBHAS 3aIUCh, PE3YJIb-
TaT ONepayu OOBIYHO HA3BIBAETCS CYMMOT.
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B obmem ciydae onepalins IPHMeHSIETCs K yIOPsI0YeHHO-
My HabOpy U3 n 9jeMeHTOB MHOXKecTBa M (M HazbIBaETCS TOrJA
n-apuoii). Ho nac Takoii obmuii ciaydail uarepecoBars He Gyer.

Ilo onpenenenuto arebpanyecKkas Olepalysi OTIMIAETCs TEM,
YTO €e pe3y/IbTaT He BLIBOAUT U3 MHOXKecTBa M (roBopsaT Takike,
4qro M 3aMKHYTO OTHOCHTEJILHO OIpeJIesIeHHON Ha HEM aJirebpa-
uaeckoil onepanun). UM ajrebpa NPUHIUINHAILHO OTIHYAETCS
OT MATeMaTHYeCKOT'O aHaJN3a. B MaTeMaTHyecKoM aHajIn3e ecTh
olepalyn, KOTOPbIe BBIBOJAT M3 MHOKecTBa. Hamnpumep, onepa-
1UsT HAXOXKJIEHUS TPOU3BOIHOI HETIPEPLIBHON (hyHKINN BOBCE HE
00138 TeNIFHO Ta€T HEeNpephIBHYO GyHKIND. B airedbpe Takoe mc-
KJTFOYEHO.

PaccmoTpuM HECKOIBKO MPUMEPOB aJiIredpantiecKux aKCHOM H
33/1aBAEMBIX UMHU aJITe0PaANIecKux CTPYKTYP.

Iouyrpynusbi. Nmeercs equncrBennas akcuoma a - (b - c¢) =
= (a - b) - ¢. Takoe CBOHCTBO HAZBIBAETCS ACCOUUATNUGHOCTBIO.
MHOKeCTBO ¢ OIHOIT OTeparyeii, 0T KOTOpOi TpebyeTcs TOJIBKO ac-
CONMATUBHOCTh U HUYEro OOJIbINe, HA3BIBAETCS NnoAYy2pynnot. Mol
My 3aHUMaThCA He Oymem. [losyrpynmer BecTpedaroTess JOBOJIBb-
HO 4dacTo. Hampumep, oHNM BarKHBI JIIsT OJIHOIN M3 COBpPEMEHHBIX
MATEMATHYECKUX TEOPUIl — TaK Ha3bIBAEMOII TEOPUN aBTOMATOB.

IIpumep 1.1. Ilycte A — KOHeuHOE MHOXKECTBO. CA060M B AJ-
dasure A HazBIBaETCS KOHEYHAS TOC/IEOBATENHLHOCTD dJIEMEH-
ToB A. MHOX)ecTBO cioB B ajidasure A obozHadaercs A*. s
CJIOB OTIPEJIEJIEHA OTIEPALIUS KOHKAMEHAUUL: JTOTIMCHIBAHIE OHOTO
cJIOBa, BeJien 3a aApyruMm. Hampumep, koHkateHanusi aa u bb maer
aabb. MHOXKeCTBO CJIOB ¢ Olepaliyeil KOHKaTeHAIUN 00pas3yeT mo-
Jgyrpyiy. JleficTBurebHO, pe3ybraT KOHKATEHAIUN CJIOB U, v,
w B KayKJOM U3 JIBYX ciydaes (uv)w u u(vw) — 9TO CIOBO, KO-
TOPOE TIOJIy9aeTCsl MOC/IEIOBATETEHBIM BHITUCHIBAHUEM CHUMBOJIOB
CJIOBA U, 33 KOTOPBIMU CJIEAYIOT CUMBOJIBI CJIOBA ¥, 33 KOTOPBIMU
CJIEJIYIOT CUMBOJIBI CJIOBA 0.

ITpumep 1.2. Omobpasrcerue muOXKECTBa X B MHOXKECTBO Y CTa-
BUT B COOTBETCTBUE KA KJIOMY IJIEMEHTY MHOYKECTBa X HEKOTOPHII
9JIEMEHT MHOXKeCTBa Y (MOMKHO CUHTATH CJIOBA «OTOOparKeHue»
u «byukuusgy cunonumamn). O6braHO oTOOpaykeHue f MHOKe-
crBa X B MHOXKecTBO Y obo3Havaercd kak f: X — Y, a zammcu
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[z — yu f(z) = y oznauaror, uro orobpakeHue f CTABUT B
COOTBETCTBUE JIEMEHTY Z 3JIEMEHT y (y HAZBIBAETCS 06pasom ).
Ecmu st KazKI0ro sjieMeHTa, y W3 MHOYKECTBA Y CYIIECTBYET XO-
Ts1 OBI OJIUH JIEMEeHT x u3 MHOXKecTBa X Takoif, 4o f:xz — y
(z B aTOM Cllyuae Ha3BIBaETCs NPoobpasom y), TO orobpakeHue f
HA3BIBAETCS 0MOOPaNCEHUEM HA MHOHCECNEO Y .

Ha orobpazkennsix muozkectBa X B cebsi OmpeiesieHa omepariust
Komnozuyuy (MOCIeN0BATELHOrO BhInoiHeHus ). Eciu f, g — npa
oTobparkenusi, TO ux Kommnozuims F' = f o g 3amaercsa dopmytoit
F(z) = f(g(x)). Orobpaskenns MHO)KecTBa B cebs ¢ oneparueil
KOMITO3UITUH TaK¥Ke 00PazyoT TOJIyTPYIILY:

(fog)(h(z)) = fg(h(x))) = f((goh)(z)).
ObpaTuTre BHUMaHIE, 9TO B 000UX NMpUMepax MOPsi/IOK OMEPAH-
JIOB CyIIeCTBEHEH.

Mownouapt. Chenyiomast ajrebpandeckast CTPYKTypa — 3TO
MHOZKECTBO C TaKOH onepanueil, s KOTOPOH KpoMe acCOIUaTHB-
HOCTH Tpebyercs ele Hajudne eduruyot, T.€. TAKOTO JJIEMEHTA,
MMPOU3BeJIeHNe ¢ KOTOPBIM CJIEBa U CIIPaBa OCTABJISIET JIFOOOH JApy-
roii 31eMeHT Hen3MeHHBIM. JIOTIOTHUTEIFHO MBI TOTpedyeM, YTO-
OBl eIUHNYHBIN 3JieMeHT ObLT equHCTBeHHBIM. VTak, nMeeM jBe
aKCHOMBI:

Ml: z-(y-z) = (z-y)- 2z (acCONUATHBHOCTD );

M2: (akcuoMma eUHUILI) CYIIECTBYeT €UHCTBEHHBIN eIMHUIHbITH
3JIEMEHT € TAKOH, UTO MJIsI JIFOOOTO T BBIMOJIHSIETCS € - T =
=zr-e=1x.

MHOKECTBO ¢ aCCONMATUBHON 1 0613 Ja0IIel eqUHUIIeH OITepaliy-
eil HA3BIBAETCS MOHOUJOM .

PaccMmoTpenHbIe BRINIE TTPUMEPHI SBJISFOTCA HE TOJIBKO TTOJTY-
TPYIITaMA, HO U MOHOUJIAMU. B MHOYKeCTBe CIOB €JIMHUYIHBIM 3J1e-
MEHTOM OTHOCHTEJIbHO KOHKATECHAIIMH SBJIAETCA NYCMoe CA060
(mocnenoBarenbuocTs Ayunbl (). B MHOMKECTBE 0TOOparKeHuii e1u-
HUYHBIM 3JIEMEHTOM OTHOCHTEJIBHO KOMIIO3UIIUN SBJIAETCH 1M0J#C-
decmeenroe omobpasicenue: id: x — z.

3ameganue 1.3. [TockonbKy pe3y/bTaT OMEparyu, BOODIIE To-
BOPsi, 3aBUCHT OT TOPSIKA OMEPAHJOB, WHOTMA OBIBAIOT HYKHBI
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Ae6ble U Npasbie eIUHAIBI. JJIEMEHT e HA3BIBAETCs JIEBOI eqmHI-
neil, ecy s JiroOOro Z BLINOJIHEHO er = x. AHAJIOrMYHO, i
TpaBoil eIMHATIBI BBITIOJTHIAETCS TOXKIECTBO T€ = .

Ipynnwi. Tpymna G = (M, x) — 310 Takas napa w3 MHO-
kectBa M ¥ OMHApHOI omepanmy * Ha 3TOM MHOXKECTBE, UTO
BBITIOJIHSFOTCS CJIEJIYTOIINE CBOCTBA (aKCHOMBI TPYIIIIHI ):

Gl: (zxy)x2z=2x (y*2z) (acCOUATUBHOCTD );

G2: (akcnoMa eJIUHUIBI) CYIIeCTBYET eJIMHCTBEHHBIN € UHIIHBII
3JIEMEHT € TaKOif, 9TO IJjIs JIFOOOTO & BBIMOJIHSIETCS € % & =
=zTkxe=uzx;

G3: st TFOOOTO 9JIEMEHTA, T CYIIECTBYET POBHO OJUH 06pamHviti
2/€MEHM, T. €. TAKOM 9JIEMEHT ¥, IS KOTOPOIO Y*X = T*y =
= ¢ (obpaTHbIil 3/eMenT 06o3HaTaeTcs = ).

I'pymmer ¢ qobaBIeHHBIM CBOMCTBOM KOMMYTATUBHOCTHU OTI€pa-
mun a*b = b* a HA3BIBAIOTCA KOMMYMAMUSHbLMU TIH GOENEEDIMU
(o mMeHu HOpPBEXKCKOro Maremaruka AGejis, KOTOPHIA X H3y-
[aI).

ITpu ucnosib30BaHNN MYJIBTUILTHKATUBHON 3aINCH T - Y WIH ZY
€JINHUYHBII 9JIEMEHT Pyl TPAIUIINOHHO HA3BIBAETCS €IIMHUTIEH
u obosnavaercs e wan 1. Ilpn aaanTuBHON 3ammcH eIMHIIHBIIT
3JIEMEHT Ha3bIBaeTcs HyjieM u obo3nadaercsa 0. Bmecro tepmm-
Ha «OOpaTHBIY MPHU aIUTUBHON 3AIMKUCH HCIIOJIB3YETCsS TEPMUH
«ITPOTUBOIIOJIOKHBIHY . [[pOTHBOTIONOKHEI K 3/ieMeHTy vy 0003HA~
uaercd —y. AJuTUBHAS 3anKUCh OOLIYMHO (HO JIAJIEKO He BCerja)
HCIIONIB3YeTCs JiJTst 0D03HAYEHNsT KOMMYTQTUBHBIX OTIEPAITHii.

Ipynna HaseiBaercss xonewroti, eciiu B Heili (a ToyHee — BO
MHOXKecTBe M ) KOHEYHOE YHC/IO 3JIEMEHTOB, KOTOPO€e HAZLIBAETCS
NOPAOKOM TPYIIIIBL.

TTocmoTpum Ha mpocTeiimiie hopMabHBIE CIIEACTBUS U3 TPYTII-
MOBLIX aKCHOM.

Ileppasi akcHOMa IPYIIIBI O3HAYAET HE3ABUCHMOCTD PE3YJILTATA
MpUMEHEHNsT HeCKOJBKHUX OIEepPalldii OT pacCTaHOBKH cKOOOK. Ilo
WHJIyKITHH MOYKHO PACIIPOCTPAHUTD €€ Ha CKOJIb YTOTHO JJTHHHBIE
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BhIpazKeHus. /IpyruMu cJoBaMU, €CIM €CTh KOHETHas ITOCTeI0-
BaTeJIbHOCTb 3JIEMEHTOB I'PYNIEL 41, A2, .. ., (y, TO UMEEeTCs OJJHO-
3HAYHO ONpPe/Ie/IeHHBIH 3JIeMeHT IPYIIIbI

a1ag ... an,

KOTODBIIl HE 3aBUCUT OT TOTO, B KAKOM HOPSIJIKE PACCTABIIEHBI CKOO-
KU B 9TOM BbIpazkeHHH. JIOKazKeM 9T0 yTBepKJeHHe (hOPMabHO.

Byznem JoKa3bBaTh MHIYKIUE 10 YHCIy COMHOXKHUTENEH 7,
91O TpH JIEO00I PaccTaHOBKE CKOOOK MPOU3BEJEHHE JIEMEHTOB
at,...,a, paBuo ai(as(...ay)...). OcHoBaHUE WHIYKIUU 72 =
= 3 — 9T0 aKCHOMa ACCOIUATUBHOCTH. I1yCcTh yTBEpIKIAECHNE JJOKa-
3aHO JIJIs TPOU3BEAEHHUIT 1 971eMeHTOB. PaccMoTpiM Iponsse ieHre
(n+1)-ro smementa. OHo umeer Bux L- R, tae 8 L u R snemenTos
He Gosibite . [ToaroMy 110 npenoioxKenuto ubaykiwn L = ay - L/,
al-R=(ay-L")-R=ay-(L'-R). BL'- R Bcero n a7eMeHTOB,
TaK YTO MOKHO €Ile Pa3 MIPUMEHNTH TIPE/IONOKEHNEe HH/IYKIIUH 1
BBIBECTH CIPABEJIMBOCTH JOKA3bIBAEMOTO yTBEPIKIECHNUS JIJIsT TIPO-
usBenenuii (n + 1)-ro snemeHTa.

Bropast 1 TpeThst IPYIIOBbIE AKCHOMBI OY€Hb BarKHBI, IOTOMY
YTO MO3BOJISIOT PEIaTh YpaBHEHUs TpocTeiiinero suga ax = b u
za="b:

ar=b & altar=a'b & z=a b

za=b & zaa '=ba ' & x=ba!

(3HaKoM < 0603HAYAETCs] PABHOCUJIBHOCTD YTBEPIKICHMUIA ).

Pemennst ypaBHeHMiT YKa3aHHOTO BUJa B YHUCJIAX ITPOXOJAT B
MJTQJIIIIIX KJTACCAX MIKOJIBI U JAJIbHENIas MKOJIbHAs ajaredbpa Ha
HUX onupaercs. Kcam BEITOTHEHBI TPYIIIOBBIE aKCHOMBI B KaKOTi-
Hubyab GoJiee CJIOKHON curyarun (cKaxKkeM, JUisl JBUZKEHUH Ipo-
CTPAHCTBA), TO HEKOTOPbIE IPUBBLIYHBIE DPABEHCTBA OCTAHYTCS
cripaBeguBbiMu. OOBIYHO TPOBEPSITH TPYIIIOBBIE AKCUOMBI ITPO-
111e, YeM IPOBEPSIThH Pa3peluMOCTh JUHEHHBIX ypaBHeHui (4To0bl
9TO MOYYBCTBOBATH, MOMPOOYHTE pemnTh ypaBHeHNe az = b, T1e
a — TIOBOPOT BOKPYT ocu z Ha 90° mpoTue 4acoBoil crpesku, b —
OBOPOT BOKPYT ocu x Ha 90° 1o 4acoBoii cTpejike).

OdeHb BasKHO CBOWCTBO COKPAMUMOCIIU: €CJTU B3ATh [BA He-
PaBHBIX 3JIEMEHTA, IPYIILI @ 7 b M YMHOXKUTH UX HA OJUH U TOT YK€
3JIEMEHT ¢, TO CHOBA, [TOJIyYaTCsI HEPABHBIE 3JIEMEHTHI: ac 7 be. 1o

COBEPIIIEHHO OYeBH/THO: ec/iu ac = be, To u acc™ ' = bee™ !, mosromy
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a = b. AHaJlOrUYHOE CBOWCTBO BBIMOJHSIETCS W JJIsT Y MHOYKEHUST
cJieBa.

B kauecTse elre 0JIHOTO MPUMEPa, UCIIOIB30BAHUST TPYIIIIOBBIX
aKCHOM MPOBEPHM MoJe3Hoe paBeHcTBo (ab) ! = b~ ta~!, KoTopoe
BBIparkaeT OOpPATHBIN K ab 9/IeMeHT TPyIIibl Yepe3 0OpaTHBIE K G
u b. Umeem

(b ta Y(ab) =b Ha ta)b=b"teb=b b =e.

3/ech TepBOE PABEHCTBO TOJIYYAeTcs MOCe JIBYX MPUMEHEHUH
AKCHOMBI aCCOIMATUBHOCTH, BTOPOE CJIEyeT U3 OlpejiesieHus 00-
PATHOTO, TPEThe — U3 aKCHOMBI €JIUHUIIBI, TOC/IeIHEe — OTISITh U3
onpesetenns obpatHoro. Pasencrso (ab)(b~la~!) = e mposeps-
€TCsT AHAJIOTUYHO.

CBO#CTBO COKPATHMOCTH OBJIETIaeT TIePednc/IeHIe HEGOTBIITIX
rpymir. Onepanuio B KOHEYHOH IPYIITe eCTECTBEHHO 33,1aBATh Tab-
JIHIEH, CTPOKH KOTOPO#i MHIEKCHPOBAHEI IIEPBEIMHE OepaHamn’),
CTOJIOIBI — BTOPBIME OTIEPAHJIAMHE, 8 B Ka¥KJIOW KJIETKE 3aIicaH
pe3ysibTaT npuMeHeHusi oreparun. Takas TabJUIE Ha3bIBAETCS
mabauuets Koauw (nnm mabauyeti ymroorcenus). CBoicTBO cOKpa-
THUMOCTHU O3HAYAET, YTO B KAaKIAYIO CTPOKY U B KaXKIbIi cToJiberr
Taburpl Koy Kakapiil a/leMeHT IpyInsl BXOJUT He 6oJiee OTHO-
ro pasa. A MOCKOJIbKY YHCIO CTPOK M YHCJIO CTOJOIOB TabIHIIBI
PABHO YHCJIY 3JIEMEHTOB TI'PYIIBI, TO MOYKHO YTBEPXKIATH, UTO
KaKJIBIA 3JIEMEHT TPYIIILI BXOJUT B KAXKJYIO CTPOKY U KaXKIIBIi
crober; pOBHO OJIUH Pas.

JIjist TpyIIBI U3 ABYX 3JeMEeHTOB Tabsmia OyIeT BBITJISIETh
TaK:

)
| e
RIS

TpI/I KJIETKHN 3aII0JIHAOTCA 110 aKCHOMe €IUHUIIBI.

)
Q oO|e
~ Q|

C y4aeToM CBOMCTBA COKPAaTUMOCTH B YE€TBEPTYIO KJIETKY MOZKHO

D Pasymeerca, 9Tobbl 3anmcare Tabuuiy Ha OyMmare, HysKHO IPHITHCATE
BCEM DJIEMEHTAM TPYIIbI KAKUE-TO UMEHA (CHMBOJIBI).
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MOCTABUTH TOJBKO €. MOXKHO MpOBEPUTH, 4TO TabJnIa

3
IS IR
[CEESTN s

3a/[a€T TPYNIy. 3HAYNAT, CYIIECTBYET €IMHCTBEHHAsS TPYIa W3
IBYX 9J€MEeHTOB. EIMHCTBEHHOCTD 3/1€Ch HEJIb3s MOHUMATH OYK-
BaJIbHO. Peasmzanusi rpymnnsl MOKeT OBITh OY€HBb CJIOXKHOM: MpH-
JaBas Pa3HBIl CMBICJ 3JIeMEHTaM €, ¢ U T'PYIIOBOI olepauu,
MOZKHO TOJIy9aTh COAEPXKATETHLHO Pa3Hble TpuMepsl. OuH U3 ca-
MBIX yHOTPeOUTENIbHBIX MPUMEPOB I'PYIIIBI BTOPOTO IMOPSIKA, —
MHOKeCTBO unces {—1, +1} 0OTHOCHTEIBHO OTIepaIy Y MHOZKEHHUS.

AHAJIOTUYHBIN aHAJIM3 MOYKHO MTPOJIEIATh U JIJTsl TPYTII ¢ TPeMs
anmeMeHTaMHu. B 3TOM ciydae TakxKe €CTh TOJBKO OJIHA TPYIIIA.

AKcroMa, eMHUIIBI OCTABJISIET HE3AIOTHEHHBIME YeThIpe KJIeT-
Ku B Tabsuie Kogu rpynmer u3 Tpex 3J1€MeHTOB:

e a
ele a b
ala 7 7
bbb 7 7

B nenrpanpHoit KileTke He MOXKeT cTodaTh a. Kcmm B Heil crouT
€, TO MIPUXO/IUM K ITPOTHBOPEYHIO CO CBOWCTBOM COKPAaTHMOCTH: B
TPeThbeM CTOJIOIE BTOPOil CTPOKU JIOJIZKHO CTOATH b, HO B TpeTheM
crosibrie b yxe ects. [losydaem eIMHCTBEHHYIO BOZMOXKHOCTD

b

o o e|e

b
e
a

S Q oo

b

ObpaTuTe BHUMAHIE, YTO 3aII0JHEHHBIE TaCTH ITEPBOI CTPOKH
U TIePBOTO cTojI01a, Tabnipl Ko/ coBIagatoT ¢ mepBoil cTpoKoii
U TIEPBBIM CTOJIOIOM TOH YacTh TaOJMILI, KOTOPasl BLIAETECH] JIH-
HUsIMU (€IMHUYHBII 9JIeMEHT CTOUT epBbIM ). B majibHelinem npu
3aaHun rpy sl Tabsmieit Ksam Mbt 6y/iem mpuaepKuBaThCs 9TO-
TO COTJIAIEHNUS — eJUHUYIHBIN 3JIEMEHT CTOUT HEPBBIM — U Oy/ieM
OIyCKATh Ty YaCTh TAOJMILI, KOTOPAsi JIEXKUT CJIEBA U CBEPXY OT
JIMHUA.
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Knaccuyeckas peajmzaiiysi TPyl U3 ABYX 9JIEMEHTOB MMEET
Bug: e = 0, ¢ = 1, rpynmoBast oniepaltusd — CIOYKEHNE TI0 MOJLYJTIO 2
(cymmupyem u 6epeM 0CTaTOK OT JejieHust Ha 2). AHAJOTUYHO Jist
rpynmnel u3 Tpex meMeHToB: € = 0, a = 1, b = 2, omepanust —
cJI0KeHwe 1o MOAyIo 3. IIpuMeps TpyIin u3 4eThipex, T U T. [I.
9JIEMEHTOB TOJIy9Yaf0TCs TOYHO TAK JKE.

W3 s1ux npumepoB MOXKHO YBUIETH, 9TO JJIsi JIEODOTO HATY-
PaJIbHOTO 7T WMeeTcsi XOTsi Obl OfHA TPYMIa C 7 JJIeMEHTAMM.
CKOJIBKO €CTh CYIECTBEHHO PA3HBIX IPYIII C 7 JIEMEHTAMU! IJTO
TPyIHAS 33/1a49a, KOTOPas 10 CUX MOP B ODIIEM Ciydae He PeleHa.
(ToYHBIH CMBIC/I CJIOB «CYIIECTBEHHO PA3HBIX» — HEM30MOP(hHBIX,
cM. HuzKe pazzen 1.6.)

1.2. IIpumepsnl rpynIn

PaziudanBIX TPy CyIIECTByeT OY€Hb MHOTO, U OHH He 00si3a-
TeJTbHO KOHedHbIe. Teopusi TPYIIT MPOHU3BIBAET CETOJIHST BCIO Ma-
TEeMaTUKY: OT 'eOMEeTPHYECKHX JI0Ka3aTe/IbCTB 10 TEOPUH KOJOB,
WCIIPABJISIONIIX OmubKu. B 3TOM pa3zzesie Mbl IPUBOIUM OCHOB-
HbIE IPUMEPHI IPYIIL.

1.2.1. IIpumepsbl abejieBbIX I'PYIIII

IIpumep 1.4 (wucaoswvie epynnwi). Bee obbrubbe ducioBbie
CHCTEMBI: TIeJible 7, panuoHaJibHbie Q, neilicreuresbibie R, KOM-
mwrekcHbre dnciia C — obpa3yror abeeBbl TPyl OTHOCUTETLHO
cytozkernst. MHOYKECTBO OTJMYHBIX OT HyJisi 9ucesi (paloOHa b
ubix Q) neiicrBuresnbupix R* ) kommiekcueix C*) Takzke o6pazyer
IPYIITY OTHOCUTEJILHO yMHOXKeHUsT. [IpoBepKa MpyImoBbIX aKCHOM
BO BCEX 9TUX CJIy4YasiX HE MPEJCTABJISET TPY/IA.

ITpumep 1.5. Baxspiii qia Hac npumep abejeBoil Tpymmsl —
rpymmna OuHApHBIX HAOOPOB HJUHBI n. Bunaprvie Habopsv, — ITO
nocienoBarenbHocT w3 0 u 1. Oneparus HaT HUMU — TIOKOMITO-
HEHTHOE CcJI0ZKeHue 1o Moystto 2. Cymmoii Jpyx GuHapHLIX HabO-

POB o= (011, ey Oln), ﬁ - (ﬁh ce 7ﬁn)7 79 ﬁl € {07 1} Ha3bIBACTCA
a®pB=((ar+p1)mod2, ..., (an+ B,) mod 2)
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(ucmosibayeM aJINTUBHYO 3alIUCh IPYIOBOi onepanun). Hynem
sroit rpymmer sesiercs 0 = (0,0, . .., 0). Kaxxapiii HemymeBoii s/e-
MEHT COBIQJIQET CO CBOMM IIPOTUBOIOJIOXKHBIM (HAIOMHUM, YTO
MTPOTUBOIIOJIOZKHBII — 9TO OOPATHBIA 9JIEMEHT, KOT/IA NCIIOJIb3yeT-
¢l aJUINTUBHAS 3allUCh Oeparyn). AccolMaTUBHOCTE OYEBUIIHA .

1.2.2. I'pyuibl npeobpa3oBaHuii

ITpumep 1.6. VYV orobpazkenusi MuOKecTBa X B cebsi MOXKET He
6BITH 0OPATHOTO OTHOCUTETLHO OTIEPAITHH KOMITOIUINNA OTOOpazKe-
nuii. Ho ecim paccMOTpeTh MHOMKECTBO 63GUMHO OOHO3HAUHOLEL
omobpasrcenudi MuoxkectBa X Ha cebs (6uexyudi), TO OHO OTHO-
CUTEJILHO OTIEPAIlNN KOMIIOZUIMKA OTOOpaykeHuii 0bpazyeT IpyIiiy,
koropas obozHadaercs S(X ). Orobpaxenne ¢: X — X Ha3bBa-
eTcsT B3AUMHO OJHO3HATHBIM, €CJIN IJIsI JTI0O0ro sjiemMenTa r1 € X
CYIIeCTBYeT POBHO OJinH 3 € X Takoil, 4To ¢: x9 — z1. OTobpa-
sxerme @ 1 X — X, 3a/aBaeMoe IPABUIIOM ¢ L@ 1 = x9, BGymer
obpaTHBIM K ¢ B rpynme S(X).

MHorue BaKHbIE IPUMEPHI TPYIII — 3TO TPYIIIBI ONEKITHii ¢ 10~
TIOJTHUTETBHBIMU yCJIOBUAME. VX MBI Oy/ieM HA3BIBATH IPYIIAMA
peodpazoBaAHMIIA.

IIpumep 1.7. /Jsuorcerusn npocrpancTsa (peobpazoBaHus, co-
XPaHSIOIUE PACCTOSHIE MEXKY TOYKaMU ), 06pa3yioT rpyIILy OT-
HOCHUTETLHO OTIEPAITIH KOMITO3UITIH 0TOOpazkeHnit. ZIcHO, 9T0 KOM-
TO3WIYS JBUXKEHUI — JBUKEeHNe, U 0OpaTHOE K JIBUKEHUID —
TaKIKe JTBUKEHUE.

IIpumep 1.8 (mampuursie epynnst). MaTpHllbl ¢ HEHYJIEBBIM
onpeenuTeeM 06pa3yOT TPYIIly OTHOCHTEILHO ONEPAIN MAT-
PUYHOTO yMHOXKeHHs. Jta rpynmna obosna4daercsa GL(n) (n — pas-
Mep marpuil). OHa MMeeT IpAMOe OTHOIIEHHE K IPYIIaM Ipeot-
Pa30BaHMii, MOCKOJBKY MATPHIAMH PA3MEPa 1 X 7 3aITUCHIBAIOT-
¢l TMHEAHBIE TPpeoOpa30BaHus N-MEPHOTO IPOCTPAHCTBA, & MaT-
PUYHOE YMHOZKEHHE COOTBETCTBYET KOMITOZUIAN TIPE0OPa30BaHMIA.

Boiaenss MaTpHIILI CIENUAILHOTO BUIA, IOy 94€M HOBBIE ITPH-
MEpPbl MAaTPUYHBIX TPYIIL. B 9acTHOCTH, €ClM OTPaHUYHTHCH Op-
TOTOHAILHBIME MATPHIAMHE, V/OBIETBOPAIOIMMHI YCJIOBUIO X | =
= X! (TpaHcHOHMpOBaHHas MaTPHIA COBIAIaeT C OOPATHOIL),
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10 nojtyuuM Tpyminy O(n), KOTOpas COOTBETCTBYET JBUKEHUSIM
7N-MEPHOTO TPOCTPAHCTBA, OCTABJIAIONIM Ha MECTE HA9aJI0 KOOP-
JWHAT (0pmMozoHasvHas 2pynna).

MBbI HUYEro He CKa3aJan 00 3JIeMEHTaX MATPHIL. ITO eIre Of-
Ha CTeleHb CBOOOJBI MpU BBHIOOpE MATPUYHBIX Trpymmd. OT 3e-
MEHTOB MaTpHIl TpebyeTcss HEMHOrOe — UX HYZKHO CKJI3JILIBATH U
YMHOKaTh [0 OOBIYHBIM 3aKOHaM apudmernku. Hampumep, MOXK-
HO PaCcCMATPUBATL TPYIIILI MATPHIL ¢ PAIMOHAJBHBIMY, JIeHCTBU-
TEJIbHBIMU HJIN KOMILIEKCHBIMU KO3 duimenTaMu (BazKHO TIOHU-
MaTh, YTO 3TO COBEPIIEHHO pazHbie rpymmnbl!). ITozxke MbI pac-
CMOTPHM JIpYTHE TPUMEPHI ajredpanvecKuxX CHCTEeM, JOMYCKA0-
mux takue onepaimu. [Toka Oyaem cuutaTh (€ HE OrOBOPEHO
[IPOTHBHOE), YTO 3JIEMEHTHI MATPHI[ — JEeHCTBUTE/IbHBIE YHCIA.

IIpumep 1.9 (epynna nepecmano8or uAu CUMMEMPUNE-
ckas 2pynna). ITO BAYKHBIA YACTHBIA c/lydail Ipymiisl npeos-
pazosanuii. ITo onpegenenuto, S, = S(X), rme X = {1,2,...,n}.
Takum 06pazoM, nepecmarosky, — 3TO B3AUMHO OJHO3HAYHBIE OT-

obpazkenust MuozkectBa {1,2, ..., n} Ha cebs.
ITepecTaHOBKM MOKHO 3aNMCHIBATL B BHUJIE TAOJIAIED
1 2 3 ... 4 ... n
t1 to t3 ... oty ... ty)’

MOPSIJIOK CTOJIOIOB KOTOPOIl HECYIIECTBEHEH.
B rakux 0603HaYEHUSX JIEPKO HAINCATH [TPOU3BEJEHNE Hepe-
CTAHOBOK (KOMIO3HUIINIO OTOOpasKeHNi):

t1t2t3...ti...tno123...’L'...7’L7
V1 YV V3 ... U; ... Up t1 t2 t3 ti tn B

(123 .. i ..o

B (m vy U3 ... Ui ... vn)'
3amerbTe, 9TO MPOU3BEJIEHNE T O 0 — ITO MEPECTAHOBKA, KOTOPAS
[OJTy9a€TCst TPUMEHEHNEM TTEPECTAHOBKH O, a 3aTeM [ePECTaHOB-
ku 7. Takoii MOpsJIOK COOTBETCTBYET IPUHATOMY TOPSIKY 3aIUCH
kommozunuu dyukiuii: (7o o)(i) = w(o(4)) = n(t;) = v;.

Efumnng rpynner nmepecraHOBOK COOTBETCTBYET TOZKIECTBEH-

HOMY OTOOParKeHHIO

1 23 ... 4 ... n\
123 . i ... on)
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ObpaTHas IepecTaHOBKa

123 .. i ..n\ "' (titots ... ti... tn
t1t2t3...ti...tn B 1 2 3 ... i ... n/
I'pymma nepectanoBok S, HEKOMMyTaTWBHa npu n > 3. Bor

NPOCTOI MpUMep, KOTJIa NPOu3BeJeHNe IepecTaHOBOK TpeX 3Jie-
MEHTOB 33aBHCUT OT IOPs/IKa MHOXKHUTeJIeii:

316330157
?é(é g i))G g 2)0(; § i)) (1.1)

ITepecTanoBKY TaKyke MOYKHO 33/IaTh, YKa3aB €€ YUKA080€ Pa3-
NOAHCEHUE:

m= (i3 k)@ i) G (2)

BHyTpH KarKJI0ii mapel cCKOOOK YHCJIa MEPECTABIISFOTCS [(HKIINYe-
cku: 7w(iy) = dg, w(ia) = i3, ..., (i) = i;. [TuxaoBoe pazyo-
JKEHHUE OIPEIEIEHO ¢ TOYHOCTBIO JI0 IUKJIMYECKUX CJIBUTOB YHCeN
BHYTpH cKOGOK. HacTo HCIob3yeTcst COKpaleHHast [IHKIOBas 3a-
[IMCh TIEPECTAHOBKH, TIPH KOTOPO# IIUKJIBI JITUHBI 1 TPOITYCKAKOTCS.
TozK/leCTBEHHAs TIEPECTAHOBKA, IPH TAKOH COKPAIEHHON 3aITHCH
BHINVISIUT KakK mapa ckobok: (). ITukiopas samice Gojee KOM-
nakTHa. BoT, ckazkeM, Kak BoIrguT dbopmyia (1.1) B ukaoBoii
3AITHCH:

(123) 0 (23) = (12) # (13) = (23) 0 (123).

1.2.3. I'pyumbsl cumMeTrpun

COBOKYITHOCTE TIPeObPa30BaHNI, COBMENMTAIONNX 00BEKT C Ca-
MUM cODOM, HABBIBAETCS 2pynnoti cummempuu o6sexma.

OO6BeKTBI MOTYT OBITH Pa3HON MPUPOJIBI: TEOMETPHYECKHE Te-
J1a, MOJIEKYJibI, mudepeHinalibable ypaBHeHUst, (DYHKITUN U T. IT.
I'naBHOe, 4TOOBI OHU HE MEHSIINCH TMPH KAKUX-JHOO Mpeodpaszo-
panusx. [IpeobpazoBanust OBIBAIOT AUCKPETHBIME UJIN HEIPEPHIB-
weIMU. Eciin npeobpa30BaHus JUCKPETHBIE U UX KOHEYHOE YUCJIO,
TPYIIa, ECTECTBEHHO, OKA3hIBAETCsT KOHETHOIA.
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03 Cn Cn Cn
Cy o
2 £
Cy
a) 6) B)

Puc. 1.1. a) Tpynna Bpaiienuii NpaBUILHOTO TPEYroIbHUKA BKJIEO-
qaeT B cebst Och Tperbero mopsaka C3 U TpH OCH BTOPOTO
mopsigka Cs.

6) BeprukajibHas 3epKaJbHas ILUIOCKOCTH O, U TOPHU3OHTAJIb-
Has Op,.

B) «MoJiekyJiay , UMEIOIIAs 3ePKAJILHO-IIOBOPOTHYIO OCh YETBEPTO-
r0 TIopsijika Sy.

I'pynma cuMMeTpnn MOJIEKyIBI COCTONT M3 KOHEYHOTO JHCIIA
JBUZKEHU, IIOJ JeHCTBUEM KOTOPBIX MOJICKYJIA IIEPEXOJUT CaMa B
cebsi. Bee Takue npeobpazoBanust (3/IEMEHTH CHMMETPUH) OCTAB-
JAI0T HA MecTe II0 KpaliHeil Mepe OfHy TOYKY, IIOITOMY TaKHE
TPYNIIBI HA3BIBAIOT TOYCIHBIMH.

IIpumep 1.10 (epynna mpeyzoavruka). Ilpuvepom Toueq-
HOIl TpyIbl siBsieTcs Tpyina Tpeyrojbhuka D (puc. 1.1 a).
B namHoil rpyrime JiBa CyIecTBEHHO PA3HBIX 3JIEMEHTa CHMMETPUH:
ochb TpeThero nopsiaka Cs U MepreHauKyJisipHast eif 0Cb BTOporo
nopsiaka Co. V3-3a HAJIUYUST OCH TPETHErO MOPSIIKA, MOSIBJISIETCST
TPU OCH BTOPOTO TOPSIJIKA.

Beero B rpyrmme TpeyroibHuKa 6 3J1eMEHTOB: TOXKJIECTBEHHOE
npeoOpazoBaHue, JBa MOBOPOTa BOKpYr ocu C3 W TpHU MOBOPOTA
BOKpyT oceit Cs.

B obimem ciiydae B TOYeHUHOU rpyIie MOTYT OBITH TOJBKO TPH
BUJIQ 3JIEGMEHTOB:

1: TTosopor C,, Ha yroJ 27/n BOKPYI' OCH 1n-TO TOPSIJIKA.

2: OTpaxkeHnune o, B IJIOCKOCTH, ITPOXO/JISIIEN Yepe3 OCh, WIN B
IUIOCKOCTHU O}, TIEPIIEHANKY/IsipHOi ocu. Muaekcer v, h yka-
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3LIBAIOT HA BEPTHUKAJIBHYIO HJIN TOPU3OHTAJLHYIO INIOCKOCTh
B MIPENOJIOKEHNN, 9TO OCh 7-T'O TOPSIKA, SABJISETCS BEPTH-
KaJbHOM, puc. 1.1 6).

3: 3eprajbHBIi TOBOPOT S9,, = 01,Cay,, T. €. TOBOPOT C OTPaIKe-
HUEM B TOPU30HTAJILHOI miockocT. YToOBI 1ocjie moBopoTa
Ha 27 MOJIEKyJia BO3BPATIIACh B HUCXOJHOE COCTOSTHUE, TIO-
PSIJIOK 3€pPKaJIbHO-TIOBOPOTHOM OCH JIOJI7KEH OBITH YETHBIM,
puc. 1.1 B).

B mpocTpaHCTBEHHBIX TpYIIIAX, OIMUCHIBAIOIMINX CUMMETPHIO
6eCKOHEUHBIX ITPOCTPAHCTBEHHBIX KPUCTAJIIOB, K TIOBOPOTAM U OT-
pazKeHusM JI00ABJISIOTCS TPAHCISIAN (IIEPEHOCH ) Ha TOCTOSHHY O
peureTKi M WX KOMIIOZUIMHA C IIOBOPOTAMHI WJIM OTPAYKEHHUSIMII.
IIpocrpancTBeHHBIE TPYIIIBI MOTYT OBITH KQK KOHEYHBIMH, TaK U
GECKOHEYHBIMU.

IIpumep 1.11 (2pynna dusdpa uau dusdpasvhas 2pynna).
DT0 rpyIa cuMMeTpHii MPABUILHON MPU3MBI (M1 TIPABUIHLHOTO
n-yroapauka). Ona obozna4aercs D,,. JIerko HOHATH, 9TO B 9TOI1
TPYIIIE €CTh OCh N-T0 nopsifKa Cy, U n MEPIeHIUKYISPHBIX €if oceil
Broporo nopsigka Cy (Ha puc. 1.2 n306pazKeHbl OTIEIBHO CIyYail
YETHOIO 7 U CIy4ail HEYeTHOro 7).

Cy Ch

Cy Cs
S s
Cg 02 02

Puc. 1.2. I'pynmer Dg u D5

B rpynme D,, Bcero 2n s/ieMEHTOB: TOXKJIECTBEHHOE MTpeodpa-
3oBaHue, n — 1 moBopor BOKpYr ocu C, U 1 MOBOPOTOB BOKPYT
oceit Cy.

ITpumep 1.12. ObrikHOBeHHOE MU depeHnnaILHOe ypaBHEHIE

dy T
z-1(3)
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MHBAPUAHTHO OTHOCUTEHLHO TTPeoOpPasoBaHUil pacTIKeHNsT
= Az, y— Ay, A£0.

Takoe ypaBHeHNE HA3BIBAETCS OJHOPOJHBIM U PEIAETCS C TOMO-
B0 TIepex0/ia K HOBOIl mepemenHoii z = y/x. Bee pacrsxkenus
¢ pasHbBIMEH A 0Opas3yror rpymmny R, KoTopasi, 09eBUIHO, HEecKo-
HEYHAs U HENpepbiBHAsA. UTOOBI 33/1aTh MpeoOpa30BaHue U3 ITOH
rpymmnel, Tpebyercd 3amaTh mapamerp A. Kommdecreo mapamer-
poB, HEOOXOAUMOE st OJHO3HAYHOTO 33JIaHus Mpeobpa30BaHus
W3 HEMTPEPBIBHON IPYIIBEI CAMMETPUN, HA3BIBAETCS PA3MEPHOCTHIO
u obozuagaerca dim. B mamem npumepe dim R = 1.

IIpumep 1.13 (epynns. NpasuUAdBHBIL MHO202PAHHUKOS).
Ipynmna (MpaBUJILHOrO) MHOIOIPAHHUKA COCTOUT U3 6paujeHuil
3TOTO MHOT'OI'PaHHHUKA, COBMEIAONINX MHOTOIPAHHUK C CAMUM CO-
6oii. Bpalienus — 3TO He BCe CUMMETPUM MHOTIOTpaHHUKA (cpe-
JI1 KOTOPBIX MOT'YT OBITh, HAIPUMED, 3ePKAJIbHbIE OTPAYKEHHUs ), a
TOJIBKO TTIOBOPOTHI.

1.3. Hukauveckue rpynibl

DTy Tpymmel HauboOJiee TPOCTO YCTPOEHBI. B yukauveckor
2pynne ecTh TAKOW 3JIeMEHT (OH HAZBIBAETCS NOPOAHCOGIOULUM INE-
MEHMOM TPYIIIBI), YTO KAXKJBIA 3JIEMEHT IPYIIbI MOMXKET OBITH
nojiydeH (MHOTOKPATHBIM) [IPUMEHEHHEeM TPYIINOBOI onepaiun K
TTOPOZKIAFOIIEMY.

Yrobbr pazobpaTbest ¢ IMKINYECKUMHI TPYIIIAME, BBEIEM He-
CKOJIBKO TIPOCTBIX 0D03HAYEH NI, KOTOPBIE MOHAI00ATCA U B TaJTb-
weiimem. Eauaniy mber 6yaem ob03Ha9aTh KaK HYJIEBYIO CTEEHB
HPOM3BOILHOTO deMenTa: € = a’. (JTO MpocTO ToJIe3HOe YCIIOB-
Hoe obozHavenue. Ero MozKHO cumTaTh onpemesennem a’.) [laee,
Pe3y/IbTaT N-KPaTHOTO MPUMEHEHUs OTePaIlni K JIEMEHTY a Oy-
aeM 0bO3HAYIATh a'*:

n

a =a-a-...-a.
N——
n pas

B agmurusHON 3ammcu Ta ke caMasi CTeleHb 0DO3HAYAETCS Na.
ITpoeepum, uto

(@)t =(@)" (1.3)
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IIPAMBIM BBEIYHUCJIEHHEM (B HEM MBI UCTIOJIB3YEM, 9TO a " 0171 KOM-

MYTUPYIOT):

(g~a~...~a)~(gil~a71~...~a71):

g g

n pas n pa3s

n pas

Pagercreo (1.3) mos3BOJIsier OJ{HOZHAYHO MOHHMATH BBIPAYKEHHE
a~ " (—na B aJUTUBHON 3alNCH) ¥ JaeT ONpeJesieHHe OTPHIa-
TEJILHOM CTEIeHMU.

Bce ocTanbHBIE CBOMCTBa CTElleHH, K KOTOPBIM MBI IIPUBBIK/IA
B 0OBIMHOM apudMeTHKe, 3/1ech TOXKe coxpaHsarorcd. Hampuwep:

a"~am:(a~a~...~a)~(a~a~...~a):(a~a~...~a):an+m.
a a a

n pas m pas n + m pas
(1.4)

Tak ke JIErKO TOJIyYUTh €€ OJIHO MPUBBIYHOE PABEHCTBO
m
(a") =g,

Temepb TOCMOTPUM Ha TO, KaK YCTPOEHBI ITUKJINYECKIe TPYTI-
msl. EcTh 1Ba cirydas.

1. Bce crenenn TOpoKIAIoNIero ajieMenTa pa3audHbl. ['pymma
COCTOUT U3 3JIEMEHTOB

a OIepals OJHO3HAYHO onpeneseHa paseHcrBamu (1.3) — (1.4).
To cymiecrBy, 9TO IPYIIa [EJBIX YHCEJ M0 CJIOKEHHUIO. DTO CTa-
HOBUTCSI OY€BHU/HBIM, €CJIH MEPENUCATh TPEIBIAYIYI CTPOUKY B
AIUTUBHON 3aITiCh

..., —3a,—2a,—a,0,a,2a,3a,....

2. JIpe paznauvHbIEe CTETIEHU TTOPOXKIAFOIIETO 3IEMEHTa COBIIa-
JAF0T:

,  n,m — uense, m #£ 0.

Ho Torna
n+m n

, e a” =e.

a =a"ad" =a
ObozHaYMM Yepe3 g HaUMeHbIIlee HATYPaJbHOE M, JJis KOTOPOTO

a™ = e (3T0 YHCIIO HA3BIBAETCS NOPAJKOM INEMEHMA Q).
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JlokaxkeMm, 9TO 3JIeMEHTHI MUKJINIECKO! TPYIIIBI B 3TOM CJIy-
qae — 310 ¢ = a°, a', ..., a?"!, mpuueMm Bce HepeuMCIEHHbIE
3JIeMeHTEl pas3yuyaHbl. JeiicTBuTesnsHo, ecom al = al, 1<i<tg
< q—1, 10 7! = € ¥ IPUXOAUM K HPOTUBOPEUUIO C BEIGOPOM ¢
(Tak Kak t — < q). PaccmoTpum Kakoi-Huby b 9/IeMEHT IPYIIIIL,
oH uMeeT BUA a’. Pazgenum n Ha ¢ ¢ OCTaTKOM: n = sq + m,

0 < m < q. Torma
S
a = a1t = g™ = (aq) a” =ead” = a™.
IMukmyeckast rpymma u3 n 3meMeHToB obozHa4daercs C,.

IIpumep 1.14 (xopru uz edunuywnt). KomiekcHoe qucio z
Ha3BIBaeTCs KOPHEM U3 eJIMHUIBI TIOPSJIKa 1, ecan 2’ = 1. MoxkHo
MMPOBEPUTH, 9TO OTHOCHUTE/IbHO YMHOYKEHUsI KOPHU W3 €JIUHUIIBI
00pa3yoT IPYIILY, U 9Ta TPYIIIA IIHKINIECKAS .

ITpumep 1.15. Crenenn jiroboro sjemenTa a B Jir000it rpytine 06-
PazyIOT IUKIMYecKy o rpyny. CBOMCTBO acCOTMATHBHOCTH B JTaH-
HOM CJTy9a€ BBITIOTHSIETCST TPUBHAJIBHO, €IHNI, — Ta YKE caMas,
9TO U B MCXO/HOI rpymmre. CoryiacHo MpOIe/TAHHBIM BBIITE BBITHC-
JIEHUsIM, TTPOU3BEJIEHIE CTETEHEll SBIsIeTCs CTeNeHblo, 0OpaTHBII
9JIEMEHT TaKIKe SIBJISIETCS CTETIEHBI0. DJIEMEHT a SBJISETCS TIOPOIK-
nmatormuM. O6paTnTe BHUMAaHNE, 9TO KAaXKJBIA JIEMEHT MCXOJHOM
IPYIIBI MOXKET TOPOAUTL CBOIO TpyMily. ['pyIny, MOpPOKIECHHYIO
3JIEMEHTOM a, MBI OyZieM 0603HaYaTh {a).

1.4. lloarpynnsl

IIpenmosoxum, 9T0 MMeeTcs HEKOTOpas rpymmna G, U i Ka-
KOTO-TO TOAMHOYKeCTBa 3eMeHTOB H C G BBITIOJIHEHBI CBOWCTBA

1: e€ H,;
2: ecm a,b€ H, 0 a-be H,
3:ecmac H roa '€ H.

Takoe muORecTBO H siBJisieTcst TPyNNOil OTHOCUTELHO TOH IKe
oTiepalyii, YTO U B UCXOMAHON rpymime. AccoluaTUBHOCTH MTPOBe-
PsTh HE HA/JIO, TIOCKOJIBKY acCOIMATHBHA (7, OCTAJIbHBIE TPYIIIIOBELIE
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aKCHOMBI Cpa3y CJIJyIOT N3 IPUBEJIEHHBIX BhIle cBoiicTs. [loj-
MHOKecTBO H, yJIOBJIETBOPSIIOIIEE MT€PEUNCIEHHBIM BBIIE CBOM-
cTBaM, HazwIBaercs nodepynnoti G. [lns ykazanus Ha TO, uTo H
sIBJIsieTCsT NOArpynnoit G Mbl OyJeM HCIOJIB30BaTh 0003HAYEHMEe
H <G

Beiitie yrke 6611 IPUBEJIEH ITPUMED [IOJPYIIILI — MIOATPYIINIA,
MOPOK/IEHHAST SJIEMEHTOM I'PYIIIIHL.

Hawm nonanoburcs oueHb MPOCTO JOKa3hIBaEMas TEOPEMA.

Teopema 1.16. H — nodepynna zpynno. G mozda v moavko mo-
2da, xozda drs mobuix a,b € H ewnonnero ab™" € H. Qopmanvto
MO MONHCHO 3GNUCAMD KAK

H<G & ab™' € H dan scex a,b € H.

HoxazareascrBo. Eciim H — moarpynma, 1o mjist Ji0bbIX a,b €
H w3 cBoiicTs 3 u 2 MOArPyMILI caemyet, uto ab~ ' € H.

Teneps mokazkem HeoOxomuMocTh. Ilycts qus arobeix a,b € H
poimosreno ab~ ' € H. Bosbmen toboii anement o € H. Torna e =
=a-a~ ' € H (cBoiicrro 1). Beibpas mapy e, a € H, y6exxmaemcs,
aro ea ! = a~! € H (cpoiicto 3). [Mockomexy (b~1)~! = b, To
ab = a(b~1)"! u croiicTBO 2 TaKKe BLITIOTHEHO. O

Bot mpumep ncnonbzoBanns Teopembr 1.16.
Yreepxkaenune 1.17. [lepeceuenue nodzpynn — nodzpynna.

HoxkasareascrBo. Ilycts a,b € Hi N Ho, tiie H1 < G, H2 < G.
Torma ab™' € Hy, ab™' € Hy. Bmauur, ab~' € Hy N Hy. Uz
Teopemsl 1.16 craemyer, uro H; N Hy — moarpymma. O

PaccmoTpum elre HECKOIPKO KOHCTPYKITANA TTOATPYI.

ITpumep 1.18. I[enwmpom rpynmel G HaA3BIBAETCS MHOXKECTBO
C(G) rex ee 31eMEHTOB, KOTOPBIE KOMMYTUPYIOT CO BCEMU 3Ji€-
MeHTaMH T'PYIIIBL:

CG)={zeG|VgeqGgx=uxg}
Ientp rpynmet Beerga we myct (e € C(G)). Ecnu rpynna koMmy-
raruBHa, T0 C(G) = G. JIokazKeM, 4TO [EHTP SABJISeTCs TOAIPYII-

moii. [IpoBepum BBITIO/IHEHNE CBOHCTB MOATPYIIIEI s IIEHTPA.
OueBngmo, 9To 11 jioboro g € G

ge = eg. (cBoiicTro 1)
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Ecimu z1,29 € C(G), TO U3 accONUATUBHOCTH YMHOYKEHUS MOy~
JaeM

glz129) = 21929 = (2129)9. (cBoiicTBO 2)
Haxkower, ecyiu z € C(G), 70 yMHOKUM PABEHCTBO g = g CJIeBa
Ha :1:71, TIOJIy Y1M :1:719:1: = :1:71:1:9 = g¢g. YMHOXKas TOJIy9eHHOe
PaBEHCTBO Ha, z~ ! CIIpaBa, IMOJIy9IUM z ! g= g:cfl, 3HAYIUT, z te
C(G). D10 cBO¥iCTBO 3 U3 ONpe/Ie/IeHUs TIOIPYIIIIHI.

Beenem omHo mosteznoe obozuauenue. [lycrs A, B — moamHo-
JKecTBa 9y1eMeHTOB rpymisl G. Torjga «yMHOXKEHHe» MOJMHOIKe-
crea A Ha mogMHOXKecTBO B Jaer moaMHokecTBO AB anemenTos
IPYIIIBI, COCTOsIIIEE U3 BCEX MONAPHBIX MPOU3BEAeHHil ab, a € A,
b € B. Ilpu yMHOMKEHHH OJIHOJEMEHTHOTO IMOJMHOMKECTBA {z}
urypHere cKOOKH JJist KPATKOCTH 3AITUCH OILy CKAFOTCS.

IIpumep 1.19. Hopmasusamopom N(S) nommuoxkecrsa S C G
3JIEMEHTOB TPyMITbl G HA3BIBAETCA MHOYKECTBO TAKUX €€ 3JIEMEH-
TOB ¢, YTO BHINOJIHEHO paseHcTBo S¢ = ¢S5. Hopmanuzarop N(S)
Beerga He nycr (e € N(S)). Ecau rpynma KOMMyTaTHBHA, TO
N(S)=G.

JIoKa3aTeIbCTBO TOTO, YTO HOPMAJIN3ATOP JFOOOTO TOAMHOKE-
CTBA ABJIAETCA MOArPYTITON, AHAJOTHYHO MTPEJBIAYIIEMY ITPAMEDY.

A Temepb mepeiieM K HEKOTOPOI KOHCTPYKIIUH, KOTOpasi B
ajredpe U B OIPOMHOM OyKeTe MaTeMaTUYeCKUX HAIPaBJIEHUI,
BBIPACTAIOIMINX U3 aJredphbl, UTPaeT OTPOMHYIO POJib. PaccMmor-
pUM KaK MPOUCXOIUT MIPUHSITHE PENIEHNH B HEKOTOPBIX CIOYKHBIX
curyanusix. CKazkKeM, MUHHCTP XOdYeT 3HaTh KaK 0OcTodaT mena
B MuHHCTEPCTBe. Bes mHMOpPMAINS MOMKET MPEeCTaBIIsATh cobOit
cTOTIKY OyMaru B JecsTKH ThICSd JUCTOB. Hukakoil yejoBek He
CMOZKET OTEPATUBHO 00pabaThIBAThL TaKue 0O beMbl HHMOPMAIIUN.
TTostomy mo 3zampocy MuHHCTpa BCad WHAMOPMAIUS HE IIPEJO-
CTaBJISIETCS €My B 4UCTOM Bujie, a obobmiaercs (arperupyercs).
TTo-Hay9HOMY 9TO HA3BIBAETCS «ITPUHIUIT AT PErNPOBAHUS HHMOP-
Maruny . Bech orpoMubIil 06beM nHGOPMAIIH IPEICTABISETCS B
BUJIE OTIEIBHBIX COODIEHNIT, KOTOPhIE OOBEINHSIFOTCS B TPYIIIIHL,
¥ 9TUM TPYIIIaM MPUCBANBAIOTCS HOBbIE Ha3BaHus. Ul B pe3yiib-
TaTe TMOJydaeTcd yKe apyras uuadopmarms. Mbl paccMoTpum
MPOCTEHINI pUMep TAKOTO POJia Ha OCHOBe Ipymi: OyaeMm ar-
perupoBaTh Win 0606MATE O OTHOIIEHUO K JAHHOI TOArPYIIIe.
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Jlamexo He cpal3y MOYKHO MOHSITH, YTO MPUBOINMAs HUKE T€O-
peMa mMeeT OTHOIIIeHHe K OIMCAHHOIT BBIIIE CUTYAIIUH.

Paccmorpum mekoTopyro noarpynmny H rpynmer G, a Takxke
HEKOTOPHIil 3/1eMeHT rpymnbl € G. MuoxkecrBo xH B cooTBer-
CTBUU CO BBEJEHHBIM BHIIE 0O03HAYEHNEM SIBJISIETCST MHOZKECTBOM
TEX 3JIEMEHTOB TPyNNbl (G, KOTOPBIE MOJIYYAIOTCS U3 JIEMEHTOB
moaArpymnnsl H yMHOXKEHHEM Ha T CJIEBA:

zH ={zh | he H}.

MmuozkecTBO £ H Ha3BIBAETCS CMEHCHBIM KAGCCOM N0 nodepynne H
¢ TpejicTaBuTeIeM (CMEXKHOTO KJiacca) . [TOCKOJIBbKY yMHOKeHne
Ha & TMPOU3OIIO CJIEBA, TO TOBOPSAT, UTO ITO AEEHIL CMENCHDIT
xaacc. K yKe yMHOXKATH Ha T CIIPaBa, TO MOJIYIUTCS NPasvill
cemeorcroill kaace. Ecmu onepalinsg HEKOMMYTATUBHA, 9TH KJIACCHI
MOTYT pazindarbes. Jig KOMMyTaTUBHOI TPYIITBI BCET/IA BBITIOJ-
weno paBenctBo zH = Hz. B sroMm ciaydae MOKHO MPOCTO TOBO-
pUThH O cMeRKHOM KJjiacce. VIMeeT Mecro OvYeHb BarKHas TEOPeMa.

Teopema 1.20 (Treopema 0 cMeXHBIX KJiaccax). Cmeorcroie
xaacco. tH w yH aubo ne nepecexaromesn, aubo cosnadarom.

JokazareabcTBo. [IpeanoiokuM, 9To y ABYX CMEKHBIX KJIac-
coB Hammesca obmuil saement z. Torma z = xzh; = yh;. OTcoma
nosysaem = = y(hjh; ') € yH, y = x(hihjfl) € zH, T e. mpenacra-
BUTEJIb OJIHOTO KJIACCA MPUHAJIEKUT APYTOMY.

Janeme Bcé mpocro. Ilyere w € zH, T.e. w = zh'. Ho
z = yh,, sHauntr, w = ylh,h') € yH. Takum o6pazom,
zH C yH. CoBepIlleHHO aHAJIOTUYHO JOKA3BIBAETCS BRJIFOYEHIE
B IIPOTHBOTIOJIOXKHY O cTOpony. 3uaunut, ©H = yH. Mb1 gokazaim,
9TO CMEYKHBIE KJIACCHI COBIIAOT, €CJIH Y HUX €CTh XOTsI ObI OJIUH
ODOIIMIA 3JIEMEHT. O

ITpumep 1.21. Paccmorpum rpymmy R?, KOTOpast COCTOUT U3 IIap
JefiCTBUTEIbHBIX YHCeJI ¢ Olepaliieil MOKOMIOHEHTHOTO CJIOYKe-
HUST:

(w1, 22) + (y1,92) = (1 +y1, 22 +9y2)
(ucmosibzyeM 371€Ch aUIMTUBHYIO 3alKCh). B 3Toil rpymnme ecTh
noarpynmna R, cocrosimas uz nap (z,0), z € R (nposepky cpoiicrs
TIO/ITPYIIIBEI OCTABJIsIEM YUTATEF0 B KAYECTBE MOJIESHOTO YITParK-
HeHUst).
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CMmeskHBIME KJaccaMu OyayT MHOXKecTBa Ry = {(z,y) | y =
= a,z € R}. D10 0ueBWIHO, TAK KAK IAPHI ¢ COBIAJIAIOIIEN BTOPOI
KOMIIOHEHTOI OTJINYAOTCS Ha, SJIeMeHT n3 R:

(z1,a) = (z9,a) + (1 — 29,0).

ITpumep 1.22. PaccMOTpHUM HEKOMMYTATHUBHYIO TPYHIIy S3 U B
ueil nogrpynny H = ((12)) (ncnosnb3yeM COKpaIeHHYO IUKJIO-
BYIO 3AIIHCh [IEPECTAHOBOK ). SAITHIIIEM CMEKHBIE KJIACCHI TI0 9TOM

HOArpyIIIe

H: 0 (12)
(23)H - (23) (132)
(13)H : (13) (123)

TTockosbky s7emenT g rpynmnbl G IPUHAJIEXKUAT CMEKHOMY
ritaccy gH mo moarpynme H, 1o Bed rpynma G pasbuBaercss Ha
obbeIHeHre CMEKHBIX KJ1accoB o0 H (B JaHHOM cjiydae JIeBBIX,
XOTS TO YK€ CaMOe BEPHO U Jjisi IIPABBIX CMEYKHBIX KJIACCOB):

KommaecTBo cMexxHBIX KiaaccoB rpymnsl G mo moarpymmne H Ha-
3BIBAETCS Undexcom nodepynne. u obo3Havaercs depes (G @ H).
(Ecnu cMeskHBIX Kaacco 1o H Geckoneuno muoro, 1o H HasbIBa-
eTcs MOArPYNHoil GeCKOHEYHOTO HHJIEKCA. )

Jokazkem, aro ecin H KOHEUHA, TO KOJIMIECTBO SJIEMEHTOB BO
BCeX CMeXKHEIX KJIaCCaxX OQUHAKOBO, T. €. |g; H | = |g; H | mist mobeix
95,95 € G.

Paccmorpum orobpaxkenne L,: h — ah, KOTOpoe KaxKaoMmy
ssemeHTy h noarpynnsl H cTaBUT B COOTBETCTBHE JIEMEHT ah
CMEeRHOTO Kjacca aH. DTo B3anMHO OJIHO3ZHAYHOE OTOOpaXKEHUE
(mo cBoiictBy cokparumoctu u3z ahy = ahs ciemyer hy = hs),
nosromy |H| = |aH| (1. e. konmudecrBo vnementos H copmajaer
¢ KoamvecTBoM 3steMeHTOB al ). TIocKOJIBKY Besi TpyNNa Mpeji-
CTaBJIeHA B BHJIE OO'beIMHEHNsI CMEeYKHBIX KJIACCOB, TO KOJIMIECTBO
3JIEMEHTOB B Ipymile Oy[eT PaBHO KOJHYECTBY 3JIEMEHTOB B KayK-
JIOM CMEJKHOM KJIACCe, YMHOYKEHHOMY Ha KOJIMYECTBO CMEKHBIX
KJaccos 1o mogarpynne (uugeke H B rpynne G). Mtak, Mbl g0Ka-
3aJIH BaZKHYIO TEOPEMY.
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Teopema 1.23 (reopema Jlarpanxa). ITyemv» H — nodepynna
epynnoe G. Tozda nopsdox H aeasemes desumenem nopadra G-

G| = (G H)-|H].

B KakoMm cMmbIc/ie HY?KHO OHUMAThL 3TO paeHcTBo? s Gec-
KOHEYHBIX I'PYIII €ro TPAKTOBKa TPebyeT JIOTIOIHUTENIbHBIX yTOY-
mermii?) . Mpbl GymeM NOHHMATb €ro B CIELYIONEM CMBICTE: ec-
Jin JI00ble [Ba COMHOXKUTENISI B PABEHCTBe KOHEYHBI, TO KOHEeY€eH
¥ TpeTHuil MHOJKHTEJb, H BBINOJHSETCS YKa3aHHOe COOTHOIIEHHe.

B uem npesiects JIokazaHHOTO yTBepIKaeHus ! Ecau y Bac cripo-
CAT, CKOJIPKO PA3JIHMYHBIX MOATPYNN Yy TPYMNIBI HOpsaka 17, To
MOXKHO MTHOBEHHO OTBETHTH: ABe. EAMHIYIHASA MOATpyIIIIa, COCTOS-
a8l TOJILKO U3 €JIMHIUYHOTO 3JIEMEHTa, M CaMa I'PyIa. JTH TPUBU-
AJTEHBIE WIH Hecobemeerble TPYTINbI IBISIOTCS TOArPYIIamMi. A
HETPUBUAJIBHBIX TIOATPYII Y IPYIIIEI TOPsiaKa 17 6bITH He MOXKeT,
TIOCKOJIBKY 49mciio 17 — mpoctoe.

Caencreue 1.24. ['pynna npocmozo nopadka He umeem HEMpPU-
BUANDHBLT N0J2PYNN.

Teopema 1.25. [lopadox awbozo saemenma ecmv desumens no-
padka zpynnot.

Tlouemy Tax mosiyuaercs? Ilo Teopeme Jlarpam:ka mopsaok
JIEODOM TIOJrPYIIBL JEMUT TOPSA0K Tpyinbl. OcTa 0ch BCIOMHUTS,
Y9TO CTENEeHH JIF000T0 3jIeMeHTa 0O6pasyioT IPYIIILY.

Otcroma cieyer, 9r0 ecjin MOpSA0K Tpymmnbl G — TIpocToe
qucyio n, 10 G — NUKJIWYecKasi rpymma, u Jjrodoit sjmement G,
OTJINYHBIN OT €IUHUIILI, SBJsSeTCs mopoxkaatomum i G. Jleii-
CTBUTEJILHO, BO3bMEM JIF0001 3/1eMeHT g € (G, He PABHBIN €IUMHUTIE.
Tlopsamok g noskeH OBITH JAeUTEEM TOPSIKA TPYIIIBI, TOITOMY
oH paeeH n. TakuMm 06pa30M, Bce cCTENEHH JIFOOOTO JIEMEHTA HC-
9EPITBIBAIOT BCKO TPYIIILY.

Bameuanue 1.26. Obparmienne Teopembr Jlarpam:ka HEBEPHO: Cy-
MIECTBYIOT TaKWe TPYIIBI MOPSIKA 72, YTO B HUX HET TOAIPYII
nopsiiika k, vie k | n. Ilpocreiinnii npumep NpuBeIeH B 3373~
qge 1.31 e).

2) Papencrso OyIeT BBIMIONHATHCA JJIsl KAPIUHAJIBHBIX YHCEN, KOTOPbIE 3a-
JIAFOTCA COOTBETCTBYIOMIVMH MHOXKECTBAMH.
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Tereps mOCMOTPHUM, KaKUe TOJAIPYIIBI €CTh Y MUKJIMIECKUX
rpymi. Obo3HavyuM 4epe3 Z aJAUTHBHYIO IPYIILY IEJIBIX HHCes
(rpynily HesbIX 4Hcesl OTHOCHTEIHHO CJIOYKEHUs) — eJIMHCTBEeH-
HYI0O OeCKOHeYHYIO IUKJINYECKyIO rpymmy. B ciesyromem jasee
PACCYXK/IEHHH MBI KCIIOJIb3yeM & JINTUBHYIO 3allMCh I'PYIIIOBOIt
onepanun. Ilycte H — HeTpuBrasibHas HOJAIPYINa TPYHIBL Z,
a d — HauMeHbIIlee MOJIOKUTEIHFHOE 9UC/IO, puHaiexKaiee H .
Hoxaxem, uro H umeer B

H={nd|neZ}=dL (1.5)

HetictBurensno nycts y € H. Paznenum y Ha d ¢ octatkoM: y =
=nd+r,0<r<d Takkaky € H,nd€ Hyrour=y—nd € H.
Suaunt, 7 = 0. Urtak, mr060i1 s/1eMeHT Haleil moArpyIInsl UMEET
Bug nd.

Ormernm emmne oquH (HaKT

Teopema 1.27. Beakas nodzpynna yukAueckoti 2pynnot — UuK-
AUNECKAA.

B JIOKA3aTEJIbCTBE MBI 9yTh-9yTh 3abezK1M BIIEpEd.

HokazarenbcrBo. Eciun G — GeckoHevuHasT IUKINYECKAs TPYIT-
na, To oHa uzoMopdua Z (06 uzomopduzme cM. ciieyomuii pas-
JIEJT), & Mbl y2Ke HAllJIu BCe TOJArPYINbl Z U JIOKA3aJju, 9TO OHU
murymgeckne. FEemn G — KOHeYHasl IUKJIMYeCKasi TPYINa ¢ T0-
poxmaronM semerTom a u H < G, 1o iycTh n — HauMeHbIIee
[TOJIOYKUTENIbHOE YHCJIo, Takoe uto a € H. Jlerko nposepsiercs
qaro b = a” nopoxnaer H, aHAJOTMYHO TOMY, YTO MBI PaHBIIE
caenanu ¢ Z — Bce crenenn b Gynyr npunamekatb H, a He
KpaTHBIX 1 creneHeil B H onsaTes He Oyser B cuity Beibopa n. [

Wcnmonszyst Teopemy Jlarpanka, MOKHO OTPEAESISIThH TTOPSIIOK
TPYIIBI 110 HNOPAAKY HOJATPYIIBI U YHUCAY KJIACCOB CMEXKHOCTH.

ITpumep 1.28. Haiinem mopsaoK rpyIimn IpaBUIbHBIX MHOTOTPAH-
HUKOB. M3 reomerpudeckux coobpasKeHHil sICHO, YTO BpPAIlEHUe
MHOTOIPAHHUKA JIOJIZKHO OBITH TIOBOPOTOM BOKPYT OCH, ITPOXO/Is-
el 9epe3 ero MeHTp. BepHbl MHOTOTPAHHUKS TTEPEeXOAT TIpU
BPAIIEHNN B BEPINUHBI, IPUYEM 1apa BEPIINH, COEINHEHHBIX peb-
pouM (coceiHue BEPIIUHEI), TIEPEXOUT B MAPY COCEIHUX BEPIINH.

Ecnu Bpalierne MHOTOTpaHHUKA ¢ OCTaBJIsIeT Ha MeCTe Bep-
muHy A, TO 0Ch TIOBOPOTA MMPOXOJUT Y€pe3 EHTP MHOTOTPAHHUKA,
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u BepmHy A. YToa mOBOpOTa ONPENENseTcs N3 TOTO, 9TO COCe -
HHUE ¢ A BEpIINHBI JOJZKHBI TIEPEXOIUTE B cebs. Takme moBOpoOThHI
006PasyIOT IMKJINYIECKYTO OArpymTy H 4, MOPSA0K KOTOPOii paBeH
YUCITy COCEJIEH Y BEPIIMHLI MHOTOTDAHHUKA..

DIEMEHTHI g1, g2 TPHHAJIEKAT OJHOMY CMEXKHOMY KJIACCy
no moarpynme Ha TOT[a ¥ TOMBKO TOT/A, KOTIA g \go TpHHAI-
nexur Ha. Ecmu gi1(A) = go(A), To (g7 g2)(A) = A. Bepro
n obparnoe. [TosTomy conmpszkeHHEBINH Kiacc mo moarpymme H 4
06pasyIoT Te BPAIlleHrsl MHOTOIPAHHNKA,, KOTOPBIE IIEPEBOIAT BEP-
muHy A B HEKOTOPYIO BepmuHy B.

MoKHO TpOBEpPUTH, 9TO JEODas MMapa BEPITHH JIFOOOro Ipa-
BWJILHOT'O MHOTOI'DAHHIKA, COBMEIAETC BpamenueM. [losTomy, ec-
s 0603HaMHUTE Yepes G IpyTIly BpalleHnii MHOTOTPAHHNKA,, 9EPe3
7, — YHUCJIO BEPINUH, a 9epe3 k — Jucyio pebep, BEIXOAMIINX U3 OJI-
Hoii Bepiunel, 10 |[Ha| =k, (G : Ha) = n. Tlo Teopeme Jlarpanxa
|G| = (G : Ha)|Ha| = nk.

TIpuBeneM MOpsaAKN IPYI JJIS TPABAILHBIX MHOTOTPAHHIKOB,
COCUNTAHHBIE YKA3AHHBEIM CIIOCOGOM:

muororpanuuk | n | k | |G|
Tetpadap | 4| 3| 12

Ky6 | 8| 3| 24

okTtasap | 6| 4| 24
monekasap | 20 | 3| 60
urocazap | 12 | 5 | 60

1.5. 3amaHue rpyIirbl IIOPOXK IAIOIITNMNI
1 COOTHOIIEHUSIMU

MBI y2Ke IpHBE MHOTO TPAMEPOB Ipynil. Onpeaensimch 3T
IPYIIEL B OCHOBHOM ITyTeM SBHOTO OIMCAHHS MHOYKECTBA U OTIePa-
U Ha HEM (B Cjlydae KOHEYHBIX IPYIII 9TO MOYXKHO CIE/IaTh, CKa-
keM, ¢ nomorneo Tabuier Kasm). Jlajee Mbl paceMoTpum JIpy-
rue crocobwl 3aJanns rpynnbl. Hanpumep, Huzke GyneT JokazaHa
reopema Kayin (reopema 1.37, ¢. 37), KoTOpasi yTBEPKIAET, U4TO
BCAKYIO KOHEYHYO IPYIILY MOYKHO 3aJaTh KaK HOATPYIILY TPyIl-
bl TTEPECTAHOBOK. MOYKHO TaK:Ke CTPOUTH TPYTIILI U3 y7KE HME-
ompxca. Hanpuvep, B TIpeaplIymeM pasaeie ObUIN pUBEIEHED
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MPUMeEPHI IIEHTPA U HOPMAJIM3aTOPa, CM. TaKIKe HUYKE KOHCTPYK-
A0 IPSIMOTO TIPOU3BEJIEHUsT TPYTI B nipuMepe 1.35.

B sTom pazmesie MbI paccMOTpHM 3aJ@aHNE TPYIIIBI TOPOKIA-
FOIIUMU U COOTHOIEHUSIMI.

Ilyctes ects mommuOKecTBO S rpymnmel G. Ilepeceuenne mom-
Pyl siBjsiercd noArpynnoii (yreepzxuaenue 1.17). Bozbmem ne-
pecedenre BcexX MOATPYINT Tpymnbl (G, COMEPIKAIINX TOIMHOYKE-
cTBO S. DTO HaWMeEHbBINAasi MOATrPYINa Tpymmbl G, comepKaInas
MHOXKecTBO S. OHa Ha3bIBaeTcs nodzpynnot, noposrclenmols S
(o6ozHauaercs (S)). ITo onpeneseHno OArpynnsL, B {S) BXOAUT
€JINHUTIA, SJIEMEHTHI S, 0OpaTHBIE K HUM, BCE BO3MOXKHBIE ITPOU3-
BEJIEHUsT 9JIEMEHTOB S 1 UX 0OpaTHBIX 0 2, 3, 4, U T. JI. COMHOYKU-
TeJel.

Toopsit, uro rpynmna G nopoosicdaemcesa mHOKecTBOM M CcBO-
ux semMenToB, ecit G = (M). Muoxkectso M B TakoMm cilydae
HA3BIBAETCST MHOMCECTIEOM noposcdarowyur. Hampumep, uz dop-
mysiel (1.2) Ha c. 19 ciemyer, 4ro rpyIina nepecTaHoBOK Sy, MOPOXK-
JIA€TCsl MHOYKECTBOM TUKJIOB (4149 . . .%%) BCEX BO3MOKHBIX JIJIUH.

OcHoBHas uest 3aJaHNUsT TPYIIIEI TOPOXKIAFOITUMU U COOTHO-
[IEHUsIMH COCTOUT B TOM, 4TOOBI yKa3aTh (HEBOJIbINOE, OBLIYHO
KOHEYHOE) KOJIMYECTBO 3JIEMEHTOB T'PYIIIbI, KOTOPOE IIOPOKIAET
rpyniy (). Bece ocranbHbIe 3/IeMEHTEI TPYIIIBI 3aIUCHIBAIOTC KAk
MIPOU3BEJIEHNs CTEMeHell opoKaaonux. KoOHedHO, He Bce Takue
BBIPAKEHUS JAFOT PA3/IMIHBIE dJIEMEHTHI. JacTh PABEHCTB CJIe/Iy-
€T HENOCPE/ICTBEHHO W3 IPYIIOBLIX aKCUOM (HAIpuMep, BCeria
(ab)™! = b~ la!). loMumo 3TOTO MOTYT BBITIONHATHCS JOTOJN-
HUTEJIbHBIE paBeHCTBa. VX MOXKHO 3aJaTh, YKa3aB TaKOE MHO-
JKECTBO COOMHOWEHUT MEXKIy TOPOKAAOIUME (PABEHCTB), YTO
BCE JIpyTU€ PABEHCTBA CJAEAYIOT U3 COOTHOIIEHHUII U T'PYIIIOBBIX
AKCHOM.

Mer He Oymem maBaTh (OPMAJBHOTO ONPEIeEHUs 33 aHUsT
TPYIIIBL TIOPOXKIAIONIUMEI U COOTHOMEHusIMU. OrpaHIYIuMcsT TeM,
9TO MIPUBEJIEM B ITPUMEPA.

IIpumep 1.29 (yurauveckas epynna). OguH NOPOKAAOMIUI
3JIEMEHT a U OFHO cooTHomrerne a” = 1. ZcHo, uro moboe BhIpa-
JKEHIE, COCTABJIEHHOE U3 a, C Y4eTOM COOTHOIIeHusi a = 1 paBHO
ak, 0 <k <n—1.C apyroii croponsr, Bce a*, 0 < k < n—1, paz-
sjmasbl. MHaYe BRIMOHAIOCH Ob1 cooTHOMerne a® = 1, 1 < s < n,
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910 HeBO3MOXKHO. CTporoe J10Ka3aTebCTBO TMOCTIEIHETO YTBED-
KJIeHUs yKe TpedyeT BBeJEeHUs JOMOJHUTETBHOrO (hOpMaII3Ma,
MOITOMY OTPAHHUYUMCS HECTPOTUM OOBSICHEHHEM: TOCKOJBKY CY-
weemeyem NUKInYeckas rpymma C, opsijika 1, B KOTopoit a® #£ 1
mpu 1 < s < n, T0 cooTHomerne a® = 1 He caedyem U3 COOTHOIIIE-
must o = 1. [locriesinee paccyzK/ieHre Ha3bIBAETCAd MTOCTPOEHNUEM
Modent.

IIpumep 1.30 (duadpaavras epynna). Lpyma D, (n > 3)
UMeeT Och N-10 nopsifaka Cy, U MEPIeHIUKYIISIPHYIO €if 0ch BTOPOro
nopsizika Co. O6ozHauum nosopot Ha 27/n Bokpyr C,, yepes r, a
MOBOPOT Ha yroJi 7 BOKpyr Co depe3 p. OYeBUaHO, YTO

=1 p’=1. (1.6)

3aMeTHM, Y4TO ec/id TOBEPHYTH N-yTrOJBLHUK Ha yroj 2m/n, och
BTOPOTO TOPSIKA, MepeiileT B APYTYIO OCh BTOPOrO MOPSIKa. DTO
O3HaYaEeT, YTO

(pr)? =1. (1.7)

Tpu cooruomenus (1.6), (1.7) mOpoXKIAOT TPYNIYy AU3IpA.
Jeiicteurensro, w3 (1.7) caemyer, uto prp = v~ . 3uaunt,

k, k1 k=11 .k

prop=pr  pprp—=pr- pr -~ —...=T1 -,
mosToMy JIF0O0O€ TPOU3BEJIEHNE 3JIEMEHTOB P W 77 PABHO TaKOMY
MMPOU3BENEHUIO, B KOTOPOM P BCTpedaeTcs He OoJiee OJHOTO paza.

C yuerowm (1.6) Taxux Boipazkermit 1+ 3(n—1) mryk: 1 = p® =70,

% prk rfp tne 1 <k < n—1.Howus (1.7) crenyert, aro rp = pr—!,
MO3TOMY

k-1, .—1

rkp:r pr :...:prfk

o n—=k

=pr" ",

Wrak B rpymme, nopoxiaenHoii cooruomenusvu (1.6), (1.7), me
Gousiee 2n smemenTon. ITosroMmy oHa coBmagaer ¢ D, (onsTs nc-
[OJIb3yEM PACCYZKJIEHUE C MOJIEJIBIO).

ViKe U3 3TUX IPUMEPOB BUIHO, YTO aHAJIN3 TPYIIIHI, 33/ IaHHO
TOPOXKJAIOMIUMU U COOTHOTIIEHUSIMA, TPYAeH. Bojlee TOTO, OKa3hI-
BAETCsd, YTO HE CYIECTBYET AJITOPUTMA, KOTOPHIH OBI ITPOBEPSLIT
10 CHCTeMe MOPOXKJAIOMINX W COOTHOIIEHUH, YTO 33/laHHAA NMHU
PPy HETPUBUAJbHA (OTJIMYHA OT €AUHUYHON TPYIIIb).
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1.6. Nzomopdusm u romomMopdu3mM

V sTuX /0B ecTh 00Ias 9acTh: «MOpdu3M». B MaTemaTuke
ecThb 0bI1Iee MOHATHE MOPdU3Ma, OTHAKO HAM ITOHAI00ATCS TOJTBKO
M30MOPGPUIMBI I TOMOMOPQMU3MEL.

Msoro wHMOpMAIUNT O TPYIIIE MOYKHO MOJYYUTh U3 TaOJIUIBI
Kouur (TabJiiel yMHOXKEHHST) TPYIIIHI

€ g1 s In—1
g1 g . g1
2
In—1 Gn—191 --. 9n—1

Kax yxe 00bsCHSIOCH BHINIE, B KaXKJ0H CTPOKe TaOJIHITBI yMHO-
JKEHUsT 9JIEMEHTHI TIOTIAPHO PA3JINYHEBL, U B KayKJIOM CTOJIOIE e
MEHTBI TaKKe MOMaPHO paz/indHbl (Jiobas cTpoKa u Jiroboi ¢ToJ-
Gerl, 06pa3yIoOT IEPECTAHOBKY 3JIEMEHTOB TPYIIIIHI ).

Anrebpandeckre cBOMCTBA TPYIINLI OTpaskaroTes B Tabuure Ka-
sm. CKazKeM, ec/id TpyTIa KOMMYTaTHBHA, TO Tabmia Ko cum-
METPUYHA; €CJTH BCE SJIEMEHTHI NMEFOT TIOPSOK 2, TO Ha JIHArOHa-
JTH CTOSAT €IMHUYHBIE 3JIEMEHTHI TPYIIIHI, U T. 1.

Ilycts mst cpaBHUTENBHO OOMBINON IPYIIIBI, CKAYKEM, TTOPSI-
Ka 20, BRIMHCaHa TaOJINIA YMHOKEHUs. 3aHYMEPYeM Terephb e
MEHTHI STOI TPYNITBI B JAPYyTOM TOPS/IKE U HAIUIIEM €Ie OJIHY
TabsmIyy yMHOXKeHus. [Jisi/ig Ha 9TH TaO/uIB], TPYIHO TOHSTH,
3a/IQF0T JIM OHH OJMHAKOBYO Tpymiy. M Kak BooOIIE MOHHMATH
YTBEPIKIEHNE «JIB€ TPYIIILI OITHAKOBHI» 7

C anrebpanvecKoil TOUYKH 3peHNs] TPYTIIBI «OJNHAKOBBIY , €CJTH
OHHI M30MOPHEL.

ITycre ectb orobpazxkenne ¢: G — G’ rpynnsl (G, *) B rpymy

(@', o).

OtrobpazkeHre ¢ HA3BIBAECTCS U30MOPHUSMOM, €CITN

1) orobpazkeHue ¢ BIAUMHO OJHO3HAYHO;

2) orobparkeHune ¢ COXpaHseT ONEePaIyio, T. €. 00pa3 Mpou3Be-
JIeHUsI paBHsIETCs TpousBeiennio 06pazos: ¢(a x b) = p(a) o p(b).

PacemoTpum HEKOTOpPBIE CBOITCTBA M3OMOPdQU3MA.

1) Nzomopduzm coxpansier exaunuily: ¢(e) = ¢’. Jlokazaresb-
cTBO: 115t JiEoboro a € G umeeM axe = exa = a. Torga mo Bropomy

cBoiictBy mzomopduzma (a) o p(e) = p(e) o pla) = ¢(a).
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3aMeTuM, 9TO B TOM PACCYKIAEHUU MBI UCIOJIB30BaU 063
cBoiicTBa U3 onpezeenus nzomopduzma. [Ipuvensis BTopoe cBoii-
CTBO, MBI MOYKEM PAacCKPHIThH PaBeHCTBO p(axe) = p(exa) = p(a).
Cornacuo niepsomy cBoiicTBY ¢(a) npoberaer Bero rpynny G, eciu
a poberaer Bcro rpynmny G.

2) O6paz 06paTHOrO 3j1eMeHTa — OOPATHBII 3JIeMEHT K 00pasy:

-1y -1
ola ) = pla) .

10T haKT ClleyeT U3 paBeHCTBA

pla)opla™) =plaxa™)=ple) = ¢,
KOTOpOE U O3HAYAET, 9TO OOPATHBIN K 00pa3y « 3JIEMEHT €CThb
obpas obpartroro: w(a) = p(a~t).
3) O6paTtHOe OTOGpasKeHHe @ ' ABJIAETCS M30MOPMOHIMOM.
Bzanmvuas ogHO3HAYHOCTE 0OPATHOTO OTOOpPAKEHUs OYEBU/IHA, 8
COXPaAHEHNE OTIEPAINH TIOJTy9a€TCsT TaK:

¢ Haob) = ¢ (p(p Ha) oplp™! (b)) =
— o ol M@ e ) = o (@) r 0.

4) Komnosunusi u3oMopdu3MOoB sBJiseTcs n30Mopdhu3MoM:

b(pla-b)) = b(p(a) - p(b)) = d(p(a)) - Y(p(b)).

31eck Jisi TPOCTOTHI 3aINCH OTEPAIlNN BO BCEX TPEX TPYIIIax
0003HaYEHBI OJIUHAKOBO.

IIpumep 1.31. V GeckoHeuHO#l MUKIMYECKOH rpynnbl {(a) ecThb
JIBa, MOPOYKIAIONINX SIeMeHTa: a 1 a . HUKaKUX JIpyrux mopozK-
naomux Her. Creneny oGO0 3JeMeHTa, OTINYHOTO OT ¢ U a ',
He TIEePeYnC/IsT BCe dJIeMeHThI rpymnmnbl. [lostomy srobas Gecko-
HeYHas IUKJInYecKas rpymma nzomopdra Z. s ycraHoBeHUs
n30MOpdU3IMa JOCTATOYHO MepeBecTH a — 1, Torma a’ — n.

Tem cambIM yTBep:KI€HNE, KOTOPOE MBI CHIEAJN B TEOPEME O
MUKJIT9eCKUX TPYIINaX, MOJJHOCTHIO 0O0CHOBAHO.

IIpumep 1.32. Paccmorpum Termeps JiBe MUKJINIECKUE TPYIIBI
A, B ¢ OQMHAKOBBIM KOJIMYECTBOM 3JIEMEHTOB, cKaykem, n. I[lo-
POXKJIAIOUTUI 3/1eMeHT rpymibl A 0603HAYNM @, TOPOKIAIOIIHI
sjleMeHT Tpymnnsl B obosnaunm b. Kak y:ke roBOpPHJIOCH BBIIIE,
moboii snement A mpejcrabisercs B Buge a’, 0 < k < n. To xe
BepHO U jyist Tpynnbl B. Pacemorpum orobpaxkenue ¢: A — B,
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KOTOpOe 3ajaercs mpaBmioM ¢: a® +— b*. D10 B3amMHO OHO-
3Ha4HOE OTOOpaskeHue. Bojiee Toro, 310 m30Mopdu3M, Tak Kak
OTIepaIis COXPAHSIETCS:

pla®-a") = p(a®T) = b7 = b7 0" = p(a®) - p(a”).

Wrak, grobbre [pe IUKINYECKIE TPYIIBI ¢ OJIMHAKOBBIM YHC-
JIOM 37IEMEHTOB U30MOP(HEI. [109TOMY HET HYKIIBI PA3/INIaTh UX,
KOT/Ia UCHOJB3YIOTCA TOJIBKO CBOMCTBA I'PYIIIOBOH OIepalliil.

ITpumep 1.33. Paccmorpum mpumep m3oMopdu3Ma HeabeIeBbIxX
rpymmn. Jlokazkewm, aro D3 =2 S3. KaKaplil 9IEeMEHT IPyNIBI CHM-
METpPHii TPEyTOJLHUKA TEPEBOAUT TPEYTOJLHUK B ceOs. 3HAYNT,
BEPIINHEI TPEYTOJILHUKA, MEPEXOIAT B BEPIIUHEBL |Iponymepyem
BEPITUHBLI TPEYTOIbHUKA IUCTaMu 1, 2, 3 1 COTIOCTaBUM 3JIEMEHTY
g € D3 nepecranosky v(g) € S5 4uces, KOTOpas 3a/aeTCsl Tepe-
CTAHOBKOI COOTBETCTBYIONINX BEPIINH Tpeyroabanka. Hanpumep,
v(e) = () — KaK/Jas BepIINHA OCTaeTcs Ha Mecre. M3 mocTpoeHus
SICHO, YTO KOMIIOZHIMU 3JIEMEHTOB [)3 COOTBETCTBYET KOMIIOBH-
Ul COOTBETCTBYIOMMX NepecTanoBok. C Ipyroii cTopoHel, o6pa-
3Ll TPEX TOYEK OJHO3HAYHO ONPENENSIOT JBUKEHHE IIJIOCKOCTH.
TTosTomy pasHbIM 3jeMenTaM )3 COOTBETCTBYIOT Pa3HBLIE IEPE-
craHoBKH. [Tockosibky D3| = |S3| = 6, ykazaHHOe BbIlie 0TOOPa-
xkeune v: D3 — S3 — nsomopdusm.

ITpumep 1.34. Cpenu npaBUIBHBIX MHOTOTPAHHUKOB €CTh JIBOT-
cTBeHHBbIE: Ky0 JIBOIICTBEHEH OKTA3/IPY, & AOJEKAIIP — UKOCAIPY.
B wacrHOCTH, TIeHTpBI rpaHeil Kyba SIBJSFOTCS BEPITHHAME OK-
Tad/pa, a MEeHTPHI TPaHeil J0/IeKa3apa — BEPIIMHAMHI HKOCAIPA
(9T0 MOYKHO MPOBEPUTH U HEMOCPeACTBEHHO ). IIOCKOIBKY TeHTPhI
rpaHeil Mpy BPAIEHNN IEPEXOIAT B IIEHTPHI TPaHELl, Iolydaem u3
9TOTO HADJIIOAEHNS N30MOPQU3M TPYIIIBI KyDa U IPYTIIEI OKTAdI-
pa, & Tak:Ke TPYMIBI JOJEKASIPa U IPYIIILI HKOCAIPA.

ITpumep 1.35. Ilo apym rpymmam G, H MOKHO MOCTPOUTH TPYTI-
Iy, KOTOpas Ha3BIBAETCS Npamoim npoussederuem rpynn G u H
u obozuauaercs G X H. Dynementamu G X H sBiisitoTcst Bee aphl
(g,h), tne g € G, h € H. Onepaiusi 8 G X H — 970 OKOMIIOHEHT-
HO€ BBHITIOJTHEeHue oneparyii B G u H:

(g1, h1) - (g2, h2) = (g1 - g2, b1 - h2).
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OtHocuTtenpHO Takoil oneparun G X H sapjsercs rpymmoii: acco-
[MATUBHOCTEL OUeBHU IHA, eaunuteii G X H apnsercs napa (eq, ey)
(3nech e — equuung rpynnel G, a ey — eaunuia rpymnst H),
obparHbM K (g, h) — smement (g~ h~1).

TTopsiIoK COMHOXKUTEJIEH B MPSIMOM TIPOU3BEIEHUN HE BarKeH,
moromy uro G X H = H x G. Uzomopdusm 3agaercs oTodpaKke-
HEEM, MEHSIOIIUM KOMIIOHEHTHI Mectamu: ¢: (g, h) — (h, g). Bza-
WMHasl OJTHOZHAYHOCTb M COXpaHEeHMe IPYIIOBOIl oreparun ode-

BUJIHBI.

ITpumep 1.36. Nzomopduzm rpyms: ¢ caMoii coboil Ha3bIBaeTCs
asmomoppussmom. TpUBHAIBHBIN TPUMEP aBTOMOPMU3IMA — TOXK-
JecrBenHoe orobpazkerre. ABroMopduzMel rpymisl G 00pazyoT
OTHOCHUTEJILHO KOMIIOZHUITIH IPYTINY, KOTOPast HA3bIBAETCS TPYIIIOit
aBTOMOPGU3MOB. BarKHBIM IpUMEPOM aBTOMOPMUIMOB sIBJISFOTCS
BHYMPEHHUE GEMOMOPPHUMbL, KOTOPHIE IMEFOT BT

x> gxg !,
rae g — HEKOTOPbIH (PUKCUPOBAHHBIHA 3JIEMEHT TPYIIIBLI. ABTOMOP-
bu3MBI, HE SIBISIONINECS BHYTPEHHUMHU, HA3BIBAIOTC SHEUHUMU.
BuyTpennne aBromMopdusMbl Tak:ke 0OPA3yOT TPYIINTy OTHOCH-
TeapHO KoMmosunun. Ecan rpynma G KOMMYTaTHBHA, TO €JIMH-
CTBEHHBIN €€ BHYTPEHHUI aBTOMOPMU3M — TOXKIECTBEHHOE OTOO-
pazkenne. [[jisi HEKOMMYTATUBHBIX TPYIII CYIIECTBYIOT HETPHBU-
aJIbHBIE BHYTPEHHUE aBTOMOP(MU3MEI.

[IpoBepuM, 4TO @: x — grg " IefiCTBUTEILHO SBJISETCA aBTO-
Mopduzmom. BaanmHast 0HOZHAYHOCTE: ycTh ¢(z) = ¢(y), T. €.
g:12971 = gygfl. VMHOZKAs 3TO PABEHCTBO C/IeBa Ha gfl, a cIpaBa
Ha g, osiyuaem z = y. CoXpaHeHne Orepaluy TaK7Ke ITPOBEPSIeTCsT
MPSIMBIM BBIYUCIEHUEM:

o(zy) = gryg ' = grg lgyg ' = p(2)e(y).

Teopema 1.37 (reopema Koum). Jhobas woneunas zpynna
nopadKa N U30MOPPHA HEKOMOPOTE NOJZPYNNE CUMMEMPUIECKOTE
2pynnot Sy, .

HoxkazarenbcrBo. [lycrs n = |G| — nopsigok rpynnst G. s
snemenTa a rpymmnbl G paccMorpuMm otobpazkenne L,: G — G,
ompeniesisieMoe opmyiioit L, g — ag. MbI «caBuraem» KazKIpiid
9JIEMEHT Ha a, MO3TOMY OTobpaykenue [, HA3BIBAETCS CIBUTOM
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wa a. Kak yxke roBopmiocs, L, — B3aUMHO OHO3HAYHOE OTOO-
paxenune G Ha cebs. [lepenymepoBas sjemenTsl G unciaamu OT 1
0 M, MOYKHO CYNTaTh L, MEPECTAHOBKON U3 Sy, .

Ecnu {e = g1, 92, . .. gn} — Bce sj1eMeHTHI Tpynbl G, TO MHO-
JKECTBO IepecTaHoOBOK { Ly, , L, , . .. Ly, } obpasyer moarpymnimy S,,.
JleticTBuTETBHHO,

Lg,(Lg,(9)) = 91929 = Lygy4,(9), (1.8)

aHAJIOTUIHO L;l =Lg.

Orobpaxenne L: a— L, asasercsa mzomopduzmom. OHO B3a-
UMHO OJIHO3HAYHO TI0 MTOCTPOEHUIO, & BTOPOE CBOMCTBO U30MOp-
duzma monygaercs uz (1.8).

Wrak, nocrpoer uzomopduzm G U MOATPYIIILI TPYIIILL TIEpe-

CTAHOBOK S, . O

I'pyrima Becex mepecTaHOBOK yCTPOEHA JOCTATOYHO CJIOXKHO, TAK
910 OOJIBINON MOJIB3BI OT Teopembl Koy Her. Cropee ee HyKHO
BOCIIPUHUMATE KaK YTBEPXKIEHUE O CJIOXKHOCTH CTPYKTYPHI O~
TPYIII TPYIIIEI IEPECTAHOBOK.

Tenepnb nepeiigem K roMoMopdusMaM.

Orobpazxkenue ¢: G — G, rue (G, x), (G',0) — npe rpynimsr,
HA3BIBAETCS 2omomoppussmonm, eciu p(a *x b) = ¢(a) o p(b).

T'omomopduzm He 06s3aTeIFHO B3AUMHO OfHO3HAYEH. [ pymma
G’ ne 06g3aTENBHO ABJIAETCS MTOJHBIM 00pa30M rpynmbl (, MOKeT
TaKk 66Tk, uT0 IM(G) = ¢(G) C G, T.e. 06paz Gyaer cobeTBeH-
HBIM TOAMHOKecTBOM G,

CaoiicTBa romomMopduszma;

1) ple) =¢.

2) pla™h) = p(a)~".

3) Kommnosuiusi roMoMOpdhu3MOB — roMOMOPdU3M.

JloKazaTeIbcTBa aHAJIOMMYHBI JI0KA3aTE/ILCTBAM JJisi H30MOP-
duzma.

4) (@) = H' < G', 1.e. romomopdHubIii 06pa3 IpyIisl ecTh
rpymnma.

JIoKazKeM 3TO CBOICTBO, IPOBEPHUB TPYTIIOBBIE aKCHOMBI. Fin-
nua e mpumaggexxur H'. Tlyers o(z),o(y) € H' . Torma
plzxy) = p(x)op(y) € H'. Hakoren, p(z 1) = ¢(z) !, mostomy
plz)"te H'.
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Crenosarensno, H' — rpynma, a pa3 oHa rpymnma, TO OHa TIOJI-
rpymmna G’.

ITpumep 1.38. V3 juneiinoil ajredpbl M3BECTHO, YTO OIpPEe-
JINTEJTb TTPOUBBEEHUs] MATPUIL PABEH MPOUBBEIEHUIO OINpEIe v
regeii: det(AB) = det(A) det(B). TTosromy orobpaskenue

det: GL(R,n) — R*, det: A det(A)

spjsiercss romomopduzmom rpymisl GL(R,n) HEBBIPOKIEHHBIX
MAaTPUIL TIOPSIKA 7 ¢ JENCTBUTEBHBIMU JJIEMEHTAMU B MYJIBTH-
UINKAQTUBHYO TPYIIY AefCTBUTENBHBIX YHCEN, OTJIMIHBIX OT (.

ITpumep 1.39. Tpancnosuryueti HA3BIBAETCS TTEPECTAHOBKA, KO-
TOpasi MEHsIET MEeCTaMU POBHO JIBa dJieMeHTa. Beskas mepecTaHoB-
Ka sIBJIAETCS TPON3Be/IeHneM TpaHcnosuruit. JIjis jokazaTebeTBa
3TOTO yTBEPIKJIEHHUS HYKHO Pa3J/IOXKHUTH IIePECTaHOBKY Ha ITUKJIBI
¥ BBIPA3UTh KaKABIH IUKJI B BHJE IPOU3BEJeHUS TPAHCIO3UIINIH:

(ilizig N ’ik) = (’ilik) e] (’ilikfl) o---0 (i1i4) e] (’ilig) e] (il’ig).

3naxom sgn(w) mepectanopku T HazoseM wmucao (—1)"TF rae
7 — YHCJIO JIEMEHTOB B [IEPECTAHOBKE, k — UHCIIO I[HKJIOB B IIHK-
JIOBOM DA3JIOXKEHHH TI€PECTAHOBKHU, BKJIFOYAs IIHKJIBI JJIHHBL 1.
TlepecTaHOBKa Ha3BIBAETCS “emHoll, €U ee 3HAK paBeH +1, B
NPOTUBHOM CJIydae OHa HA3BIBAETCs Hewemtol. JIerko BUIETH,
YTO TOXKJIECTBEHHAsl IePECTaHOBKa () — dYeTHas, ee 3HAK
(1)t = 4+1.

TlepecTaHOBKY MOYKHO Pa3JIOKUTh B IPOU3BE/IEHNE TPAHCIIO3H-
il pasHeivMu criocobamu. Ho OKaskIBaeTCs, YTO YETHOCTh YHCIIA
TPAHCIIOZUIWIA B JIFOOOM Pa3JI0KEHNH IEPECTAHOBKU T HE 3aBUCHT
0T BBIOOpa DPABJIOKEHHUs: YETHBIE MEPECTAHOBKH Pa3JIararorTcs B
YeTHOE YHCJIO0 TPAHCIO3UINI; HeYeTHbIe — B HedeTHoe. JIoKazaTh
9TO MOYKHO HHJIYKIMeH IO JUTHHE 3aliCH [IEPECTAHOBKU B BHJIE
npousBesieHnst TpaHcrnosuipii. OCHOBaHWE WHIYKIMH — TOKJIE-
CTBeHHast mepecTaHoBKa (npoussenenne () rTpaHcnosunmit). Jlyis
HUHJYKTUBHOTO [€PEX0Jia OCTAJIOCh NPOBEPUTH, YTO YMHOKEHHE
[IePECTAHOBKY Ha, TPAHCHIO3UIHIO (jk) MEHSIET KOJIMYECTBO IUKJIOB
Ha 1: yBequuuBaerT, ecin j u k BXOAAT B OJUH IUKJI; YMEHBIIIAET,
ecin j U k BXOAAT B Pas3HbIE TUKJBL JleficTBUTENBHO, 3amuieM
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pouzBeJieHnst B 000X Cydasax (HCIoJIb3yeM IUK/IOBYIO 3aIUCh):
(7k) o (AjBKC) = (AKC)(Bj),
(Gk) o (7A)(kB) = (jAkB)

(Ha MecTe 3arJIABHBIX OYKB MOTYT CTOSITH JIFOOBIE TIOC/IEI0BATE b
HOCTH YUCesI, OTJUYIHBIX OT §, k).

Paccmorpum oTofpazkenue sgn: 7 +— sgn(m). D10 roMomMop-
dbuzm rpynner S, B rpyniy {£1}, KoTopas €crb MPOCTO-HAIPOCTO
IUKJINYECKAsd TPYTIa MOPAAKa 2 B MYJLTHILTAKATHBHON 3aIHCH.
B camom siene, pas 9e€THOCTD YUC/Ia, TPAHCIIOZUIINI, TPON3BEIEH -
€M KOTOPBIX 3alliCBIBAETCS TIEPECTAHOBKA, HE 3ABUCHT OT BLIOOPA
MTPOM3BEJIEHNs, TO TPH TIEPEMHOKEHUH ITIEPECTAHOBOK YETHOCTH
YHCJIa TPAHCIOZUINIA CKIAIBIBAIOTCA TT0 MOJIYJITIO 2, & 3HAKH IIepe-
CTAHOBOK MEPEMHOKAFOTCS.

1.7. HopmaJjabHble TOATPYIIIbI

OcobeHHO BayKHYIO POJIb B TEOPUHU TPYIII UTPAIOT Te MOJIPYTI-
MBI, JIJIsT KOTOPBIX JIEBBIE U [TPABBIE CMEYKHBIE KJIACCHI COBITQJIAIOT.
Takue TOArPYIIBl HABLIBAIOTCI HOPMAALHOIMAL, UX TAKYKE HA3BI-
BAIOT HOPMAJILHBIMU JEJUTE/SIMI UJTH UHBAPUAHTHBIMHE IOy TI-
aMHu.

Bonee dopmanasro, noarpynma H rpynmnsl G Ha3bIBAETCS HOP-
MaJIBHOI, ecyin Jijist JTEOOO0TO0 3jieMenTa g € (G BBITIOJIHSIETCS] PABEH-
crBo gH = Hg. Jlns oTHOmEHNsS «OBITH HOPMAJIBHONW TIOATPYTI-
0¥y UCIIONIB3yeTcs crielpaabHoe obo3nadenue H < G.

OueBUIHO, YTO TOATPYIIA, COCTOSIIAS U3 OJHOTO-€UHCTBEH-
HOTO 3JIEMEHTa, e, — HOpMaJibHas Mmojarpymma, e < (G, 4ro cama
IpyIIa TaK¥XKe sBJIsIeTcs HOpMaJIbHOM moarpynmoi: G <4 G, a Tak-
JKe, 94TO Y KOMMYTATHBHOI TPYIIIBI BCe MOArPYIITHGI HOPMAJIbHEL.

Temepb paccMOTpUM MeHee TPUBUAJILHBIA TpUMep.

IMycrs G — rpynma u H — ee noarpynmna unjgexkca 2 (Hamom-
HUM, 9TO uHeKke noarpymisl (G @ H) — 970 KOJIMYeCTBO CMEKHBIX
KJIaCcCOB 10 3T0if moarpymmne). Bes rpynma pazbusaercs Ha JBa
cMeXRHBIX Kjacca 1o H. TTockoJbKY OfMH M3 HUX — 9TO caMma
noarpymma H, 1o B Apyroil cMeXKHBII KJIacC BXOJIST BCE OCTAIbHBIE
snementel rpymmbl G. O6oszmaumM stot kmace H'. Tlo ompene-
Jienuto cmexknoro knacca H' = ¢'H, rne ¢’ ¢ H. Amajoruuso
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JJTsT TIPABBIX CMEXKHBIX KJIACCOB: OJINH M3 KJIACCOB 9TO cHoBa H | a
sropoiisro H” = Hg”, tne g” ¢ H. Kouneuno, H' = H" = G\H —
BeJlb U B TOT, U B JIPYTo#l KJIacC BXOJIAT B TOYHOCTH Te JIEMEHTHI
TPYIIIBI, KOTOpBIE He TTpuHaIekaT H.

CrenoBaresibHO, H00ast MOATPYIITa UHIEKCA 2 OyIeT HOpMaJib-
woit. OTCroa MOy YuM HETPUBUAJIBHBII pUMep HOPMAJIbHON O~
TPYIIIBL.

ITpumep 1.40. Paccmorpum rpymmy S3 u ee nmoarpymmay H =
= ((123)) < G. Jlergo Bugerhb, uro H — NURIMYECKas MOArPYIIa
nopsiika 3 Tpymnnsl S3. ClieoBaTeNbHO, €€ WHIEKC PaBeH 2 u
H«G.

ITpumep 1.41. Paccmorpum mpsimoe mpomsBesenne G X G TpyIin
G1 u Gq. Jlerko Bujers, 9ro MHOKecTBa G X {ea} = {(g,e2) |
g€ Gitu{er} xGy = {(e1,g) | g € G2} sABnsArOTCH MOArPYIIIIAMI
G1 X G9. DTu NOArpyIIibl HOPMAJIbHBI, KaK IMOKA3bIBAET CJIEYE0-
1ee BLIYHUC/IEHHe:

(91,92) - (G1 x {ea}) = {(9,92) | g € G1} = (G1 x {e2}) - (g1, 92)

(anamormaso s {e1} X Ga).

Yreepxaenue 1.42. [lepecevenue HOpMasvHuZ nodepynn —
HOPMANLHAA TLOOZPYNNA.

HokazarenncrBo. Ilycte N1 4 G, No < G, N = Ny N Ny, Jljs
groboro g € G umeem gN C gNy = Nig, gN C gNy = Nag.
Ecmu z € Nig N Nag, 10 g~ € N; N Ny = N. Taxum o6pazom,
gN C Ng. Auayornuso nokazwisaercs, uro Ng C gN. ITosromy
gN = Ng. O

Beimre 6pu10 oKazaHo, 9T0 roMOMOpdHBIA 00pa3 MOATrPYIIIEL
siBJIsiercst moarpynmnoii. Cre/yer mMeTh B BULY, 9TO TOMOMOPQhU3M
HE COXPaHseT, BOODIIE TOBOPsi, CBOMCTBO «OBITH HOPMAJIBHON O~
TpPyImIoiis .

IIpumep 1.43. Paccmorpum nukindeckyio rpynmy Cy = {a) u
ee moarpynmy Co = (a?) unmekca 2. Ilockomeky Cy abenea, TO
Cy < Cy (Bce moarpynmsl abeJieBoii rpyInbl HOpMaJibHel ). Tenepnb
PaccMOTPUM TOMOMOP(U3M

p: Cy — Sy, w:ar— (1234).
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Jlerxo Bugets, uto ¢({a?)) = {((13)(24)). Dra moarpynma He saB-
JISIETCsT HOPMAJIBHOM B Sy, YTO BUJHO U3 BBIYHC/ICHUS

(12) 0 (13)(24) = (1324) £ (1423) = (13)(24) 0 (12).

TyT ncrmob30BaHO, 9YTO MOATPYTITIA MOPSIKS 2 HOPMaJbHa TOTIa U
TOJILKO TOT/Ia, KOT/Ia OHA JIEYKUT B IIEHTPEe I'PYIIIHI, T. €. ee HeeJlH-
HUYHBIHA 3/IEMEHT IepecTaHOBOYEH CO BCEMU 3JIeMEHTaMH IPYIIIIHL.

YTobB! B3IVISHYTh Ha HOPMAJIbHBIE ITOJIPYIIIEI [O-JIPYTOMY,
PacCMOTPHUM COIIPAZKEHHBIE 3JI€MEHTHI.

1.8. ConpsizKeHHbIe 3JIEMEeHTbI

Bynem HazbBaTh 3/ieMeHT b Tpynibl G COnpaAsCEHHMM ¢ DJTe-
MEHTOM @ HOCPEICTBOM 3JIeMeHTa g, eciim b = gag ™.

Bribupast paziudHble 3JIeMEeHTH g, OyIeM TOJyYaTh Pa3/ind-
HbIE, BOODIIE TOBOPSsI, SJIEMEHTHI, COMPSIKEHHBIE ¢ 3JIEMEHTOM d.
OrHoIIIeHNE CONPsIzKEHHOCTH OyJieM 0003HAYATH ~.

TlepeunciiuM cBOCTBA OTHOIIEHUST COMTPSIYKEHHOCTH.

1) a ~ a. Kax/piii ajieMenT conpsizkeH caM ¢ coboii (rocpesi-
CTBOM 3JIEMEHTa, €).

2) Uz a ~ b cienyer b ~ a. Ecau b nojiydaercs U3 a conpsizke-
HUEM TIOCPEJCTBOM 3JIEMEHTa ¢, TO a TMOJIy4aeTcst uz b compsizke-
HUEM IIOCPeICTBOM gfl.

3) Us a ~ b, b ~ ¢ cnenyer a ~ c. IlpoBepsiercsi npsiMbIM
BBIUHC/IeHneM: U3 b = gag ™', ¢ = hbh ™! ciemyer

c¢=hbh™' = hgag 'h™' = (hg)a(hg) ™. (1.9)

Y10 MOXKHO CKa3aTh 06 OTHOIIEHHSX, JJIs KOTOPHIX BBIOJIHE-
HBI coficTBa 1) — 3)? Kaskoe Takoe OTHOIIEHHE pa3zbHBaeT MHO-
JKECTBO Ha KJIACCHI, BHYTPH KOTOPHIX OTHOIIEHWE BHIMOJIHIETCSH
MEZK/JLy JIFOOBIMU JBYMsI 9JIEMEHTAMH, 8 Ha, Tapax SJIEMEeHTOB, IPU-
HaJIEKAIINX PA3HBIM KJIaccaM, OTHOIIEHHE He BBINOJIHAETCH.
Takre OTHOIIEHNS HA3BIBAIOTCH OMHOUEHUAMY IKEUSUACHIHO-
cmu. CpoiicTBo 1) HaswbIBaeTcs pedaexcusnocmvio OTHOIIEHNUS,
CBOWCTBO 2) — CUMMEMPUYHOCTIBIO, CBOIICTBO 3) — Mpanaumue-
HOCTIB10.

OTHOIIIEHNE CONTPSIPKEHHOCTH Pa3bHBaeT TPYIILY Ha KAACCHE CO-
NPANCEHHBIT dAeMENMOS (BCE SJIEMEHTHI BHYTPU OJHOTO KJIACCa
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COTIPSIZKEHBI JIPYT ¢ JPYTOM, & SJIEMEHTHI U3 PA3HBIX KJIACCOB HE
COTIPSIZKEHHI ).

ITpumep 1.44. Ecou G KOMMyTaTHUBHA, TO KarKJIbI €€ 9JIeMeHT

SBJISETCS KJIACCOM CONPSZKEHHBIX 3JIEMEHTOB: gxg - = xgg | = .

HckaTh KTacChl COMPSI?KEHHBIX JIEMEHTOB, UCXO/ U3 OMpee-
JIEHUsI, JOBOJIBHO CJIOXKHO. Hy>KHO BRIOpaTh 37€MeHT Tpymmsl b u
BEIYHCJIATE [T KasK/IOTO SJIeMeHTa, IPYIIIEL ¢ BhIpazKkenue gbg L.
s rpymmn mpeobpazoBanuii ecth H0Jiee MPOCTOM Crrocod, KOTO-
PpBIif MBI KPATKO TPOULIFOCTPUPYEM Ha TTPUMEPAX, MPEIOCTABJIAT
9UTATEF0 BOCCTAHOBUTH JIETAJN PACCYKIAEHUI CaMOCTOSATEIHHO.

Paccmorpum, manpumep, rpynmny apukenuii. 113 reomerpude-
CKUX CcOODOpaKeHuil siCHO, YTO JIBUKEHUS a W b CONMpsiyKeHbI
(a = gbg™'), Kor/1a 9TO OJHO ¥ TO Ke MPeodPA3OBAHNIE, BLITIOTHEH-
HOE B JIBYX Pa3HBIX CHCTeMaX KOOPAMHAT (MpeobpazoBaHmeMm g '
TIEPEILIN B CTAPYIO CUCTEMY KOOPINHAT, IPUMEHIIN b, BEPHY/INCH
npeoOpazoBaHeM ¢ B HOBYK CHCTEMY KOODJIUHAT W IOJIYYMJIN
npeodpazoBaHue a, KOTOPOe B CTApOil CHCTeMe KOOP/IMHAT 3allu-
CBIBaeTCs TaK ke, KaK b B HOBOIf). B 9acTHOCTH, IBUKeHNE Taxr ',
COTIPSiJKEHHOE ¢ TIOBOPOTOM a BOKPYT TpPAMON £, sIBJSeTCs II0-
BOPOTOM Ha TAKOW K€ yrojl BOKPYT TOH mpsaMOil £,, B KOTOPYIO
nepexoauT npsiMast ¢ npu Japuzkernn © (£, = x({)).

B cumy stux paccyzkienHuii moBOpOTH Ha OJWH U TOT YK€ YTOJI
BOKPYT JIBYX Pa3HBIX OCeil COMpPsiyKEHBI, €CJIU B I'PYIIIE €CTh IIpe-
obpa3oBaHUe g, IEPEBOJSAIINEE OMHY OCh B JIPYI'YIO, KaK MMOKA3aHO
Ha puc. 1.3 a). Eciu peds ujer o moBOopoTax BOKPYT OJHON ocu
HA OJJUHAKOBBIE 110 aBCOJIIOTHON BeJinuuHe yriibl ¥, —i (HO B pas-
HBIE CTOPOHBI), TO MPeodpazOBaHuii ¢ MOXKeT OBITH BCEro JBa: OCh
Broporo mopsigka Co, TepleHanKyJsipHas ganuoit ocu C),, win
3epKaJibHasl ILIOCKOCTh Oy, MPOXOJMINas Yepes och, puc. 1.3 6).
Ocb C), B 3THUX JIBYX CIy4asiX Ha3BIBAETCH 068YCMOPOHHEN.

ITpumep 1.45. Haiifnem conpsi:kKeHHBIE SJIEMEHTHI B TPYIIIE M-
sapa D,,. Oreer 3aBucut ot verHoctu n. Kak u B npumepe 1.30,
0603HauuM OBOPOT Ha 27/n BOKpyr C, 4epes 7, a MOBOPOT HA
yroJt 7 Bokpyr Cy depes p.

3amMerum, 9TO TIOBOPOTHI BOKPYT ocu C,, Ha pas3Hble 10 abco-
JIFOTHOW BEJIMYMHE YTJIBI HE COTIPSIZKEHBI JIPYT ¢ APYyToM. A TTOBOPO-
ThI Ha, OJIMHAKOBBIE YIJIBI, HO B IIPOTHBOTIOJIOXKHBIX HAITPABIEHUSTX
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Puc. 1.3.

COTIPSIZKEHBI, TAK KaK €cTh NepnenmukyaspHas ocu Cp ock Cs.
TToBopoTHI Ha, yTOJI T BOKPYT Oceil Cy CONMpSzKEHBI TOT/IA, U TOJIBKO
TOI‘,[La,, KOTZJa 3TH OCH MOZKHO COBMECTHUTH CI/IMMeTpI/Ieﬁ r[[1/13,[[1)3,.

B C.}Iy‘{a,e HEeYEeTHOIr'o N .T[IO6I)Ie JABE OCH CQ MOZKHO COBMECTUTH
noBopoToM BOKpyr C,,. Ilosromy Bce smements! Buma pr comps-
sxkerbl. Mtoro nonydaem k + 2 KaccoB CONPSZKEHHBIX JIEMEHTOB
B Dopy1:

e}, I oo IS Ao pr®, ™)

B ciyuae gerHoro n noeoporoM BOKpYT C), MOYKHO COBMECTHUTH
b0 Te OCH, KOTOPBIE MTPOXOJAT Yepe3 Tapy HPOTHBOIIOIOXKHBIX
BEPIIIHH, JIHOO Te, KOTOPBIE MPOXO/IAT Yepe3 CepPeUMHBI IPOTUBOIIO-
JIOYKHBIX CcTOpOH (cM. puc. 1.2 a) Ha ¢. 21). TTocKOIbKY BEPIIHHBI
[IEPEXOAT B BEPIIIHBI, MEXK1y CO0OM 9TH OCH COBMECTHUTD HEJB3sI.
TTosTomy mosyvaem k+3 KIaccoB CONPsiZKEHHBIX 3JIeMEHTOB B Doy,

{eb, {1y, oo, P R R,
{pr,pr®, . opr® 1Y, g, pr?, R

ITpumep 1.46. Haiimem KJacChl COTPSIZKEHHBIX JIEMEHTOB JIJTsi
TPYIIBI TIEPECTAHOBOK Sy,. KarkKaoil MmepecTaHOBKE COMOCTaBUM
UKJIOBOH Tun (¢, ¢, ..., ¢y ), TE ¢; — KOJUYECTBO IUKJIOB JIJIH-
HBI ¢ B IIMKJIOBOM pazJioxkenun. JIpyroii crocob 3a1aTh IUKJIOBOM
THUII — yKA3aTh pazbueHue yucjia n B (HeylopsI0YeHHYIO) CyMMY
HATYPaJIbHBIX CJIAraeMBbIX.
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Ananormano ToMy, Kak GBI PACCMOTPEH CJIy4aii CONMPSZKEHIs
B IPYIIaX JBUKEHHH, IEPECTAHOBKA ¢ag | TOJIYYaeTcs IIpUMe-
HEHMEM TIEPECTAHOBKH ¢ KO BCEM YHCJIAM B Pa3JIOZKEHHH IEPEe-
CTaHOBKHU Ha HE3ABUCHUMBIE IUKJIbI (TIE€PEHYMEPAIH JIEMEHTOB ).
JeiicTBuTensro, g~ BO3BpAIIaeT MCXOAHYIO HYMEPAIHIO, IaJjee
MIPUMEHSEM ¢, TIOCJIE Y€ro BOZBPAINaeMcs K HOBOW HyMepaluu C
MOMOIIBIO g.

[TuKI0BOI TUIT OT HyMEPAIH, OYEBHJIHO, HE 3aBUCUT, TIOSTOMY
COPSIZKEHHBIE TIEPECTAHOBKN MMEIOT OJIMHAKOBBINA IIMKJIOBON THIL.
Bepro n ofpatnoe: eciin JiBe TIEPECTAHOBKN UMEIOT OJMHAKOBBIN
IMKJIOBOH THIT, TO MOKHO HAHTH B3aMMHO OJHO3ZHAYMHOE COOTBET-
CTBUE MEKJIy 3JIEMEHTAMH MX IUKJIOB, COXPAHSAIONIEE MOPSAIOK B
IUKJIaX. DTO COOTBETCTBUE U €CTh T4, IEPECTAHOBKA, COTIPSZKEHUE C
MOMOIIBEO KOTOPOii MEPEBOIUT MEPBYIO TIEPECTAHOBKY BO BTOPYIO.

YuraTesro peKOMEHIyeTCs IPOCIEINTD 32 STUM PACCY KIEHI-
eM Ha KOHKperHOM npumepe. Ckazewm, nepecranoska (12)(34) co-

npsizkera ¢ (13)(24) nocpeacrsom (1342).

IIpoeepum, uro eciiu H — moarpymma, TO MHOZKECTBO
—1 —1
gHg = ={ghg " |he H}

TaKxKe sgBasgeTca moAarpynmoil. [To Teopeme 1.16 mocraTodno J0-
KazaTh, 9TO A MOOLIX a = ghig™ ', b = ghag™' (hi,hy € H)
BemoJHsercs ab~ ! € gHg™ 1

_ _ _q4y—1 _ 1
ab™t = ghig '(ghag ) = ghig 'ghy gt =

=g(hihy\)g ' € gHg '

Tloarpymmy g Hg™ " HaseBaroT nodzpynnot, conpascernnoti ¢ H
nocpedemeom sNeMeHma g.

B nekoropeix ciygasx gHg~' = H mis moboro sjieMenTa g €
G. YMHOXKas 9TO PABEHCTBO Ha ¢ crpasa, nojyuaem gH = Hg.
Tem cambIM, MBI TIOJTy YU/ HOBOE OIpEIeJIeHIe HOPMAJILHO o/1-
IpyIibl (HOPMaJIbHAS MOAIPYIINS COBIIAJAET CO BCEMU CBOUMU CO-
npsizKeHHbIME ). JIpyruMu cJIOBaME, yCIOBUs

1

1) gH = Hg mnsa oboro g € G,
2) H=gHg ! nna moboro g € G

PaBHOCHUJIBHBI.
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Ecmu ects orobpazkenne ¢: X — X HEKOTOPOTO MHOXKECTBA
Ha cebs, To Joboe moamuaOoKecTBo Y C X, misi KOTOPOro BBI-
nosirero yesosue o(Y) C Y, HasbiBaercss uH6apuaHmmobLm oI
MHOKeCTBOM (OTHOCHTENBLHO ). HopMaJibHas IOArpyIina B CULy
BTOPOTO ee OIpeJe/IeHUsI HHBAPUAHTHA, OTHOCUTEIbHO BCEX BHYT-
pennux asroMopduzmos (cMm. npumep 1.36). Orcioma u BTOpOE
HA3BaHUE HOPMAJIBLHON TOATPYIIIBLI — UHBAPUAHIMHAA NOJZPYNNG.

OTMeTuM TakKe, 9TO HOPMAaJIbHAsT TIOATPYIINa BMECTE ¢ KaK-
JIBIM 9JIEMEHTOM COJEPYKUT BECh KJIACC COMPSIKEHHBIX ¢ HUM 3JIe-
MeHTOB. BepHO u obGpaTHOe: €cjii MOJArPYIIIa, COJEPKUT TOJTHBIE
KJIACCHI COTIPSI?KEHHBIX 3JIEMEHTOB, TO OHA, SIBJISIETCS] HOPMAJIHHOI.

1.9. HeiicTtBug rpymi. Jlemma
Bepucaiina

AHeticmsuem epynno G na mroocecmee X HA3BIBAETCS [OMO-
vopduzm ¢: G — S(X) rpynner G B rpynmy S(X) Guexiuii
MHO)KecTBa, X (B3aUMHO OJIHOZHAYHBIX OTOOParKeHUIl MHOXKECTBA
X wna cebs). Topopsr Takzke, uro rpynmna G JelcTByer Ha MHO-
skecrBe X. Ecnn sicHO, 0 KakoM JeiicTBun et peds, 10 ¢(g)(x)
3AMUCBIBAIOT KaK g(x). DyieMeHTEI MHOKecTBa X Oy/IeM Ha3BIBAThH
TOYKaMH, YTOOBI OTJINYATH UX OT 3JIEMEHTOB IpyInel G.

DaKTUIeCKH AeHCTBUSA IPYIIL Y2Ke MOABJISJINCEH B IPeABLIYIITIX
pazzenax. Ceifqac MBI BepHeMCd K 9TUM NIPHUMEPAM.

IIpumep 1.47 (deticmeue aesvimu cdsuzamu). Kak yxke ro-
BOPIJIOCH TIPU JIOKA3ATENLCTBE TEOPEeMBI K9/IM, JIEBBINA CABUT Ha
g — aT0 mpeobpasosanue L,(h) = gh. Ilpu nokazarenscrse Teo-
pembl Kain mbr nposepusin o cytu, uro L: G — S(G) — ro-
Momopduzm u, 6osiee toro, L(G) =2 G. Tlosromy sobas TpyIima
JelicTByeT Ha cebe caMOll YMHOXKEHHEM CJIEBA.

Koneuno, MOXKHO OIpesIeTNTh aHAJIOTUIHOE JeficTBIE TTPaBhl-
MU CABUTAMH.

IIpumep 1.48 (delicmsue conpsowcenusmu). Ipynna jeii-
cTByeT Ha cebe camoii conpsizkennamu. [lo onpenenennio,

e(g)(z) = gzg ™.
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OSSR
JOLEEE

Puc. 1.4.

Th «— x

PakTuyecku yzKe ObLIO JOKAZAHO, YTO 310 roMoMopduzm (dop-
myiia (1.9) Ha c. 42).

IIpumep 1.49 (deticmeue wa kaaccaxr cmedxcrocmu). Tlo-
cMoTpuM HOJTee BHUMATEBHO Ha JAeiiCTBHUE IPYIIILI JIEBBIMU CJIBH-
ramn. [Iycts ects nojprpynna H rpynnet G. 1o Teopeme 1.20 rpym-
ma G pa3buBaercs Ha KJACCHI CMEXKHOCTH 10 moarpymme H, xkak
mokazaHo Ha puc. 1.4. Tam yKe MOXKHO yBHUAETb, YTO ITPOUCXO/IAT
MpU YMHOKEHNN Ha HEKOTOPHIH jiemeHT g Tpymmsl G. U3 accorm-
ATUBHOCTU YMHOYKEHUsI CJIEJIYET, YTO YMHOXKEHUE Ha, § COXPAHSET
Kj1acchl cmexkuoctu 1o H: o6pas g(g1 H) knacca cmexuoctu g1 H
SIBJISIETCS KJIACCOM CMEKHOCTH C ITPEJICTaBUTEJIEM ¢gg1. DoJiee TOTo,
006pa3bl Pa3IUYHBIX CMEYKHBIX KJIACCOB pasjindHbl. JleficTBuTesb-
no, ecn g(g1H) = g(g2H), 10 gg1h1 = ggaha, h1,hy € H, T.€.
g1 =goh, h = hzh;l € H, a znauntr g1H = goH.

Takum 06pazoM MBI MMOJIyYaeM JAeficTBUE TPYIIIBI Ha MHOYKE-
CTBE KJIACCOB CMEXKHOCTH (cM. puc. 1.5).

HetictBust n3 mpumepa 1.49 B HEKOTOPOM CMBICTIE UCUYEPITHIBA-
FOT BCE BO3MOXKHBIE JIEHICTBUS TPYIIIL.

Badukcupyem HekoTopoe zeiicrBue u Gygem nucath g(x) s
obo3HaveHns 0bpaza TOYKH z TpH JeiicTBun dmeMenta g. s
jroboro z € X onpesesuM MHOYKECTBO 3JIEMEHTOB Tpymibl G,
OCTABJISAIOIINX TOUKY * Henoapuxkuoii: G, = {g € G | g(z) = z}.
MmuozkecTBO (G, HA3BIBAETCH CMAOUAUIAMOPOM TOYUKHU I.

Yreepxkaenune 1.50. Cmabuausamop G, — nodepynna G.
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Puc. 1.5.

JokasareabcTBo. [IposepnM cpoiicTBa moarpymnsl. Bo-nepBoix,
e € G, tak Kak e(z) = z (upu romomopdusMe eIUHUIHBIH
3JIEMEHT MEPEXOJINT B €AUHUYHEIA, 8 €JMHAYHLIA 3JIEMEHT B IPYTI-
e S(X) — roxkmecTBeHHOE 0TOOpaKeHNe). BO-BTOPHIX, Tak Kak
glg~Y(x)) = 2, To w3 g € G, creayer g~ € G,. B-rperbux, ecim
g, h € Gy, 10 u gh € G, nockonbky g(h(z)) = g(z) = z. O

Op6umoti deficmeus HA3BIBAETCS MHOYKECTBO 00pPa30B HEKOTO-
poit Touxu z: Oy = {2/ € X |2/ = g(z),9 € G}.

Yreepxaenue 1.51. Opbumo deticmeus paszbusarom mowku
mHoorceemea X HG KAGACCHL IKEUSAAEHTHOCTIIU.

HokasarenncrBo. [IpoBepnM cBoiicTBa OTHOTIIEHNST SKBUBAJIEHT-
HOCTH.

PeduiekcusHocts: e(x) = z, Tak Kak npu roMmoMopduzme eju-
HUYHBIA 3JIeMEHT TIepeXOUT B €IUHUYIHBINA.

CumMeTpudHOCTE: e y € Oy, T0 © € Oy, TaK Kak U3 y =
_ _ 1
= g(z) cnenyer z = g~ *(y).

TparzuTuBHOCTE: eca y € Oy, 2 € Oy, TO z € O, TaK KaK U3
y = g1(x), 2 = ga(y) caemyer 2 = (g192)(). O

Mezkay cMeKHBIMH KJjaccamu 1mo crabmimmsaropy G, u TOY-
KaMi OpOUTHI T CYIECTBYET €CTECTBEHHOE B3aMMHO OJTHO3HAYHOE
coorBeTcTBHE (MBI y2Ke €ro (haKTUUECKU UCIOIb30BAJU [IPU TI0/I-
cuere TOpsJ/iKa TPYINBl MHOTOTpaHHUKA B npumepe 1.28, c. 30).

VYreepxaenue 1.52. Omobpasicernue ¢:y — {g € G | g(z) =
= y} conocmasasem Kadcdoti mouke opbumor O, Kaacc cmedrc-
noemu no emabuausamopy G,. Imo coomeememeue 63aUMHO
00HO3HAYHO.
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HokazarenapcTBo. Baauase f1okakem, 9T0 00pa3oM Jiroboi TOY-
KU TpU OTOOPAasKEHUU (¢ SIBJISIETCs KJIACC CMEYXKHOCTH. YCJIOBUE
g(z) = h(z) parnocumbHo yemosuto h~1(g(z)) = x, KoTopoe o3Ha-
waer, uro h~'g € G, u moromy g € hG,.

W3 onpenenenus ¢ sicHO, 9TO mpoodbpas Kiacca gG, mpu 0Tob-
ParKeHUU ¢ ONpeesieH OJHOZHAYHO: 310 ¥ = g(x).

OcTaJiochk 10Ka3aTh, 9T0 06pa3 OpOUTHI TpU OTOOPAKEHTH (© —
BCE MHOYKECTBO CMEYKHBIX KJIACCOB MO (G,. DTO OUEBUIHO: KJIACC
cmexxHoctu gG, siBjisiercs 00pazoM Touku g(x) mpu orTobpaske-
HUU . O

Caencrue 1.53. Hucno asnemenmos 6 opbume pasHo undeKCy
emabuausamopa: |Oyz] = (G : Gy).

JleficTBHe HA3BIBAETCS MPAH3UMUESHbIM, €CIA Y HEro POBHO
ojHa opbura (JIIOOYIO TOUKY MOYKHO IIEPEBECTH B JIOOYIO JeiicTBU-
em 3jieMenTa Tpynnbl). JIOKazaHHbIE BBINIE YTBEPXKIEHHS O3HA-
Ya0T, YTO BCE TPAHBUTUBHBIE JIEHCTBUS SIBJISIIOTCS, B CYIHOCTH,
JefiCTBUSIMU IPYIIIBI HA CMEKHBIX KJIACCaX M0 HEKOTOPOIl ee ToJI-
rpymre (crabunuzaTopy Touku). B wactHocru, eciu H < G, 1o
cymecTByeT Takoe Jieficreue G (feiicTBue cABUraMu HA CMEXKHBIX
Kjaccax), s koroporo H — crabuinzaTop HEKOTOPOH TOYKH.

JIemma 1.54 (nemma Bepncaiina). ITycmo xonewnan epynna
G deticmeyem wa Korewnom mroocecmee X . Koauvwecmeo opbum
deticmeus daemes Hopmyrot:

ﬁ > IXl, (1.10)

geG

2de Xg = {z € X | gz = z} — MmHoorcecmeo HENoOSUNCHOIT
mouex g.

HoxazareapcrBo. Ob6o3naunm depe3 N KOJIMIECTBO TAKUX Map
(g9,z), uro g(x) = z. Togcunraem umcno N mByMst crocobaMH.

Brauasie mpocyMMupyeM MOTITHOCTH CTaOMIN3aTOPOB BCEX dJTe-
venToB z € X . CTabuam3aTopsl TOYEK U3 OPOUTHI TOYKU &, COCTO-
Ameit U3 s ToYeK, AaayT BRI s|Gy| = (G : G5)|Gy| = |G| (mo
crencTuio 1.53 MOMHOCTE OPOUTHI paBHA WHIEKCY CTAOMIN3ATO-
pa). T.e. kaxuas opbura maer Bkiak |G| B uncio N. ITosromy N
PABHO YHC/Iy OpOUT, YMHOXKEHHOMY Ha |G|.
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Ilo-pgpyromy uncio N MOKHO TOCUYHTATH, CYMMUPYsl KOJIH-
“eCTBO HEMOABMIKHBIX TOuek |Xy| mo Bcem g. IlpupaBmss apa
[OJTy YeHHBIX BBIPAYKEeHUs U pa3ze/us Ha |G|, nojaydyaeM HCKOMYTO

dopmymy (1.10). O

Jlemma Deprcaiifag 9acTO TpHUMeHsIETCS B MTEPEUUCIUTETHHOM
rombunarTopuke. [IpuBemem oame mpocToil pumMep.

IIpumep 1.55 (nodcuwem ooicepeauti). Oxepesbe cOCTOUT U3
12 6ycuH "epHOTO MM Georo IBera, KOTOPBIE YKECTKO 3aKperl-
JIEHBI Ha KPYTJIOM KOJIbIIE Yepe3 paBHble paccTostausi. OKepebs
pPas3HbIe, €C/IM UX HeJIb3si COBMECTUTD JBUKeHneM. CKOJIBKO eCTh
Pa3HBIX OYKepeJinii?

SaHyMmepyeM MecTd OycUH B TOPsIJIKE UX CJIEJOBAHUS BJIOJb
KOJIBIIQ ¥ JJIsT KAyKJIOr0 MecTa yKarkeM Iser Oycunbl. [Tomydanin
mHOzKecTBOo N u3 22 «omedennsix» oxkepesmii. Ha sTom MHO-
JKEeCTBE JEeHCTBYeT IusipajibHas IpyImna [Dis U Te «IOMeYEeHHBIEY
OKepeJibsi, KOTOPBIE MOMAJAIOT B OJHY OpOUTY, 33JIaI0T OJMHAKO-
BO€ B CMBICJIE HAIlel 3a7a9u oxkepesibe. Tak uTo 33/ia9a CBEJIACh
K TIOJCYeTy YuC/Ia OpOuT.

TToacunraem dwcmo opbut, MoJb3ysick Jemmoil Bephcaiina.
Tlpexkme Bcero 3aMeTnM, 9YTO CONPSAZKEHHBLIE 3JIEMEHTHI TPYTITHI
JIAIOT OJMHAKOBBIA BKJaJ B dopmyay (1.10): eciu h = ugu !
u g(z) = z, 1o h(u(z)) = u(g(z)) = u(z), mosromy u(X,) = Xp.

C apyroii croporsl, eciu g(x) = z, 10 n gF(x) = z. Ilosromy
HETIO/BUZKHBIE TOYKH TIPU JEHCTBAN § OCTAIOTCH HETIOIBUKHBIMA
u npu geficrBun rpynmst {(g).

Tenepr pazbepeM Bce BO3MOMKHBIE CITy4an.

g = e. JIng TOXKIECTBEHHOTO OTOOPAsKEHUs HEIOIBUKHBIMI
Touramu 6yayT Bee 212 = 4096 «mOMETEHHBIX» OYKepeJTHil.

g — nosopor Ha +27/12, +5 - 27/12. Tpynna (g) meiicTsy-
er TpaH3uTHBHO Ha MHOXKectBe {1,...,12} (1 u 5 BIAaMMHO TpO-
ctel ¢ 12). TToaToMy HemoJBHUIKHBIME TOYKaMH OYIyT TOJBKO 2!
«TIOMEYEHHBIX» OKEPEJINIA, B KOTOPLIX Bce OYCHHBI OJMHAKOBOTO
usera. DToT ciydail gaer Bkjaz B dopmysiy (1.10) B paszmepe
4.2 =8,

g — 1oBopoT Ha %2 - 27/12. Ha YeTHBIX U HEYETHBIX MECTaX
JIOJIZKHBI CTOATHL OYCHHBI OJMHAKOBOTO IIBETA, IMOITOMY OOIIHIA
BKJTa 9TOr0 caydas 2 - 22 = 8.
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Paccyxnast aHamormaHO, HAXOIUM, YTO BKJIAJ, CAydast, KOTIA
g — TOBOPOTHI Ha +3 - 271/12 paBen 2 - 2% = 16, BKyjaj ciydas,
KOT/la ¢ — MOBOPOTHI Ha, +4 - 27/12 papen 2 - 2* = 32, a Brias
cTy4as, KOT/a g — HOBOPOT Ha 6 - 277/12 papen 2° = 64.
Ocrajiock paccMOTPETh JIBa Cydasi: KOUJa g — I[OBOPOT Ha
YTOJ 7 BOKPYT JAMArOHA N 12-yroJibHUKA, B 9TOM cjiydae oOImumit
BKJIa7 paseH 6 - 27 = 768; a Takyke KOrJa g — MOBOPOT Ha YrOJI
T BOKPYT CepeuHBLI MPOTUBOIIOJIOKHBIX CTOPOH 12-yTO/bHUKA, B
9TOM ciy4ae obmiuii BKia/ 1 paBeH 6 - 26 = 384.
Cobupasi 9T BEIYUCJIEHUsSI BMECTE, TIOJIy9aeM OTBET:
5376

1
ﬂ(4096+8+8+16+32+64+768+384) :7:224.

1.10. PakToprpynnsbl

IIpexne yem maBarh dhopMaIbHOE ONpeieieHne haKTOPrpyI-
b1, OOBICHUM, 9TO XOTEJIOCh OBl moTyunTh. [lepexos or MHOXKe-
CTBa K KJIaCCAM SKBUBAJIEHTHOCTH 3TOT'0 MHOYKECTBA, 110 HEKOTOPO-
My OTHOIIIEHUIO SKBUBAJEHTHOCTU HA3BIBAETCA (harmopusayueti.
Mser xotuMm $aKTOPHU30BATH IPYIILY MO MOATPYIIIE, T.€. IepeiTn
K MHOXKECTBY KJIACCOB CMEYKHOCTH IO 3TOil moarpymme. B ciiyuae
MMPOU3BOJIBHON TIOArPYNIBl HaAKTOPU3AINS IO KJIACCAM CMEZKHO-
CTHU NIEPEBOJUT IpyMIly B 6osiee obmnit 06beKT — JeficTBHe TPyI-
bl Ha, MHOKecTBe. Ho mHOrIa 9TO HAeiicTBre MOXKHO MPEICTABUTH
KaK JelicTBre HEKOTOPOW HOBOIl ¢harmopepynno Ha cebe camoii
capuraMu. JIpyrumu cjioBaMu, B 9TOM CJIydae MOXKHO PacCMaTpH-
BATh KJIACCHI CMEYKHOCTH TIO TTOATPYIIE KaK JIEMEHTHI HEKOTOPOIt
rpynmnel. Koneuno, Mbl TepsieM npu haKTOpU3aluu KaKy-TO HH-
dopMarmio o rpyIie, HO 3aTO MOJyUYeHHas (dpakToprpyima oyaer
MpoIIie, U3y4aTh €€ Jierde u T. .

OxaspiBaercs, 9T0 BHaKTOPU3AINS JAE€T IPYIILY TOJBKO B CIIy-
9ae HOPMaJIBHBIX MOArpyIit. PaccMoTpuM BHAYAIE TPUMED, KOTIA
dakTopuzaIus He JaeT IPYIIILY.

IIpumep 1.56 (npodoasicernue npumepa 1.22). Cocrapum Tab-
JIMIY AeficTBUsT TPYIIBI S3 HA CMEYKHBIX KJIACCaX IO MOJArPYIIIEe
H = {(12)) (cMexkHBIE KITACCHI PA3/IE/IEHB] JINHUSMH ):
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H (23)H (13)H

0 O (23)H (13)H
(12) H (13)H (12)H
23) | @) H o (13)H
(132) | (23)H (13)H H
13) | (13)H (23)H 7]
(123) | (13)H H (23)H

Kak BuanMm, pasHble 3J€MEHTBI OJIHOTO CMEXKHOTO KJacca Jiei-
CTBYIOT Ha CMeXKHBIe KJIacchl mo-pazHomy. [losTomy m3 Takoro
NefCTBUS HEIb3sl MOJIYINTh OMHAPHYIO OMEPAITN0 Ha MHOYKECTBE
CMEXKHBIX KJIaCCOB.

Tenepr paccMoTpuM cirydait HopMmaabHO# moarpynnsl H < G.
Iycrs G/H — coBOKYyIMHOCTH cMeKHBIX Kjacco G mo H. O6o-
3HaYEeHNe TOJCKA3BIBAET, 9TO MBI «aeanMy G ua H. Orcioma eme
OJIHO HA3BaHME HOPMAJBLHON MOArPYINBI — HOPMAJIBHBIH Jenn-
Teb. UTo6bl moiyunTs Tpyiy, Ha MHOxkecTse G/ H Heobxomumo
BBectn oneparnuo. Crenaem sro takum obpazom: (zH) - (yH) =
= (zyH).

[Ipesk e Bcero HyKHO IPOBEPUTD, ITO JJAHHOE BEIIIE OIIPE/IENTe-
HEEe KOppeKTHO. JIpyrumu ciioBaMn, Ipou3Be/ieHne ABYX KJIACCOB
CMEKHOCTH JIOJIZKHO He 33BHCETHb OT BBIOOpA IPEJCTABJISIONINX
KJIACCHI 9JIEMEHTOB Z, y. (B IpoTHBHOM cilydae HUKAKOM Oneparn
Ha G/H ™Mbl GBI HE TOJTyYHITH. )

Myctb 2’ = zhy, ¥y’ = yhe. Torma (2’ H)-(y'H) = (zhiyhe)H =
= (zyh3)H = (zyH) (B cpeapeM paBeHCTBE MBI HCIOJB30BAJN
HOPMAJILHOCTB moArpynusr H ).

Tereps j10KaKeM, 9T0 MHOXKeCTBO G/ H OTHOCHTENHHO BBEIEH-
HOH omnepanyn aBJasgeTcd IPYIIIOi.

1) AcconmaTuBHOCTE OYEBH/IHA, TAK KAK BBITOJHSETCS B TPYII-
ne G.

2) Hockoneky (zH) - (eH) = (eH) - (xH) = (zH ), moarpynna
H (rounee, cMexxHbIi KTace e, HO 9T0 U €CTh caMa MOArPYIIa)
SIBJISIETCSI €THHUYHBIM JIEMEHTOM.

3) Kmacc 2~ H — obparuetii k zH OTHOCHTeHHO BBEIEHHOM
oneparm: (z 1H) - (zH) = (z 'aH) = (eH).

Wrak, G/H OTHOCHTEIBHO OIEPAIHN YMHOYKEHHUS] CMEYKHBIX
KJIacCOB sBJsiercsd rpynnoii. Ona HasbBaeTcs gaxmopepynnot G
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mo nogarpynme H. 3amerum, 4to ecin G KOHEYHA, TO U BCE €€
MOJIMPY Bl KOHEYHBI, TIO9TOMY

\G/H| = % — (G H).

Anement dakroprpynnsl G/H o6praHo 33/1a€TCs yKa3aHueM
npejcraBuresid x € G kiacca cmexxknoctu xH. Yrobbl He myTaTh
3JIEMEHTHI TPYIIIBI U 3JIEMEHTHI (DAKTOPTPYIIILI, HCIOMB3YIOTCS
paznanble oboznavenus: (xH) =z = [z] = {z}.

Pacemorpum mpumeps! (hakTOprpyI.

IIpumep 1.57. G/G = {e}. MbI 3a6bIBaeM PO IPYIIILY BCE, KPO-
Me TOTO, 9TO B Heil €CTh €IUHUIA.

IIpumep 1.58. G/{e} = G. 3neck MBI BCE 3aIIOMHIIIH O TPYIIIE.
EcrecTBeHHO, ¥ HAC BO3HUKAIOT U IIPOMEKYTOUHBIE CITyJau.

ITpumep 1.59. BozbMmem B aIuTHBHOI TPYIIE TEIBIX YUceT Z
noarpyniy 3Z < Z. Iocrpoum daxroprpynny Z/37Z. Bo-nepsbix,
B 3TOH Tpylne ecTh Hysnepoil snement 0 (3/eCh €CTECTBEHHO HC-
[0JIb30BATh AJUIUTUBHYIO 3aITUCh ):

0=0+3Z,

naJiee 6epeM CMEKHBIN KJTacc, MTOPOKIEHHBIN 3JIeMEHTOM 1,
1=1+3Z,

TO K€ caMoe JJIs djieMeHTa 2 € Z
2=2+3Z.

IMonyuaem dakroprpynny Z/3Z = {0,1,2} c onepaiwmeii cio-
JKEHHUsl, OIpeJie/IeHHOl cyeayomeii Tabuneii (B coOKpaleHHo
dopwme):

DN = Ol
[e=ll (TR
=]

Tenepb MBI MOKEM 3a0BITh, YTO KJIACCHI CMEXKHOCTH — 9TO MHO-
JKECTBa 4uce/i, U paboTaTh ¢ TPYNIOH U3 Tpex 3jeMeHToB. (DTa
IPYIIIIA Ha3BIBAETCS TPYTIIONH BEIYETOB IO MOJLYJIIO 3, I MBI €€ yIKe
OJIMH Paz MOCTPOUIN Ha ¢. 15.)
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B npogoszkenue sToro npumepa 3aMeTuM, 9ro eciu G = {a) —
LUKJIMYecKast rpynna, 1o dakroprpynmna G/ H no oboii noarpy-
ne H < G Gyzmer Takzke TUKJIAYECKOIi: sicHO, 910 a™ = (a)".

IIpumep 1.60 (npodoasicerue npumepa 1.41). Nmeror mecto
mzomopduzmer (G X H)/(Gx{e}) 2 H,(Gx H)/({e}x H) >~ G.
YuraTe o npeaiaraercs NOCTPOUTE 3TH H30MOPPHU3MEI CAMOCTO-
ATEJIHHO.

1.11. ddapo romomopduzma

HamomuuMm, gTo romomopdusMm — 3TO OTOOparkeHune OJIHOM
IPPYNIBI B JIPYIYIO, coXpaHsoiee npousseaenue. Ilycrs (G, ) u
(@', 0) — rpymmel, a ¢ — romomopdusm rpynnst G B rpymny G
Hdpom zomomoppusma nazpiBaercs muokecTBo Kerp = {g € G |
»(g) = €’}. T.e. aapo romoMopduzMa — ITO MHOKECTBO 3JIEMEH-
ToB rpymnsl G, orobpazkatomuxcs B eaunauiy rpynnsl G'. Iycrs
a € Kerp, b € Kerp, rorna u ab € Kerp (eciu gpa ssementa
MPUHAJIEXKAT SIIIPY TOMOMOpdU3MaA, TO ¥ UX [TPOUZBEJIEHHE TTPU-
HA/JJIEZKUT TOMOMOPGUEMY ), TAK KaK

plab) = p(a)op(b) =€ o’ = ¢
O6paTHLI K 3JIEMEHTY, TPUHAJJIEIKAIIEMY SJIPY, TAKIKE TIPH-

HaJJIEXKUT SIJIPY:
pla= ") opla) =pla™" -a) = ple) = ¢
SHAYNT S7IpO ABJIETCS MOArpymmoi G.

IIpumep 1.61. Paccmorpum orobpazkenue ¢: Z — {(a) ajauTus-
HOIl I'PYIIIIBI NEIBIX YncesT Z B KOHEUHYIO IUKJIMIECKYIO TPYIILY
(a), MOPOXKIEHHYIO JIEMEHTOM a, KOTOpOe 3aJaercs GhopMyJIoii:
p:n—a®.
OgepuHo, 9TO 310 ToMOMOpdu3M. UTO XKe OyIeT sapoM TOMO-
vopdmuzma ¢? IlycTs ¢ — MUHHMAJIBHOE MOJIOKUTEBHOE YUCIO,
st koroporo a? = e. Torma Kery = {lg | | € Z} (nokazarens-
CTBO QHAJIOTUYHO TOMY PACCYKIEHHIO, ¢ TIOMOIIBIO KOTOPOTO OBLIN
HaliIeHBl Bee MOATPYIIILI IUKJIUYECKOH Ipyiisl B Teopeme 1.27).

ITpumep 1.62. PaccMoTpuM MYJIBTUIIHKATUBHYIO TPYIILY IO-
JIOXKUTEIBHEIX YHCell ¢ oneparueii ymuoxenus (RY,-), a Takxe
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(R,+) — aggurusHyio rpymiy geificrBurenbHbix duce. OTobpa-
JKEeHUe . a +— Ina saBjsiercs roMOMOPMU3MOM B CHJTY U3BECTHOTO
cBoiictsa siorapudma. IMockosbky Kery = {1}, sror romomop-
duszm sBIIsTETCST H30MOPMOUIMOM.

Teopema 1.63 (reopema o romomopdusme rpymi). [ycms
p: G — G — zomomopgpusm ¢ adpom Ker p = K. Tozda K 4G u
G/K =~ p(G).

O6pammno, ecau K 4 G, mo cywecmesyrom zpynna G', a umenro
G/K, u comomoppusm n: G — G’ (n: G — G/K) maxue, wmo
Kerm =K.

T. e. romomopddHbIil 06pa3 rpymnnsl H30MopdeH (pakToprpyIie
1o S7Ipy TOMOMOpPdU3Ma. 3BYUUT HEMHOTO yTPOKAOIIE, HO PA30-
6paThcs ¢ 9TOI TEOpeMOil HECJIOKHO.

HokazareabpcTrBo. JlokaxkeMm, 9TO si/Ipo roMOMOPGU3IMA, ABJITET-
cst HOpMaJIbHOI moarpymmoit. Bozemewm h € Ker ¢ u mpoBepum, 9to

w(g~thg) = ¢
w9 "hg) =g ) op(h)op(g) = plg) " op(g) =¢.

Onpezenum orobpazkenue ¢: G/K — G’ tak, uro obpazom
cMekHOTO Kjtacca mo K spisercs obpasz mpu romMmomMopdusMe ¢
06Oro 9IeMeHTa U3 9TOro Kiacea, T.e. ¢: (gK) — ¢(g).

DTO ompeJieieHre KOPPEKTHO, TaK Kak U3 g1 = g2, ¢ € K,
crenyer ¢(g1) = plg2z) = ¢(g2) 0 p(x) = plg2) o€’ = ¢(g2).
SHaunT, 00pa3bl MpeJcTaBUTeell CMEKHOro Kjacca mo K mpn
roMoMOpdU3Me @ OJIMHAKOBHI.

Jamee,

&((91K) - (92K)) = ¢((9192K)) =
= ¢(g192) = ¢(91) 0 p(92) = ¢((91K)) 0 o((92K)).

Mg gokazasm, 9410 0Opa3 MpPOU3BENEHHUs PABEH MPOU3BEIEHUIO
obpazos. CiieoBaTeibHo, @ — romomopduzm. Jlokaxkem, 910 @
HE TOJILKO TOMOMOpdU3M, HO 1 nzomopdusm. [ljist 3T0ro HyKHO
J0Ka3aTh, 9TO OTOOpaXKeHne ¢ B3aWUMHO OJHO3HAYHO. [leiicTBu-
rersro, 13 $(g1K)) = ¢((92K)) crenyer ¢(g1) = ¢(g2), orxyma
MOJTy YaeM w(gflgg) = €’. Bnaunr, gflgg € K,re 1K = oK.



56 I'masa 1. I'pynmer

Ouesuzno, uro Im ¢ = Im ¢ (06paz orobpazkenus ¢ coBnasa-
er ¢ obpazom orobpaxkenus ). [109TOMYy ¢ — UCKOMBIIl H30MOp-
duzm G/K u ¢(G) =Imep.

ObpaTHOe YyTBEPIK/IEHNE B TEOPEME COBEPIITEHHO TPUBHAJIBHO.
ITycrs K < G. Tlocrpoum romomopduzm 7: G — G/ K dopmyioii
w: g — (gK). Torma Kerm = K. 9ror romomopdusm HazbIBa-
€TCsl eCTECTBEHHBIM (WM KAHOHMYECKHM ) ToMoMopduzmom. Eeu
y Bac BO3HUKAET 33/1a9a MOCTPOUTEH TOMOMOPdU3M, sITPO KOTOPO-
T0 33JIaHO, TO HYXKHO TPOCTO OPaTh JEMEHTHI U 0TOOPayKaTh B
CMEKHBII KJIace 10 TOW TpyIine, KoTopas obbsaBieHa sapom. [

Caencreue 1.64. Feau Ker o = {e}, mo G = o(G).

Cnencrsue 1.64 ynobHO UCIIOB30BATE MIPH JIOKA3ATEBCTBE TO-
r0, YTO HEKOTOPOE OTOOPAKEHNE  SABJISETCS N30MOPQMUIMOM: JI0-
CTQTOYHO TIPOBEPUTH TPUBHAJBHOCTD siJIpA U CIOPBEKMUBHOCTID
orobparkenus ¢. Orobpaxenne ¢: G — H HazbIBaeTCs CIOPBEK-
TUBHBIM, €CJIH OHO siBjiseTcs oTobparxkennem Ha H. Hamomuunwm,
9T0 9TO B TOYHOCTH O3HAUAET, YTO y KaXKIOTO 3djieMeHTa h €
H ecrb xors 6b1 ogun mpoobpasz (rakoii sjnement g € G, 4o

wlg) =h).

IIpumep 1.65. [lycrs Z[z] — agauTuBHas TPyINa MOJHHOMOB
oT z ¢ neapiMu Kodddummentamu. Teneps BOZbMEM MHOYKECTBO
H = {(z = 3)f(z) | f(x) € Z[z]} — MHO)KeCTBO MOJUHOMOB, Y
KOTOPBIX ecTh MHOKHTesnb = — 3. OueBumno, H < Z[z] (mobas
MOJMPYIINA KOMMYTQTUBHOI Ipymiiel HopMaJsbHa). Kak nmocrpours
dakroprpymy?

Pacemorpum romomopduzm ¢ f(x) — f(3), KOTOpbIi KazK10-
My MHOTOYJIEHY CTABHUT B COOTBETCTBHE €rO 3HAYEHHE B TOUYKE 3.
B #HOB OTOGpazsitcst Tosmbko smementsl u3 H. Takum obpazom,

Zlz)/H ~ Z.

IIpumep 1.66 (npodoasicerue npumepa 1.38). B sagpo ro-
vomopduzma det: GL(R,n) — R* Bxogsar marpuipl ¢ onpeje-
qmrejem 1. Tpynna Takux marpur ob6osuauaercs SL(R,n). Ona
siBJIsieTcs HopMaJbHoi noarpynmoii GL(R,n).

IIpumep 1.67 (npodoasicernue npumepa 1.39). B saupo romo-
mvopduzma sgn: S, — {1} Bxoggar yerHbie nepecranoBku. I'pym-
12 YETHBIX TIEPECTAHOBOK HA3BIBAETCI 3HAKONEPEMEHHOU 2pynnoti
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(unu asibrepHUpyIomeil rpynnoii) u obosnauaercs A,,. Ouna saBJis-
eTcs HOPMAJIBHOM TOArPyIoi B Sy, .

Bamevanne 1.68. Ecim H < G, 1o |G| = |H| - |G/H| (cauraem
IpyIibl KoHeuHbiMu ). [Tosromy Mexy aementamMu G U MHOXKE-
creom map (h, f), tne h € H, f € G/H, cymecrByer B3auMHO
onuaO3HAUHOE cooTBeTcTBre. OHAKO OBLTO OBI OMUOKOI JyMaTh,
uro G = H x(G/H). Tlpocreiimuii npumep, KOrjia TaKoro n3oMop-
duzma Her, — rpymma Ss. Kak mbr Bugenn B mpumepe 1.40, rpymnmna
H = {(123)) siBastercst HOpMasbHON moarpynmnoit Ss. Tloarpymma
H — nuxiinaeckas rpynmna Cs nopsizka 3. @akroprpynma Ss/H
COCTOWT U3 JIBYX JIEMEHTOB, & TOTOMY U30MOpdHA IIUKIHIECKOT
rpynne Cy. Ho S 2% C3 x Cy (rpynna Cs x Cy KOMMyTaTUBHAS,
a S35 — Her).

1.12. AGeJieBBbI I'PYIIIIbI

B sTOM pazzene Mbl MOJHOCTBIO ONMUIIEM CTPYKTYPY KOHEUHO
nopootcdennvir abeneBuIx rpymnm. I'pynma A HasbIBaeTcs KOHEYHO
MOPOZKAEHHO, €C/IM OHA, MOPOKIAETC KOHEYHBIM MHOYKECTBOM
coux aemenTor: A = (B), |B| < co.

IIpu pabore c¢ abeyeBbiMu rpymmamvu yaoOHEE UCIOJIB30BATH
JUIUTUBHYIO 3anuch. [losromy (a Takxke 1o 6ojiee BaxKHBIM IPU-
YUHAM ) IPsiMbIE TIPOU3BEIEHUsT A0€/IeBBIX IPYIIIT HAZBIBAIOTCS Npsi-
MOMU CYMMAMU.

Jla1iM OIIpeIENIEH e TPSMOi Cy MMBI a0€JIEBBIX IPYIIIL, TIEPETTH-
caB ¢ HEOOXOIMMBIMU U3MEHEHUAME B OO0O3HAYEHUSAX OITPEIETIeHIE
PsIMOTO TIPOU3BeJIeHnsT U3 mpuMepa, 1.35.

Hpamoiti cymmoti abenesbix rpynn A1, As HasbBaeTcs TPyT-
na A; @ Ay, ssiemenTaMu KOTOPO# SIBJISIIOTCS Bee maphl (1, 22),
rae x1 € Ay, 9 € Ay. I'pynmosasi oneparust 8 A; & Ay — 310
[IOKOMIIOHEHTHOE BBINOJIHeHe oneparuii 8 Ay u Ag: (21, 29) +
+ (y1,92) = (1 +y1, 22 + y2).

AHAJIOrIYHO ONIpENENAeTcs MPAMas CyMMa, HECKOJIBKIX TPYTIIT
A, Ao, ..., A,, KoTOpas obosHaudaerca Ai @ A & ... ® A,.
D10 MHOXKECTBO HAOOPOB (Z1,...,Zy,), THe z; € A;, a TpynnoBas
omnepanys Ha HEM — ITOKOMIIOHEHTHOE CJIOYKEHNE

(1, yzn) + (Y1, yyn) = (@1 + Y15 oo T+ Yn)-
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TIpoBepka rpynImoBBIX aKCHOM HE COCTABJISET TPY/A: HYJIEBBIM dJ16-
MeHTOB rpymnsl Ay @ As @ ... D A, asiagerca wabop (01,...,0,);
aCCOIMATHBHOCTE HEMOCPEICTBEHHO BLITEKAET M3 ACCOIUATHBHO-
CTH OTIEpAIyii B KOMIIOHEHTAX; 3JIEMEHT, IIPOTHBOTIOIOKHBIN 3J1e-
MeHTY (Z1,...,Zy), 3AIHUCHIBAETC KAK (—Z1, ..., —Zp).

Ilpsamasg cyMMa 71 SK3EMILIAPOB OJHON M TOH ke Tpymmbl A
obozaagaerca A”. Mbl yzKe BCTpedan IPAMBIE CyMMBI ab€JIEBBIX
IPYIN B IPUMEPAX: TPYTIINa U3 IpUMepa 1.5 €cTh He 9TO MHOE, KaK
C? . a rpynma us ipuvepa 1.21 u 6b11a 0603HatueHa Kak R

OcHoBHBIE TIpUMEPHI a0EIeBBIX TPYIIT — MUKJINIeCKasi TPYIl-
ma C,, TIOpsS/IKa n U IIUKJINYecKas Ipynna Z 6eCKOHEIHOTO TOPSI-
Ka, KOTOPasi €CTh MIPOCTO aJINTUBHAS TPYIIA [EJIBIX YHUCE]T.

Teopema 1.69. Jobas xonewno nopootcdennas abenesa zpynna
USOMOPPHA NPAMOT CYMME UYUKAUNECKULT 2PYNN.

3ameuanume 1.70. He Bce abesieBbI rpyIiibl KOHEYHO TTOPOKIIE-
vel. Hampuwmep, rpymnmna parmona bHBIX unces Q oTHOCHTETHHO
CJIOYKEHVSI HE SIBJIsIeTCsT KOHEYHO TIOPOXK AeHHoil. PaccMoTpum o~
rpyuiy {ai,as, . .., a,), TOPOKIEHHYIO KOHEYHBIM HADOPOM paliu-
OHAJIBHBIX YUCEJT 41, (2, ..., Qp. JIFODOW SJIEMEHT STOW T'PYIIIBI
BBIPAYKAETC KAaK JIMHEHAs KOMOMHAIMS YUCET G; C IEJTBIMI KO-
sdPurmenTamu:

T =x1a1+ -+ Tpay. (1.11)
TTosromy 3HaMeHATE/IH HECOKPATUMON 3aINCH T HE IMPEBOCXOUT
MpOU3BEIeHNs 3HAMeHaTe el a;, KoTopoe Mbl obo3Haunm N . [lo-
sromy umcio (N + 1)1 me npunaaIesKuT Tpymme {(ai, as, ..., dy,).

s mocrpoenus nzomopduszma u3 teopemsbr 1.69 ymobHO BBI-
JEJIUTh CTPYKTYPY NpsMOl cyMMbI «BHyTpu» rpymnsl A. Jljst
9TOTO BBEJEM HOBBIE MOHSITHSI CYMMBI TTOJTPYIIT U TIPSIMOM CyMMBI

MO PyTIIL.
Abenesa rpymma A = Ay + Ay + - - + A, IOpOKAEHHAST TIOM-
rpymnamvu Ay, As, ..., A, HaspBaercs cymmoti nodepynn (uau

pasaoorcenuem 2pynnot Ha nodzpynnet). Eciu npu sroM ayis Jio-
Boro smeMeHTa a € A cymecTByeT eIMHCTBEHHBIH HAaOOpP TAKHMX
a; € A;,aro a = ay+as+- -+ ay, To rpynma Ay + As+ - -+ Ay,
HABBIBAETCS NPAMBLM PABNOHCEHUEM 2PYNNLL KA Nod2pynnot (UK
pSIMO# CyMMOiA).
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VYreepxkaecaue 1.71. FEeau A = A1+ Ay + - -+ A, — npanmoe
pasnodcenue aberesoti epynno, mo A= A1 DAy d ... D A,.

JoxkazareabcTBo. MckoMmblit m3oMopduzM nMeer BHI,
praw— (aj,as,...,a,), THea=a;+ay+- -+ ay.

B cruty onpe/iesieHust IPSIMOTO PazJIOXKeHHst OTOOparkKeHne ¢ KOp-
PEKTHO OIIPEJIEJIEHO U B3aUMHO OJIHO3Ha4HO. IIpoBepuMm, 4ro ¢
COXpaHgeT OIePaluIo: ecjiu a — a1 + as + -+ - + ap, TIe a; € Ai,
ab==>b+by+ - +by, tneb € A;, 7o a+b = (a1 + b))+
+(az +b2) + -+ + (an + by) (37€ch HCIONB30BaHA KOMMYTATHB-
HOCTB), T.€e. wla +b) = (a1 + by,a0 + bo,...) = (a1,...,a,) +
+ (b1, .-, b)) = () + ¢(b). O

Bameuanue 1.72. B ciydae HeabeeBbIX IPYII CYIECTBOBAHIE
pa3/ioyKeHus B TMPOU3BEJEHNE TOATPYIN HE TapaHTUPYeT, 9TO
rpymnmna u3oMopdHa MpsaMOMY MpOU3BedeHuio noarpymm. Ilycrs
H«<G, K<G HNK ={e}u HK = G. B aroMm cjiydae ropopsr,
9TO TPYINa PA3JIAraeTcs B NOAYNPAMOE Npouseederue TIOATPYIIN
H u K (oboznauenve G = H N K). Jljs NOJIyIpsSIMBIX [IPOU3-
BeJIeHNUT He BBITIOJIHAETC aHaJIoT yTBepxKaeHud 1.71. Hampumep,

Ss = {(123))  (12)) # Cs x Co.

(cpapuu ¢ 3amevanneM 1.68).

Teneps pazbepemcsi, KaKie COOTHOIEHUS MOTYT OBITH MEXKITLy
MOPOKIAIOIINMI KOHEYHO MOPOXKIEHHON abeseBoil rpymmsr A =
= (a1, as,...,a,). TIOCKOJIbKY TpyIilla KOMMYTaTUBHA, JIIOG0E CO-
OTHOIIIEHWe MOYKHO 3aIlNCaTh B BUJIE

ciay + coas + - +epa, =0, c¢q,...,c, €Z, (1.12)

obbemunss Bee ciaraemble Buga a;. Coornomenue (1.12) Gymem
zazaBaTh HabopoMm ¢ = (c1,...,¢,) ero koaddunuentos. Ecau
cy,...,Ci — COOTHOIIEHHSI, TO Z1C1 + - - -+ ZpCk, T; € Z, — TAKKe
COOTHOIIEHNE, KOTOPOE MBI OY/IEM HA3LIBATEL CAEJCTEUEM COOTHO-
meHuii ¢y, . .., ¢, (3mech + 0603HAYAET MOKOMIIOHEHTHYIO CyMMY
LIeJIOYUCIEHHBIX HaBOPOB). [T09TOMYy MHOMKECTBO BCEX COOTHOIIE-
HUIT MeKy MOPOKIAONUMA TPYNILl A SBJISETCS TOArPYIIOi
R rpymmer Z". TTockONBbKY KazKOBIA 3J€MEHT IPynmbl A MOMKHO
33IMCATH B BUJIE LEJIOYHCICHHON KOMOMHAINN IOPOZKIAOIIIX, TO
HEYJIMBUTEBHO CJIEYIONIEE yTBEPIKIECHNUE.
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VYreepxkacaue 1.73. Bo ssedennvir sviue obosnauenusr A =2

Z"/R.

IIpumep 1.74. [lycte A = Gy, $ Cy, @ ... & G, Obo3HATNM
4yepes a; TOpoxXKAaoImil saemeHT rpynnsl Cy,,. MHOXkecTBO {a;}
nopoxxaaer A. [lo onpenenennso mpsiMoii cyMMEI

ciay +coan + -+ cpan =0

TOTI@ U TOJBKO TOTIA, KOTIQ ¢; = YN, ¥; € Z. 3HAUUT, COOTHO-
mrernst 06pazytoT moarpymnny DD B Z™, cOepKAILyo Te HabOPhI 13
n TEJIBIX 9Hcesl, B KOTOPBIX i-if 9jieMeHT HabOpa JeJUTCd Ha 1.
CMekHBI Kjace mo moarpymnmne ) coCTOUT u3 MHOYKECTBA Ha-
6OpOB, UMEMIUX 33IaHHBIN HADOP OCTATKOB OT IEJIeHUs Ha 7,
nosromy daxroprpymmna Z" /D uzomopdua Cp, ®C, &...DC,,, .

JokazareabcTBo yrBepx)aenust 1.73. Ilycrs ajmement a € A
JBYMS CITOCODAMU BBIPAYKEH YEPE3 MOPOKIAOIINE:
a=cia1 +ca9+ -+ cpan :c'1a1+c'2a2+~~~+c;an.
Torna
(c1 —c)ay + (ca — ch)ag + -+ -+ (cn — chy)an =0,

1.e. c—c € R. Pazymeercs, BepHo u o6parnoe. [Toaromy KazkaoMy
a € A MOXKHO COTIOCTaBUTH KJIacc cMexkHocTu p(a) rpymmbl Z™
no moarpymie R, KOTopelii cocTout us tex ¢ = (¢1,...,¢y), g
KOTOPBIX

a=ciai + coas + - - + cpay. (1.13)

OTrobpaxkenne p siBAgeTcs HUCKOMBIM u3oMopduamom. Ckiia-
apiBasi coornomenus (1.13), yGexmaemMcs, 9To p COXpAHSIET Olepa-
mun. EpnacrBeHHBIM Tpoobpazom Kjacca ¢ + R aBisiercs
cray + -+ cpap. O

Crenyromuii mar — ONUCaHUe MOAPYII IPyIIsl Z™.
Jlemma 1.75. Hycmv R < Z". Toeda R=Z™, 0 < m < n.

[Moarpynmoii Z° Gyziem 1o OTpeeeHIio CIUTATh TIOATPYIIIY,
COCTOAIIY 0 U3 OTHOT'O HYJIS.

HoxazareapcrBo. Uuayknus o n. OcHoBanue nHAyKIun 1 = 1
6bLI0 yiKe pasobpaHo BhIlIe (cM. BBIBOZ, dbopmydsl (1.5) Ha c. 30).
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Terepr TpeAmnosIOKUM, ITO yTBEpXKAEHHE JIeMMBI JOKa3aHO
npu Beex n’ < n. B moarpynne R < Z"™ BbIIEIUM TIOArPYIILY

Ry={z€R:xz, =0}

[Mockomeky Ro msomopdHa moarpymme Z" ! (paBHbIe HY/TIO TO-
CJIeJIHIE KOMIIOHEHTBI MOYKHO OILyCTHUTh ), TO IO TPEIIO/I0KEHUTO
magykipn R = ZF 0 <k<n—1.

Eciu Ry = R, yrBep:KaeHNEe JIEMMBI JOKA3AHO.

B NpOTUBHOM cJIydae paccMOTPUM MOAMHOKECTBO R, LeJIbIX
4UcelI, COCTOsIIee U3 TMOCTeHUX KOMIIOHEHT 3JIeMeHTOB 1 € R.
ODTO MHOYXKECTBO SIBJISIETCSl MOJArPYIIONR Z, MOITOMY UMEeT B,
(d) (dbopmyna (1.5)). Beibepem r = (r1,72,...,7m—1,d) € R, y
KOTOPOTO TOCJIeIHs s KOMITOHEHTa PaBHA d.

Jokazkem, uro R = Ry + {r) — npsimoe paznoxkenue. s
Jmoboro ' € R maiimerca He 6ojee OIHOTO IEJIOTO YHCJA T, IS
goToporo 1’ — tr € Ry. ITockombKy Toc/iefHIe KOMIIOHEHTHI BCEX
snemeHTOoB R KpaTHBI d, Takoe 4ucyio ¢ 0bsS3aTeTbHO HAMIETCs.
Torma 1’ — tr € Ry, nostomy 7’ NpeAcTaBisSeTcs B BHIE CyMMEI
ssiemenTa Ko 1 a/ieMeHTa U3 NOArPyIIbL {7), U 9T0 PEJICTaB/IEHNE
OJTHOZHAYHO OITPEJIEIEHO.

Wrak, mo yrBepxkaennto 1.71,

R=Ryo (Y27t oz >72™,
rae 0 <m < n. O
OTMeTnM OYeBHIAHOE CIEACTBHE U3 JOKAZAHHOI JeMMBI.

CaencrBue 1.76. Jlas ar060t Koneuno nopootcdennoti abenesots
epynnot cyuecmeyem maxotli Konewnoill Habop coommoweHnut
Cl,...,Cl, WNO BCAKOE COOMHOWEHUE C MENHCIY NOPOAHCIGTOUUMU
ABAAEMCH CAEICMEUEM C1, . . ., CF.

Wrak, n3 yrBep:kienns 1.73 u jmemmer 1.75 BBITeKaeT, 9TO
JI0OYI0 KOHEYHO TIOPOKIEHHYIO abesieBy TPYIIY C 7 MOPOXKJa-
FOIIMH  3JIEMEHTaMHU MOXKHO 33/[aTh IEJOYHC/IEHHONH MaTpuiei
pasMepa m X n, m < n,

(&3] €11 €12 ce Cin
C C C N C
M = 2 21 22 2n
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JIro6oit maTpune M yKasaHHOTO BUIA COOTBETCTBYET TPYTIIA,
AM)=7"/{e1,ca,...,Cn).

HekoTopbiM MaTpuiiaM cOOTBETCTBYET OJIHA U Ta YK€ TPYIIIA.
YrobbI ommcaTh MAaTPUILI, KOTOPBIE 33/IAI0T M30MOPQHBIE IPYTI-
b1, BBEJEM IOHSTHE IJIEMEHTAPHOTO MPEOOPA3OBAHNS MATPHUIIHL.

Saemenmaproe npeobpasosarue METOINCTIEHHON MAaTPUIIHI —
9TO OJIHO W3 CJIEAYIONINX MpeoOpa30BaHu’il:

L] HpI/I6a,BIIeHI/Ie K dJIEMEHTaM O,[[,HOfI CTPOKH COOTBETCTBYIOMINX
JJIEMEHTOB r[prI‘OIt/'I CTPOKH, YMHOXKEHHBIX Ha OJHO U TO XKe
IIeJI0e YHCJIO;

e npubaBJieHNEe K 3JIEMEHTAM OJHOTO CTOJIOIA COOTBETCTBYIO-
X 3JIEMEHTOB JPYrOTO CTOJIOIA, YMHOXKEHHBIX HA OJIHO U
TO Ke TeJIoe JHUCIO;

® IIepecTaHOBKa CTPOK;
® TIEPECTAHOBKA, CTOJIOIOB;

¢ YMHOZKEHHE 3JIEMEHTOB HeKOTOpOﬁ CTPOKH HJIA CTO.TI6I_[3, Ha
—1.

Jemma 1.77. ITyemov M’ noayuena us M nocaedosamenvrocmuvio
anemernmaproir npeobpasosanut. Tozda A(M) = A(M’).

HokazareapcTBo. Tak Kak oTHOIEHNE N30MOPGU3MA TPAH3U-
TUBHO, JIEMMY JIOCTATOYHO MPOBEPUTH JIJIsi MATPUIL, CBA3aHHBIX
OIHUM 3JIEMEHTapHBIM MpeobpazoBanuem. OUYeBUIHO, UTO TIEpe-
CTaHOBKa CTPOK He Bjusier Ha A(M), paBHO Kak U yMHOXKEHUe
Ha —1.

IlepecranoBka cTOOIOB IPUBOUT K EPECTAHOBKE TIOPOK/IA-
FOIUX, 9TO Jaer n30Mopduyo rpynny (uzoMopduszM rnepecras/is-
€T KOMIIOHEHTBI, cM. ipumep 1.35).

Paccmorpum mpubasiienne KpaTHOTO cTpoku. IlycTs

cy c)
c c

M=%, M=, d=c+tecy, tEL.
Cm Cm

/ /
Torma ¢1 = ¢} — teg, nosromy (€1, Co, ..., Cm) = (€], Co, ..., Cnm).
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Teneps paccmoTpum npubdapjerne KpaTaoro crojbma. [lycrs

/

C11 C12 N Cln Ciq C12 N Cln
C C C C. C C

M — 21 22 2n , MI — 21 22 2n ,
Cm1 Cm?2 Cmn Cm1 Cm?2 Cmn

e ¢ = ¢1 + tep, t € Z. OBO3HAYNM TIOPOKAFOIINE IPYIIIBI
A(M) uepes ay, as, . . ., an, a nopoxgatomue rpymst A(M') yepes

ay, ah, ..., a,. Iocrponm Takoit nzomopdusm ¢: A(M) — A(M’),
9TO
plar) = ay, @las) =ta) +ay, plag) =as, ..., plan) = ay,.
(1.14)

TTOCKOJIBKY @ JIOJIZKEH COXPAHATH OTEPAIH, 00pa3 Jroboro sJre-
menta A(M) onpenesen ycmosusimu (1.14):

p(xrai+zoas + - -+ xpay) = z1p(ar) tzap(ag) +- -+ zpp(an).

(1.15)
ITposepum, yro dopmysia (1.15) KOppekTHO 3a/aeT 0TOOpazKeHue
uz A(M) 8 A(M'). Tlycrs

m
(1 — Y1, T —Yn) = Z)\jcj, Aj € Z,
j=1

T.€. T = T1a1 + 2203 + -+ Tpay = Y101 +Y202 + -+ Ynap =Y
B rpymme A. Torma

m
oA = (=1 — 1) + 2 — v2), 22 — Y2, -+, 0 — Yn),
j=1
[IO3TOMY
(z1 —y1)a) +t(za —y2)ai + (w2 —y2)ay + -+ (zn — yn)ay, =
= (@1 —y1)p(ar) + (w2 —y2)plag) +- -+ (@n — yn)p(an) = 0,
Tak 910 ¢(z) = p(y).
O6paTtHoe oTobpazkenue 3a/1aeTcst (popMyIaMI
¢ Ha)) = a1, ¢ (ah) = —tar +as, o H(az) = as, ...
e Hal) = an,

KOPPEKTHOCTh KOTOPBIX JOKAa3bIBACTCA aHAJIOTUYIHO. O
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Jlist mokazaTenbeTBa TeopeMmbl 1.69 MBI TpUMEHUM CJIeTyTo-
Iy TEOPEMY.

Teopema 1.78 (nopmasnbuas dopma Cmura). I[esonwucaen-
o mampuuy M pasmepa m X n, m < n, MOJNCHO NPUSECTNU
SAEMEHMAPHDBILMYU NPEOOPASOEAHUAMY K MAKOMY 6Udy, “Mo 6ce
anemenmol 6ne 2aa6H01 Juazonaau pasro, 0, a daa JuazoHasLHLT
INEMEHMOE Miy; GUNOLHAETNCA YCAOSUE: Mz OEAUM T (i 41)(i4+1) -

HokazareapcrBo. Ecin marpuiia cocToOuT U3 OJHUX HYJEH, TO
YTBEPKJIEHNE TEOPEMBI CIIPABE/JINBO.

Ilycte B M ecth HeHyJieBBIE 9jieMeHTHI. Bymem npumensts K M
3JIEMEHTapHBIE TPeoOpa30BaHUS IO TEX MOP, TMOKA MOYXKHO YMEHb-
MIUTh MUHUMAJIBHYIO aOCOFOTHYIO BEJIUYNHY HEHYJIEBOTO SJIEMEH-
Ta MaTPUIILL. 3aTeM MEPECTAHOBKAMU CTPOK U CTOJIONOB (U yMHO-
JKEHHEM CTPOK Ha —1) jo6beMcst, 9TOBbI 1M1 CTaJ MOJIOKUTE b
HBIM 9JIEMEHTOM C MUHUMAJIBLHOH abCOJIFOTHON BEJIMYNHON cpean
SJIEMEHTOB MATPHITHL.

Jokaykem, 9TO BCE HEHYJIEBBIE JIEMEHTHI MATPHUIILI JEISATCS
"Ha mii. llycte m;1 He gemuTcs Ha mqi1. Pazgenum m;p Ha mqq
¢ ocTaTKOM: m;1 = gmi1 + r. Eciu BeldecTh U3 i-if CTpPOKU
[IEPBYIO CTPOKY, YMHOXKEHHYIO Ha, ¢, TO M}, = T, T.€. MBI YM€Hb-
AT MUHUMAJIBHYEO abCOJTIOTHY O BEJINYNHY HEHYJIEBBIX SJIEMEH-
TOB MaTPHUIBL. AHAJOTUYHO PACCYZKJAeM JIJIs SJIEMEHTOB TepBOil
CTPOKH.

IlycTs Temepb m;; He JEUTCA Ha M1, T.€. My = qMiy + 7,
0 < r < my1. Kak yxxe moxazaHo, my1 = amii, mi; = bmqy.
W B sTOM Ciydae 31€EMEHTAPHBIME TPeOOPa30BAHUSIMUA MATPUIIBI
MOXKHO YMEHBIIUTh MUHUMAJIBHYO a0COIFOTHYIO BEJIMYNHY HEHY-
JIEBBIX 9JIEMEHTOB MATPHUIILI. BEIdTeM U3 i-if CTPOKU IIEPBYIO CTPO-
Ky, YMHOXKeHHYI0 Ha (a — 1), a 3aTeM u3 j-ro ¢Tojbla BbIYTEM
nepsblii crosbern, ymHOXKeHHbIH Ha g — (a — 1)b. Tlocie sTux
npeobpazoBanuii (7, j)-ii s/eMenT Marpuibl GyJer paBeH 7, Kak
MOKA3bIBAIOT BBIUUC/IEHUs ([IPUBOJUM TOJILKO MUHOD MaTPUIILI,
06pazOBAHHbII IEPBOIi U 4-ii CTPOKO¥ U TIEPBBIM U j-M CTOJIOIOM ):

miy bmqy _, [mn bmyy
amyy  qmi +71 mir (g —(a—1)b)my +7
N (mn (b —q+ (a — l)b)mn)

mi1 T
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TTockonmbKy BCe HEHY/EBBIE 3/TEMEHTHI MATPHUITHI JIEJIATCS Ha
M11, MOXKHO 3JIEMEHTAPHBIMH TPEOOPA30OBAHUSIMU CIIEJIATH PaB-
HBIMU HYJIFO BCE 3JIEMEHTHI ITIEPBOTO CTOJIOIA U TIEPBOil CTPOKH, 32
UCKJIFOYEHUeM 11 (BBIUUTAs TOJXO/ISAIINE KPATHBIE [IEPBOii ¢TpO-
KU wiu nepsoro croyibua). Iocse sroro marpuiia npuobperaer

BUJL
I RSS! 0
()

IJI€ BCE HEHYJIEBLIE 3JIeMeHTHEl mMaTpunbl M’ nenarca wa mii, a
pazmep M’ MeHbINE, 4eM y MCXOIHON MATPHUIIHL.

K marpune M’ MOXKHO IPHMEHHUTE TAKHE Ke TPeoOpa30BaHus,
Kakve Obuin mpumeHensl K M u T. 1. B KOHIlE KOHIOB TOJIydnM
Tpebyemyro GOpMy MaTPHUIIBL. O

JokazareabcTBo Teopembr 1.69. Ilycts A — KOHEUHO MOPOK-
Jennas abenesa rpymmna. Ipegcrasum ee B suge A =~ A(M). B cu-
sty JieMmMbr 1.77 u Teopembr 1.78 MOXKHO c9nTaTh, 9T0 MaTpuia M
auaronasbHas. Ecou M = 0, to A = Z'. B npoTUBHOM ciiy4ae
0603HAYNM HEHYJIEBBIE TUATOHAJIBHBIE 3JIEMEHTHI MaTpHUIlEl M de-
pe3 n;, 1 <1 < k, coorBercrBytoriue crojibnam M mopoxparorie
3/leMeHTEl 0003Ha M depe3 a;. COOTHOIIeHWe BHIA Y . L;0; =
= 0 siBJIgeTCS CIeICTBUEM COOTHOIIEHU U3 JUATOHAIBLHON MaTpy-
upl M Torma u TOJBKO TOrIa, Korjaa n; | z;. IlocienHee oznavaer,
qro z;a; = 0. DTO 03HAYAET, YTO PABJIOKEHUE JTFOOOTO JIEMEHTA
TPYIIBI B CYMMY TOPOKIAIONMINX OJIHO3HAYHO. [losToMmy, mois3y-
sick yTBepKaenuem 1.71, mosiydaem, aro rpymmna A uzomopdua
NPSIMOIT CyMMe IUKJIMYeCKHX TPYII {(a;). O

AHaJIuz CTPYKTYPBI KOHEYHBIX abeJIeBbIX IPYIIT MOYKHO IPO-
JOKUTh. JIjist 9T0T0 HEOOXOAUMMBI HEKOTOPBIE (DAKTHI U3 JJTEMEH-
TapHOU Teopun uucen. B rimape 2 stu GHakThl OyIyT BHIBEIEHBI
u3 Gojiee oOrmielt Teopun. 3aMETHM, UTO JOKA3ATETHCTBA ITUX
daKkTOB HE HCIOJIBL3YIOT YTBEPKIEHUI N3 JAHHOTO Pa3jesia, TaK
9TO TIOPOYHOTO KPYTa B PACCYKIEHUSIX MOXKHO HE OMAcaThCH.

Wz crencrBust 2.43 BHITEKAeT, 9TO €CIIU P, ¢ — BIAWMHO TIPO-
cTBIe uncha, T0 Cpq = Cp @ Cy. IlosToMy MOKHO TTOCTPOUTE TaKOe
Ppas3/ioyKeHrne KOHEYHO MOPOXKIEHHON abeIeBoil TPYIIBI B IPSMYEO
CyMMYy MUK/JIM9ECKUX, B KOTOPOM BCE CJIaraeMble — TPYIIIBI 10~
paaka pF, Tme p — mpocToe [mCIO (npumaprvie KOMNOHEHMYL).
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Oka3piBaeTcs, 910 HaOOP MOPSIKOB MPUMAPHBIX KOMIIOHEHT OTIpe-
JieJleH OJJTHO3HAYHO.

Teopema 1.79. Jlwbas xoneunan abesesa 2pynna U30MopPHa
NPAMOTI CYMME UUKAUMECKUT 2pynn nopadkoe pk, p — npocmoe,
NPUHEM KOMUMECME0 NPUMAPHHIT KOMNOHEHM nopadxa p* oduna-
K060 OAf N106020 PABNOAHCEHUS 6 NPAMYIO CYMMY.

HokxazareabpcTrBo. [leppasi 9acTh TeOpeMbl, KaK YK€ CKa3aHO,
BBITEKaeT u3 TeopeMul 1.69 1 cremcreust 2.43. OcTaioch JOKa3aTh
BTOPYIO 9acTh. B 3TOM JIOKa3aTebCTBE MBI HCIOJB3YEM OCHOB-
HYIO TEOpeEMY aprpMeTHKn 00 OTHOIHAYHOCTH PA3JIOKEHUS 11EJI0-
IO YMCJIa Ha [IPOCThIE MHOXKUTEN (CIe/cTBIE U3 TeopeMbl 2.39,
JIOKa3bIBAEMON B CJIeJIyIONIel ryaBe).

Wrak, mycTh uMmeercst KoneuHas abesiesa rpymma A. Ee MoxkHO
Pa3JIOKUTh B MPAMYIO CYMMY TTPUMAPHBIX KOMIIOHEHT:

A= G eCHn,® 00,5, & 80 & -0y, (116)

BribepeM oiHO U3 9HCceN p; U IOKayKeM, 9To 4ncia k;; He 3aBU-
caT oT BeIOOpa pazsoxkenus (1.16). Tlopropsist 910 paccyxKieHue
JJTsT BCEX MPOCTHIX JeJINTeIeN TOPSIKa TPYIINbL, IOy IiM OTCIO/Ia
yTBEpKIeHne TeopeMbl. JIjia mpocToThl 00O3HAYEHU ToJiaraem
Pi — P, kij = kj, 8; — 8.

BosBenenue B crenens ¢, : z — nx iBASETCs TOMOMOPQMU3IMOM
abesieBoii rpymnnel, Tak Kak n(z+y) = nz + ny. O6o3HaunM yepes
A" o6paz A nmpu romomopdu3Me BO3BENEHHS B N-I0 CTEIeHb.
Topsamok rpynnsr |[A| = p%gq, tne p 1 gq. I3 ocHoBHOiT Teope-
MBI apUpMETHKI CITEJLYeT, |TO MHCIIO (o OTIPEIENIEHO OJIHOZHAMHO.
Ob6o3nmaunm a; — |A(p ‘1)|, 1 <t < ag. B onpenenenun 4dncen a;
He HCIOJIb30BAJIOCh HUKAKOTO paziioxenus Buaa (1.16). TTosrowmy,
€CJTH MBI BEIPA3UM k; d9epes a;, TO TeM CaMbIM JOKayKeM, 9TO IHCIa
k; TaKkyKe He 3aBHCAT OT BEIOOPA Pa3JIOJKEHNS.

Joxkaxkem, 4T0

(A @A) = A g A (1.17)

Kaskprit snement = € (A; @ A2)™ umveer sug (nxq, nao), rie
z1 € Ay, 29 € Ay. Orobpaxkenue «: z +— (nzi,nxs) 3a1aeT
HCKOMBIH m3oMopduaM. [Ipexkae Bcero Hy:KHO IPOBEPHTH KOP-
pekTHOCTE. Eemm nx = ny, tme z = z1 + 22, ¥ = y1 + yo2,
z1,y1 € Ay, xo,ys € Ag, TO MO ONUPEJENEHUIO TPSIMOI CYyMMBI
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nry = nxy, ny1 = nys. Takum 0bpazom, 0TOOparKeHne @ KOPPEKT-
HO ompezie/ieHo (He 3aBUCUT OT BbIOOPA MPEJCTaBUTE/Is KJIAcca
cmexkHocTH). [IpoBepuM, 9To  COXpaHsieT OTEPaIUIO:

a((na1, nxa) + (ny1,nys)) = a(nai + ny1,nas + ny2) =
= (nz1 + ny1,nz2 +nys) = (nz1, na2) + (ny1,ny2) =
= a(nz1,nze) + a(nyi, nya).

W3 ompenenienusi sicHO, 9TO « SBJISIETCS B3AMMHO OJHO3HAYHBIM
0TOOparKEHNEM.

TTo uHAYKIMU MOXKHO JIOKa3aTh, 9T0 coorHorenue (1.17) Bbi-
TIOJTHSIETCS U JIJTsT TIPSIMON CYMMBI HECKOJIBKHUX CJIATa€MBIX.

YrobBI BEIPa3UTh a; depe3 k;, HalimeM oOpas3bl MUKINIECKIX
TPYIII IIPU TOMOMOPhU3MaX BO3BEJEHNUS B CTEIEHD.

Eciu n penurcsa wa m, To gas moboro = € C), BBINOJTHEHO

nz = 0 (HOpA/IOK 3JIeMEHTa JEJIUT TOPSJIOK TPYIIbL). 3HAYUT,
B 3TOM cJIydae C’,(:LL ) equnanYHas rpynmna. C Apyroil cTOPOHBHL,

€CJIM 1 B3AWMHO TIPOCTO ¢ M, TO Jyist Jitoboro z € Cpy, BBITIOJTHEHO
nz # 0. DT0 03HaAYAET, YTO SAAPO rOMOMOPGUIMA BO3BEJEHUS B
CTelleHb B 9TOM CJIydae HyJeBoe U 01(:; ) = Ch.

[ycrs n = pt, m = pF. Ecimu t < k, To C’,(,:L) = Cpr—+ (KpaTHBIE
p* mmetor Bug plua, 0 < v < pP~t — 1, a — nopoxgatommit C,, ).
Ecmu t > k, To 07(:; ) e/IMHNYHAs, TaK KaK 70 JIeJIUT TOPSI0K
IPYTIIHL.

Wz pasznoxkenus (1.16) u usomopduzma (1.17) momygaem

A(PtQ) ~ C}’:Hl @ Cﬁ;“ DD C}’:Ssit.

TTops ok rpymnItel paBeH MPONU3BEAEHUTO TTOPSIKOB TIPAMEIX CJTara-
embIx. [TosToMy monmyvaem cuctemy ypaBHEHUIT

ki 4 2ky + 3kg + - -+ iki + (i + Dkipy + -+ + sks =ao,
ko +2ks + -+ (i — Dk; + ks + -+ (s — 1)ks =ay,

ki +2kipq + -+ (s =i+ 1)ks =ay,

ks —as—1,

3 KOTOPO# k; OJTHO3HAYHO BEIPAYKAIOTCA Fepes dy. O
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1.13. 3amaun

HexkoToprle 3 mnpejjiaraeMbIX HIUXKE 33Ja9 OY€HBb MPOCTHI U
II0JIy9ar0TCs HEMEAJIEHHBIM IIPUMEHEHNEeM IPUBEJIEHHBIX B OCHOB-
HOM TeKCTe paccyzKjaennii. Ho ecTh u c/toyKHBIE 331291, KOTOPHIE
TpeOyIOT TPUBJIEYEHNS HOBBIX HJIEH.

1.1. dAmasieTcss Jiu accOIMATHBHON OIepaliis * Ha MHOXKECTBE
MOJIOYKUTETBHBIX JIENCTBUTEIBHBIX YHCeT, 3a/aBaeMas popMysIoin

Ty 2
Tty

Txy =

1.2. Tlocrpours mpumMep HeaccOIMAaTUBHON OUHAPHOI omepa-
1y, Jijisi KOTOPO# BBIMOJHSOTCS aKCHOMa, €IUHUIBI U aKCHOMa
0OpPaTHOTO 3JIEMEHTA.

1.3. JlokazaThb, 9TO KOHEYHOE MHOXKeCTBO (7, B KOTOPOM OITpe-
JeJIeHa acCOIMATUBHAS aJiredpamdecKas Omeparus U KasKI0e U3
ypasuenuii ax = b, ya = b myus gobeix a u b uz G umeer B G
€/INHCTBEHHOE peIeHne, OyIeT rpyIoii.

1.4. Tlycrs B nosyrpymme G ecrb mpaBas eauHuiE e (Jjis
moboro x € G BHIOJHEHO Te = z) u jJisg joboro ¢ € G ecTh
npaseIii obpaTHeli ! (z - 27! = e). JIokazaTk, uTo Torma G —
rpymna (B 9aCTHOCTH, eMHUIIQ B Hell eMHCTBEHHA U JJisi KA KO0
sjieMeHTa OOpaTHBI TOXKE €MHCTBEHEH ).

1.5. BrisicHurh, 06pa3yrOT JIU TPYIIIIBL CJIEIYOIINE MHOYKECTBA,
MpU YKA3aHHOM OTepaIiui HaJl 3JIEMEHTAMIU:

1) tesible Ync/ia OTHOCUTENBHO CIOXKEHMUS;

2) YeTHBIE YUC/Ia OTHOCUTEJILHO CJIOYKEHUS;

3) tesble Yncia, KpaTHBIE JAHHOMY HATYPAJLHOMY YHCILY 72,
OTHOCHUTETLHO CJIOYKEHIST;

4) creneHu JAHHOTO JEHCTBUTENLHOTO uucia a, a 7% 0,+1, ¢
[EJIBIMHI TIOKA3ATEIIMI OTHOCUTEILHO YMHOXKEHNS;

5) HEOTPUIATE/ILHBIE TIE/IbIE YHC/Ia OTHOCUTEIBHO CIOXKEHMUS;

6) HeYeTHbIE 1IeJIbIe YUC/Ia OTHOCUTE/ILHO CJIOZKEHHUS

7) LeJible YuC/ia OTHOCUTE/IHLHO BEIYUTAHUS;

8) palOHAJILHBIE YHC/Ia OTHOCUTE/ILHO CJIOKEHUS;

9) palOHAJILHBIE YHC/Ia OTHOCUTEILHO Y MHOYKEHUS;

10) pampoHa/IbHBIE YUC/Ia, OTJAUYHBIE OT HYJIs, OTHOCHTEHLHO
YMHOXKEHUST;
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11) moJiozKuTE bHBIE PAIMOHAJIBHBIE YUC/Ia OTHOCHTEIBLHO
YMHOKEHNS;

12) nmoJioxKuTe/IbHBIE PAIUOHA/IBHBIE YHC/Ia OTHOCUTEIHHO Jie-
JIEHVIST;

13) ABOMYHO-PAIMOHAJILHBIE YUC/IA, T. €. PAIIUOHAJILHBIE YHCJIA,
3HaMEHATeIN KOTOPBIX, — CTEeIMEHN YNC/Ia 2 ¢ TEJTBIMA HEOTPUIIa-
TeJTLHBIMI TIOKA3aTETSIMI, OTHOCUTETHHO CJIOYKEHUS;

14) Bce panuoOHaJIbHBIE YHC/IA, 3HAMEHATE/U KOTOPBIX PaBHbI
[IPOUBBEJIEHUSIM [TPOCTBIX YHCeJ U3 JAHHOTO MHOXKecTBa M (KO-
HEYHOTO U/l GECKOHEYHOTO) ¢ IEIBIMA HEOTPUIATEIbHBIMU TTOKa~
zaTe/iIMU (JIUIIb KOHEYHOE YHC/I0 KOTOPBIX MOYKET ObITh OTJIMIHO
OT HyJIs ), OTHOCUTEJILHO CJIOZKEHUS

15) kopHu n-ii crenenn uz eguHUIBI (KaK AfiCTBUTEIbHBIE, TAK
U KOMILJIEKCHBIE) OTHOCUTEJIBHO Y MHOZKEHUST;

16) KOpHU BCex HEJIBIX MOJIOKUTE/ILHBIX CTENeHeil U3 eUHHIIbI
OTHOCUTETHHO YMHOYKEHUST;

17) MaTpuIp! HOpsIKa 7 ¢ JeHCTBUTEILHBIME 3JIEMEHTaMU OT-
HOCUTETHFHO YMHOXKEHUST;

18) HEBBIPOKIEHHBIE MATPHIIBI IOPSIIKA, 72 C JIEHCTBUTEILHBIMI
3JIEMEHTaMHU OTHOCUTETLHO YMHOYKEHUST;

19) MaTpUIBI HOPSIKA 72 ¢ HEJIBIMU 3JIEMEHTAMU OTHOCUTE/IEHO
YMHOKEHNS;

20) MaTPHUIBI OPSIJIKA 72 ¢ LEJBIMU JIEMEHTAME U OIpeIe/in-
TeJieM, PABHBIM | OTHOCHTEHHO YMHOYKEHST;

21) MaTpPHUIBI MOPSIJIKA 72 ¢ LEJBIMU JIEMEHTAME U OIpeIe)in-
TeJieM, PaBHBIM +1 OTHOCHTETHHO YMHOYKEHUST;

22) MATPHIILI OPSIKA 7 ¢ JIEHCTBUTE/ILHBIMUA 3JIEMEHTAME OT-
HOCUTETHHO CJIOYKEHUS;

23) nepecraHoBku dnces 1,2, . .., n OTHOCUTEILHO KOMIIOBUIUN
TIepPeCcTaHOBOK;

24) yeTHbIE IEPECTAHOBKY Ynces1 1,2, . . ., 7 OTHOCHTEEHO KOM-
TIO3UIIAA TIEPECTAHOBOK;

25) HeyeTHBIE MEPEeCTaHOBKHU 4ucesi 1,2, ..., OTHOCHTEIHHO
KOMTIIOZUIINHN TIEPECTAHOBOK;

26) B3aMMHO OJHO3HAYHBIE OTOODAYKEHHs MHOYKECTBA HATY-
PaJIbHBIX 4ucesl Ha cebsl, KarKJI0e U3 KOTOPLIX IepemMemniaer (0Tob-
pazkaeT He B cebsi) JIUIIb KOHEUHOE YHC/IO YUCel, €CJIU 33 TIPOU3Be-
JeHre 0TOOPaXKeHNit § U ¢ MPUHSITa KOMIIO3UIUs S0t 0TOOparKeHuit
(mocieoBaTEIbHOE BBHINIOJIHEHNE OTOOpaKeHuii ¢, 3aTeM s);
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27) npeobpazoBaHust MHOXKeCTBa M, T.e. B3AUMHO OJIHOZHAY-
HBIE OTOOPAsKEHUsT TOTO MHOYKECTBA, Ha, ce0s1, OTHOCUTENBHO KOM-
TO3UIUH OTOOPAKEHN’IT;

28) BEKTOPBI N-MEPHOTO JIMHEHHOro npocrpancrsa R oTHOCH-
TEJILHO CIIOYKEHMS

29) mapaJulebHbIE TIePeHOCHl TPEXMepPHOTO TPOCTPaHcTBa R
OTHOCHTEBHO KOMITOZUINY JBHZKEHMIA;

30) HOBOPOTHI TPEXMEPHOTO MPOCTPAHCTBa R? BOKPYT MpAMBIX,
MPOXOAAIIMX YEPE3 JAHHYIO TOUKY O OTHOCHTETHEHO KOMIIOZUIAN
JIBUZKEHUIT;

31) Bce ABMIKEHHs TPeXMepHOro IpocTpaHcTBa R oTHOCHTE TH-
HO KOMIIOZHUINHN JIBUZKEHMIA;

32) nosjoxuTebHBIE JIEHCTBUTE/IbHBIE YUC/I8 OTHOCHTEIHHO
omeparmu a x b = a®;

33) nosjoxuTebHBIE JIEHCTBUTE/IbHBIE YUC/I8 OTHOCHTEIHHO
omeparmu a x b = a?b?;

34) meficTBUTE/IbHBIE MHOIOYJIEHEB] CTEIIEHU He BBIIIE 72 OT Hens3-
BECTHOTO T W HYJEBOH MHOTOYJIEH OTHOCHTELHO CIIOKEHNST;

35) nelicTBUTEIbHBIE MHOTOY/IEHBI CTEIEHU 72 OT MEPEMEHHOH
Z OTHOCHTEJILHO CJIOZKEHHUS;

36) meiicTBUTE/IbHBIE MHOTOYJIEHBI JIOOBIX CcTeneHed (BKJIo-
uast ) OT IIEPEMEHHO  OTHOCUTEIHLHO CJIOYKEHUST;

37) orpesok [0, 1] ¢ oneparueii @, rie a® 3 — apobHas 4acThb
a+ 3

38) mMuoxkecTBO bYHKIWMIA BUIa

y = %—er, rie a,b,c,d € R uad — be #£ 0.
cx+d

1.6. Jloxkazarh, uro mHoxecTBo A1(R) Tak nazpiBaembix ad-
uHHBIX mpeobpa3oBaHuil wep: & — az +b (a,b € R; a # 0)
BEMIECTBEHHON NpaMoil R o6paszyer rpymmy ¢ 3aKOHOM yMHOZKE-
HUS ©q pPe,d = Pac,ad+b- B rpymme A;(R) comepxxurcs noarpymnma
GL(1,R), ocrapysmomas Touky =z = 0 Ha MecTe, U NOAIPYIIIA
9HCTBIX CABUTOB» T — T + b.

1.7. B n1060ii sin rpyrinne BBITOIHAIOTCS TOXKJIECTBA

a) (ab) Hab la ) la = e,
6) (aba b Y (bab ta 1)t = e?
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1.8. Jljs jir0bBIX TpeX 3J1eMeHTOB a, b, ¢ Tpymmbl G BBITOJTHS-
€TCsl paBEHCTBO

abc = cbha.

Bepho Jjii, 94TO TpyIina KOMMYTaTUBHAST!
1.9. Ilycrs B rpymme (G BBIIOJHSETCS TOMKIECTBO a4 - ¢ = €.
JlokazaTh, yTo G — KOMMYTATHBHASI.

1.10%*. JlokazaTh, 9TO rpymmna KOpHeil n-ii cTenenn n3 eIuHuIbI
ABJAETCA €JUHCTBEHHOU MYJIBTHUINIMKATABHOI IPYNIIION 7-TO IIO-
PSIKA ¢ KOMITJIEKCHBIMU 3JIEMEHTAMH.

1.11%*. Haiitu Bce (¢ TOYHOCTBIO 0 n30MOpdhU3Ma) MPYIIIIBI 10~
paaka a) 3;6) 4; B) 6. Bommucars Tab/IUIbI YMHOXKEHMSs TUX TPYIILL
U MIPEJICTABUTL STH TPYIIILI B BUE TPYIII IEPECTAHOBOK.

1.12. JlokazaTh, uro rpymnsl 1) — 4) 3agauu 1.5 uzomopdub
MeKITy cobOil.

1.13%*. Jlokazars, 9T0:

a) cuMMeTpuYecKas rpyIma Sy, npu n > 1 nopoxaaercs TpaHc-
nozursvu (12), (13), ..., (1n);

6) 3HAKOTIEpEeMeHHas TpyIina A, npu n > 2 NOPOKIAETCs MHO-
JKECTBOM BCEX TPOMHBIX IUKJIOB (i k);

B) 3HAKONEpeMeHHas rpymna A, npu n > 2 NOpOXKIAercs
rpoitapivu rkIaMu: (123), (124), (12n).

1.14. Haiitn MUHUMAaJIBLHOE KOJHUYIECTBO MEPECTAHOBOK 7 3JIe-
MEHTOB, MOPOKIAMOMIIX IPYIIY Sy, 17 > 3.

1.15. HaiiTu mopsaaoK 3JieMeHTa

1 2 3 4 5 1 2 3 4 5 6
(2 31 5 4)655’ (2 34 5 1 6)656'

1.16. CymecrByer jiu B Sg 3JI€EMEHT TIOpsijika 87

1.17. Tuxnwana gu rpymnma Co X Cg?

1.18. B rukinveckoil rpymme {(a) nopsiaka n HailTw Bee aJie-
MEHTHI ¢, VJOBJIETBOPHIONIIE YCIOBHIO gF = e, U Bce 3/IeMeHTHI
nopsijika k mpu

a)n =24, k=6;
6) n =100, k = 20;
B) n =100, k = 5;
r) n = 360, k = 30;
1) n =360, k= 12;
e)n=360,k=1.
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1.19. Tlycrs G = (a) — KOHeYHas [UKJINYECKAs IPYIIIA HOPSI-
Ka n. JlokazaTe yTBEp:KIECHUS:

a) st J060oro JleuTesist d Yic/ia n CyIecTByeT eUHCTBeHHAs
moarpymnmna H rpynmner G, uMmeroras mopsiok d;

6) nopoxgaromumu noarpymnsl H nopsiaka d siBJsioTes Bee
seMenTs! Topsaka d rpymmer G. B wacraoctn, H = (a/4).

1.20. Jlokazarh, 9TO eciu 3djeMeHT = rpymmbl G umeer Oec-
KOHEYHEIl MmopsmoK, To z¥ = 2 Torga m TOJIBKO TOTjIa, KOT/Ia
k=m.

1.21. JlokazaTh, 9TO €CJIU € — eJIMHATIA U ¢ — IJEMEHT TTOPSIJIKA
n rpymsl G, 10 a® = e Torma u ToaBLKO TOrma, Korga k meamTcs
Ha 7.

1.22. HaiiTu nopsmok semMenTa =¥, ecm nopsiok siemenTa
paBeH 7.

1.23. JlokazaTb yTBep:KJIEHUS:

a) ecyiu 31eMeHThI ¢ U b rpymiel G epecraHoBOYHBI (KOMMY-
THUPYIOT), T. €.
ab=ba (1°)

¥ UMEIT KOHEYHBIE B3AUMHO ITPOCTHIE MTOPSIJIKA 7" U S, TO UX TIPO-
uzBeJieHre ab UMeeT MOPSIoK 7'8;

6) ecsiu sjiemMeHThl @ U b rpynnbl G IEPeCTAHOBOYHBI, HMEIOT
KOHEYHBIE MOPSIAKK 7 U § U TIepecedeHne TIOPOKAEHHBIX UMH [HK-
JIT9€CKUX TOATPYII COAEPKUT JIUIb €IUHUILY €, T. €.

(a) N (b) = (e), (2°)
TO MOPAAOK MPOU3BEJIEHNS ab PaBEH HANMEHBIIEMY OOIIEMY KpaT-
momy 7 u 8. [lokazaTh Ha IPUMEpPAX, YTO JJIS CIIPABEITABOCTH I10-
CJIEJTHETO YTBEPIKIEHNs KazK10ro u3 yeaosuii (1°) u (2°) B oraens-
HOCTH HEJIOCTATOYHO U uTO ycjosue (1°) He siBjisgercs clieicTBHeM
yeaosust (2°), narxKe Jyisi B3AUMHO IPOCTBIX MOPSIJKOB 3/IEMEHTOB
anb;

B) €C/IM MOPSZKA 7' U $ DJIEMEHTOB a U b B3AMMHO IIPOCTHI, TO
ycropue (2°) BBINOJIHSETCS;

') IOKa3aTh Ha IpuMepe, 4To 6e3 ycaosus (2°) nopsijaoK mpo-
U3BEIEHUS ab He OmpeJeNIeTcs OJHOZHAYHO TOPSIKAMU COMHO-
xKurenei a u b.

1.24. Tlycrs G = (@) — nukanYecKas rpymma nopsjka n. To-
Ka3aTh, 4TO:
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a) ecin n U k B3AaUMHO HPOCThI, TO B G CyIIECTBYET KOPEHb
{/a, T.e. a snasgerca k-l cTeNEeHbI0 HEKOTOPOTO 3ieMenTa 13 G 1
0bpaTHO;

6) B IpyIIlle HEYETHOTO MOPSIJIKA BCE DJIEMEHTHI SIBJISTIOTCS KBAI-
paTaMu.

1.25. Ilycrs nopsaok sjeMenTa x Tpymmsl G €CTh YHCHO Pg, T
p U ¢ — B3auUMHO npocThl. JlokazaTe, uro B rpymme G HaligyTcs
TaKWe 3JEMEHTHI ¥ U v, UYTO BBITIOJTHIAIOTCS PaBEHCTBA

wo =vu, uf =e vi=e.

1.26%*. JlokazaTh, 94TO ecau B KOHEWHOH rpymme G mopsaka n
JUIsl KazKJIOTo jejures d uucia n ypaBHenue ¢ — e umeer He
bostee d perennii, To rpynmna G — IUKJINYECKAS.

1.27*. [lokasamenem TPYINIBI HA30BEM HauMeHbIiee obiree
KpPaTHOe TIOPSJIKOB ee 3/71eMeHTOB. J[oKa3aTh, 9YTO TpyTa IUK/IA-
YecKas TOTJIa U TOJBKO TOTJIA, KOT/Ia TTOKA3aTe/lb PaBeH MOPIJIKY
TPYIIIBL.

1.28. Kaxwue u3 rpynm 331291 1.5 SBIAOTCSA TOATPYIIIIAMHE JIPY-
TUX U3 9TUX TPy’

1.29. Jlokazarhk, 9To robast becKOHedHas TPYIIa nMeeT OecKo-
HEYHOE YNCJIO TOAIPYIIIL.

1.30. Haiitu ¢ TOYHOCTBIO 10 U30MOPdU3Ma, BCE I'PYIIBI, KO-
TOpbIe n30MOpPQHBI JIIOO0I CBOEl HEeIUHUYHOI TOATPYIIIIE.

1.31. HaiiTi Bce MOArpYIIBL:

a) IUKJIMYECKO TPYIIbI NOPsiaKa 6;

6) IUKJINYIECKON IPyIIbl opsijiKa 24;

B) YeTBepHOil rpyme! (3ama4a 1.11);

I') CUMMETPUYECKOil rpymmbl S3.

1) Kakue uz nogrpynn rpynnsl S3 SBJISIEOTCS HOPMAJILHBIMI
JEeTNTEISTMHA?

e) Jlokazarh, 94TO 3HAKOIIEPEMEHHAs IPYIINa YeTBepPTOii crere-
HU A4 He WMeeT MOJArPYIIILI MIeCTOro mopsiaka. Takum obpazom,
rpynmna G TOpsaKa n i HEKOTOPBIX k, JEJAIIX 72, MOXKET He
UMeTh TIOJIPYII MOPsiKa k.

1.32. Haiitu Bce moarpynmel rpynmnskl G mopsijka 8, Bce 3jie-
MEHTHI KOTOPO, KPOME €UHUIILI €, UMEIOT MOPSiJIOK 2.

1.33. HaiiTu BCe TIOATPYNIBEI UKIUIECKON TPYIIBI TTOPSIKA
p", TJIe p — TMPOCTOE YUCTIO.
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1.34. HaiiTu cMexKHBIE KJTACCHI

a) aJUIUTUBHOI IPYIIILI HEJbIX YHCeJ 10 TOArpyIIe YHcel,
KPaTHBIX JIAHHOMY HATYPaJbHOMY YHCIY d;

6) aJUTUBHOI MPYIIILI JIEHCTBUTE/ILHBIX YUCE]T [0 TIO/IPYIIIe
MEJIBIX UHCET;

B) QIUTHBHON TPYIIbl KOMILJIEKCHBIX HYHCEI 0 HOJArPYIIIe
[EJIBIX TayCCOBBIX YHCEeI, T. €. YUCeJ BUAa m + ni, m,n € Z;

') aJUIUTUBHON IPYIIBI BEKTOPOB IJIOCKOCTH (BBIXOANIUX U3
HAYaJI1a KOOPJUHAT) [0 MOrPYIIe BEKTOPOB, JiexKariux Ha ocu Ox;

J1) MYJITUILTUKATUBHON MPYIIIBI KOMILIEKCHBIX YHCeJT, OT/INY-
HBIX OT HYJIsI, TI0 TIOJIIPYTINE YHCeJI, PABHBIX 110 MOJIYJIIO €JIMHUIIE;

€) MyJIbTHIIMKATHBHON IPYIIBI KOMILIEKCHBIX YUCE, OT/IHY-
HBIX OT HYyJIs, [0 TOJArPYIIIE TOJIOKUTETBHBIX IeHCTBUTETBHBIX
qUCeT,

2K) MYJIBTUILTUKATUBHON TPYIIITBI KOMILJIEKCHBIX YHCEJT, OT/IHY-
HBIX OT HyJIs, 110 TIOATPYIIe AeHCTBUTEBHBIX YHCET;

3) CUMMETPUYECKOil rpymIibl Sy, [0 HMOArPYIINe [ePecTaHOBOK,
OCTABJIAIONINX 9UCJIO 7 HAa MECTE.

1.35. JlokazaTb, 9TO

a) ecyiu H — KOHEYHOE MHOXKECTBO 3JIEMEHTOB rpymibsl G u
MpOW3BeIeHNe ABYX JIOOBIX 3ieMeHTOB 3 H cHoBa Jiexkut B H
1o H < G;

6) eciiu BCce vmeMeHTH MHOXKecTBa H rpymmnbsl G UMET Ko-
HEYHBIE TIOPSIKU U [TPOU3BEEHNE JIBYX JIFOOBIX 3jieMeHTOB 3 H
cHoBa Jjiexkut B H, To H O6yner nojarpynmnoii rpynnst G.

1.36. Haiitu 1meHTp y Tpymnnsl OOpaTUMBIX JAEHCTBUTENBHBIX
MaTPUIL pa3Mepa 1 X 7.

1.37. CroJBKO HOATIPYIIT BTOPOTO MOPSIKa UMeeT rpytma Sk

1.38. Ecrb qu noarpymnmna uHgekca 2 B A, 7

1.39. llepuoaudeckoii 9acTbro rpymnnbl G HA3BIBAETCS MHOYKE-
CTBO BCEX €€ 9JIEMEHTOB KOHEYHOTO TopsaKa. JIokazars, 9To nepu-
OIM9€eCKasi YaCTh KOMMYTATHUBHONM IPYIIIBI SIBJISETCS TOATPYIIION.

1.40. Jlokazarh, 9TO €cjii B KOMMYTATHBHOW rpymnmne G ecThb
3JIEMEHTHI DECKOHEYHOTO TIOPS/IKA, U BCE OHU COJIEPYKATCS B TOJI-
rpymne H, o H = G.

1.41%*. Jlokazarh, aro noarpynmna H nngekca apa o060l rpy b
G cOZIEPKUT KBAPATHI BCEX JIEMEHTOB TPyl G.

1.42%*, JlokazaTh, 9TO npu 1 > 1 3HAKONIEpEeMEHHas rpymma, A,
SIBJISETCS €IMHCTBEHHON TOArPY IO MHAEKCA IBa B CUMMETpUYe-
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ckoit rpymme S,,. IlpuBectu nmpruMep KOHEYHON TPYIIIEI, COAEPKa-
el HeCKOJIBKO TOATPYIIT HHIEKCA JBA.

1.43. JlokazaTb, 9TO:

a) TPy HOJIOXKUTEIbHBIX JEHCTBUTE/ILHBIX YUCE/I 10 YMHO-
KEHUIO M30MOP(HA IPyIIe BCEX JEHCTBUTELHBIX YHCE]T IO CJIO-
KEHUIO;

6) IpyIa MOJIOKUTEIBHBIX PAIMOHAJBHBIX YUCEJT TI0 Y MHOZKE-
HUFO He n30MOp(dHA IPYIINE BCEX PAIMOHAIBHBIX YHCE TI0 CJIOZKE-
HUFO.

1.44. JlokazaTb, 9TO B KOMMYTATUBHOM I'PYIITIe MHOYKECTBO dJIe-
MEHTOB, TIOPSIKN KOTOPBIX JEIAT (DUKCHPOBAHHOE HUHCJIO, SIBJIs-
ercsd MOArpyInoi. BepHo 1 5TO yTBEpKIeHUE [jid HEKOMMYTa-
TUBHOW T'PYTIIBI!

1.45. Jlokazarhb, uro rpymma G’ geaserca ToMOMOpPQHBIM 00-
pa3oM KOHEYHOW IUKJINYIECKOil rpymnmbl G TOTa U TOJIBKO TOT/IA,
korga G TakzKe MUKJINYecKas U e TIOPAI0K JEJUT MOPAI0K IPYII-
met G.

1.46. Jlokazarhk, uTo ecu rpymma G romoMopdHO 0TOOparkeHa
Ha rpymmy (Y, npudem a — a’, TO

a) MOPSIZIOK @ JIEJINTCs Ha TOPSIIOK a';

6) mopsiiok G sresiures Ha NOpsaok G

1.47. Jlokazarh, 9TO MOPSiJIOK JIFOOOH HEYETHON TepecTaHOBKH
B S,, 4eTeH.

1.48. Haiitu Bce romoMopduble 0TOOPAKEHUS &) IUKJIUIECKOH
rpymnet Cy, B cebs; 6) Cg B Cig; B) Cis B Cg; 1) Cro B Cis; 1) Cs
B 025.

1.49. JlokaszaTh, 9YTO aJAUTHUBHYIO TPYNIY PAIMOHATLHBIX UH-
CeJT HeJTb3si TOMOMOPGHO 0TOOPA3UTH HA & IUTUBHYIO IPYIIILY I1e-
JIBIX 9HCEJT.

1.50. Ilycts p — mpoctoe umco. Mzomopduer mu rpymmsl Cpe
n Cp, x Cp?

1.51. Uzomopdunr u rpymmusr a) Cig X Cyg u Cig X Csp; 6)
Clg X Cgo u 036 X CIO?

1.52. Ckoawpko moarpyti, nuzoMopdHbIX Cy, COMEPKUTCS B
Ci2 x Cig7

1.53%*. Jlokazars, 9T0:

a) rpymma Terpasapa u3oMopdHa IpyIIie YeTHBIX MePecTaHO-
BOK YE€THIPEX JJIEMEHTOB;
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6) rpynnbsl Kyba u OKTaspa u30MOpdHBI IPYIIe BCEX Mepe-
CTaHOBOK Y€THIPEX 3JIEMEHTOB;

B) TPYIIIBI JOJIEKAYIPA U UKOCA3Ipa N30MOPMHBI TPYIIe YeT-
HBIX TIEPECTAHOBOK IISATH 3JIEMEHTOB.

1.54. Ilycre B KOHeuHO! rpyiie G BBINOJHSETCS TOXKJECTBO
a-a = e. JIokazark, 9TO T4 Ipyma H30MOPMHA TPYIINE TOAMHO-
KeCTB KOHEYHOTO MHOYKECTBA OTHOCUTETHHO OTIEPAITNN CHMMETPHU-
4eckoii paznoct: A® B = (A\ B)U (B\ A).

1.55. CKOJIBKO €CThb PA3HBIX OXKEPEJHii 3 2 KPacHbBIX, 2 3eje-
HBIX U 2 kenrhix Oycun? (Onpesenenne pasHbIX OXKepeuii cM. B
npumepe 1.55.)

1.56. {Bnsgerca m HOPpMAJBLHON MOATPYNIA CUMMETPUIECKON
rpynmsl Sy, KOTOpasi COAEPXKUT BCE MTEPECTAHOBKY, OCTABJISIFOIIIE
qucsIo 1 Ha Mecre?

1.57. dABnsiercst u HOPpMAJIBHONM TOArPyYNIOil B S1g rpymma me-
PEeCTaHOBOK, KOTOPBIE KarKI0€ YeTHOE JIC/IO OCTABISIOT Ha MecTe?!

1.58. Jlokazarh, 9TO B JIFOOOI TPYIITE TIEPECTAHOBOK, COJIEPIKa-
1meit XoTsi ObI OIHY HEYETHYIO [TEPECTAHOBKY:

a) YHCJIO YETHBIX [EPECTAHOBOK PABHO YHC/Ty HEYETHHIX;

6) "4eTHBIE TIEPECTAHOBKU 06PAZYIOT HOPMAJILHBINA e/ T b;

B) BCe IPOCTHIE IPYIIIBI TIEPECTAHOBOK 7 3JIEMEHTOB (TIe 1 >
2) copiepzKaTes B 3HAKOIEpeMeHHOit rpymine A, (npocmoti nazbisa-
ercs TPyIIa, He UMEIas HOPMAJIbHBIX JeJuTeseil, Kpome cebst
caMoii U eUHUYHOI TIO/IPYIIIIBI).

1.59. JlokazaTh, uro nenrp rpynnsl G (npumep 1.18 na c. 25)
SABJIETCST HOPMAJIbHBIM JIETUTETEM.

1.60. Duement aba~'b~! HazeIBaeTCA KoMMYMaMOpPOM dTEMEH-
ToB a u b rpymmel G. Jlokazars, uro rpymma K| mopokaeHHast KOM-
MYTaTOPaMU BCEX TIAP JIEMEHTOB T'PYIIHI, SBIsSeTCS HOPMAJIbHON
nogrpynnoi K rpynnel G. DTa HOArPYINa HA3BIBAETCS KOMAMY-
marnmom G.

1.61. Jlokazarh, uro jrobas YeTHas MMEPECTAHOBKA SBJISETCS
KOMMYTATOPOM HEKOTOPBIX MTepecTaHoBOK. HaliTi KOMMYTaHT CUM-
METPUIECKON TPYIIIBL Sy, .

1.62. IlpuBecTu nmpumMep rpymibl, B KOTOPOH KOMMYTAHT HE COB-
maJlaeT ¢ MHOXKECTBOM KOMMYTaTOPOB.

1.63. Ilycre G — rpymnna Bcex cOOCTBEHHBIX JBUKEHUIT TpeX-
MEPHOTO TPOCTPAaHCTBA, H — MOArpyIa MapaJuie/IbHBIX Tepe-
HOCOB, K — MOArpyIIa BpaIeHuii, OCTaBJISIFONINX HEOABUKHOMN
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Touky O. Jlokazarhk, 910
a) H asnsiercs nopmasibubiM geiuresiem G, a K — ner;
6) daxroprpymnna G/H uzomopdua K.

1.64. Jlokazarh, 9TO HOPMAJILHBIN AeUTe b Tpymnsl G, nMe-
foInii KOHEYHBIN UHAEKC k, COIEPYKUT BCe JIEMEHTHI IPymibl G
MOPS/IKA KOTOPBIX B3aUMHO mpocThl ¢ k. [lokazares Ha mpumepe,
910 [ OArpy el H | He sBIstOIeiicss HOpMaJIbHBIM JIEJTUTEJIEM,
YTBEPK/IEHNE MOYKET OBITH HEBEPHBIM.

1.65. Jlokazarh, uyro daxroprpynna G/H Torma u ToabKO TO-
rIa KOMMYTATHBHA, Korma H comep:kur KOMMyTaHT K rpymmbr
G.

1.66. JlokazaTb, YTO BO BCAKOW TPYMIE 3JIEMEHTHl T U YTy
UMET OJUH U TOT K€ TOPSIO0K.

1

1.67. Jlokazarh, 9TO Jjisd JIFOOBIX 9JIEMEHTOB a, b u ¢ rpymmsr G:
a) aeMenThl ab u ba UMET OJMHAKOBBIA TOPSJIOK;
6) sseMenThl abe, bea u cab UMEIOT OJIMHAKOBBIH MOPSIOK.

1.68. IlocTpouts mpuMep TPymmbl, B KOTOPOIl €CTh TaKue 3Jie-
MEHTHI @, b, ¢, 90 abc u cba nMerOT pa3HbBIA TIOPSIOK.

1.69%*. Jlokazars, 9T0:

a) yerBepHas rpymma V (3a1a49a 1.11) sBiasiercs HOpMaJIbLHBIM
JeJuTeieM CHMMETPUIeCKO IpyIsl Sy;

6) dakroprpynma Si/V uzomopdHa CUMMETPUYECKON TPy
I1e Sg.

1.70%*. HaiiTn 9mcio mepecTaHoBOK CHMMETPHYECKON IPYTITLI Sy,
KOMMYTHUPYIOIINX ¢ JAHHOII IIepecTaHOBKOH o .

1.71%*. JIokazaTh, 9TO €CJIN MIEPECEUEHNE IBYX HOPMAJIBHBIX JIe-
yureneit Hy m Hy rpynmel G CONEp:KUT JIUIIL €IUHUILY €, TO
hi1hy = hohy nyst Bcex anementoB hy € Hy, ho € Ho.

1.72. TIlycrs B rpymie G noarpynmna N(a) siBjisiercs HOpMaJIu-
3aTopoM 3vemenTa a. [lokazats, aro mjst jroboro x € G HOpMa-
M3aTOpOM 3eMenta raxr  Gymer xN(a)zt.

1.73. Ilycre N = N(H) — wopmasuzarop noarpynnsl H B
rpymre G. Jlano npasoe pazioxenne G o N(H):

G=NziUNzyU...UNz;U...
JlokazaTh, 9TO BCE MHOYKECTBA,

—1 —1 —1
v Hay yaxoHaxy .., x;He, ...
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PA3JIMYHBI ¥ YTO BCIKOE MHOYKECTBO, COTpsizKeHHoe ¢ H | coBmagaer
comunm w3 z; Ha, b (i=1,2,...).

1.74. JlokazaTb, 9TO

a) Hopmas3aTop N(a) CoJep:KUT TOArpyNy (a) B Ka4ecTBe
HOPMAJILHOTO JIEJTUTEIST;

6) 4ucIo 3/eMEHTOB TpyIibl (G, CONPSKEHHBIX C ¢, PABHO HH-
nekcy Hopmasmzaropa N(a) B G.

1.75. JlokazaTh, 9TO

a) nopmasmzarop N(H) noarpynnet H B rpynne G cosepKut
noarpyminy H B KauecTBe HOPMAJIBLHOTO JeJIUTEJIS;

6) umcsio nmoarpynn rpynnsl G, conpsizkeHHbx ¢ H, paBHO uH-
nekcy Hopmasmsaropa N(H) B G.

1.76. JlokazaTh, 4TO:

a) YUCJIO 3JIEMEHTOB IPyIIibl (G, CONPAKEHHBIX ¢ JAHHBIM 3J1€-
MEHTOM, JEJIUT MOPSI0K rpynmsl G;

6) Ync/Io moArpyIl rpynibl G, CONPSKEHHBIX ¢ JAHHON MOJI-
PYNIoii, JeuT mopsiaok rpymmnst G.

1.77. Ilyctb x — 37eMeHT KOHeuHOH rpynnel G u k — [ucio
3JIEMEHTOB, CONPAKEHHBIX ¢ = B ( IycTh k' — WMCIIO 9JIEMEHTOB,
CONpPsKEHHBIX ¢ 2" B G. JIokazaTh, uro k' — memmurens dncia, k.

1.78. Ilycte H — moarpymnna uszexca 2 B rpymmne G, K —
KJIACC COMpsizKeHHBIX B G amementos m K C H. JlokazaTh, 9TO
K sBasercs nubo KJIACCOM COTPsiZKEHHBIX B H 3/1€eMEHTOB, OO
obbeIUHEHeM JIBYX KJIACCOB COMPSIKEHHBIX B H 3/1eMeHTOB, CO-
CTOSIINX U3 OJINHAKOBOTO YHC/IA JIEMEHTOB.

1.79. Haiiru 9nc/io epecTaHOBOK CUMMETPUYECKON TPYTITH Sy, ,
CONPAZKEHHBIX C JAHHOI IIepecTaHOBKOI o.

1.80*. Koneunas rpynma G nMeeT NOpsIOK p™, TIE p — IPOCTOe
unciio. JIokazars, uro G uMeeT HeTPUBUAJILHBIN TEHTD (co/epKa-
muii 60Jiee OJIHOTO 3JIEMEHTA).

1.81%*. JlokazaTh, 94T0 M060I HOPMAJLHBINA JemTens A 3HAKO-
MepeMeHHON TPyNILl A, cremeHu n > 5, comepxKaluii XoTs ObI
OIUH TPOMHON LUKJI, COBHAIAET ¢ A,.

1.82*. a) HaiiTu Bce KJIACChl CONPSAKEHHBIX 9/IEMEHTOB IPYIIIILI
HUKOCAdIPa;

6) mOKa3aTh, YTO TPYIINIA MKOCA3PA sIBJSETCs MpOcToil (T.e.
HE MMeeT HOPMAJIBHBIX JIEUTE e, OTJMIHBIX OT CAMOIl TPYIIIBI 1
€IUHUYHON TIO/IPYIIIIBI).
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1.83%*. JlokazaThb, 9TO 3HAKONEPEMEHHAS TPYIIIA, MIATOH CTerneHn
ABJIAETCA IIPOCTOM.

1.84. Jlokazarh, uT0 HaKTOPrpyIIa CHMMETPHYECKON IPYIIBI
Sy, O 3HaKONEpeMeHHoW rpymme A, uzomopdhua daxroprpyiie
QJUTUTUBHON TPYTILI TIEJIBIX YUCeN TI0 TMOATPYTE YeTHBIX JHCe.

1.85. Ilocrpours dhaxToprpymmy

a) aJUIUTUBHOI IPYIIILI HEJbIX YHCeJ 10 TOArpyIIe YHcel,
KPaTHBIX JIAHHOMY HATYPaJbHOMY YHCIY d;

6) a IMTUBHON TPYTIIBI HEJBIX YUCEN, KPATHBIX 3, TIO MOJArPYTI-
e Yrces, KpaTHBIX 15;

B) 8 TATUBHON TPYTIIBI HEJBIX YUCEN, KPATHBIX 4, TIO MTOArpyTI-
e Yrces, KpaTHBIX 24;

') MYJIBTUILIMKQTUBHON TPYIIIBI JEHCTBUTE/ILHBIX YUCEN, OT-
JIMYHBIX OT HYJIsA, 10 TIO/ITPYIITE TTOJOKUTETHHBIX UHUCET;

M) aJJINTUBHON I'PYNIBI KOMIUIEKCHBIX YHCEN TIO MOATPYIIIE
TEJTBIX TayCCOBBIX YUCET;

€) aJIUTUBHON IPYIIBI BEKTOPOB IJIOCKOCTH (BBIXOSANIUX U3
Ha9aJ1a KOOPAMHAT ) TIO TIOrPYIIIE BEKTOPOB, JIezKaImmnx Ha ocu Ox;

2K) MYJIBTUILTUKATUBHON TPYIIITBI KOMILJIEKCHBIX YHCEJT, OT/IHY-
HBIX OT HYJIsI, TIO TIOATPYTIE AefCTBUTENHHBIX TUCE.

1.86. Ilycre G,, — ajymuTUBHAs TPYIIa BEKTOPOB 71-MEPHOTO
JIMHEHHOTO pocTpancTBa u Hy, — moarpyrina BeKTOpoB k-MepHO-
ro noampocrpancTiBa, 0 < k& < n. Jlokazars, 9yTo daxToprpya
G,/ Hy, uzomopdua G,,_y.

1.87. Ilycrs G — MyJBTUILIUKATUBHAS TPYIINA BCEX KOMILIEKC-
HBIX 9ucesi, oTindgHbIX oT 0, u H — mHOXKecTBO Beex unces u3 G,
JIeZKAIUX Ha JEeUCTBUTEJIbHON U MHUMOIT OCAX.

a) Jlokazars, uro H — noarpynma rpymnmst G.

6) Haiitu cmezkuble Kjaccel rpynnbl G mo nogrpymnne H.

B) Jlokazarh, uro daxroprpymnna G/H uzomopdua Mynbru-
wnkaTuBHOHM rpynme U BcexX KOMILIEKCHBIX YHCEN, PABHBIX TI0
Moaymro 1.

1.88*. Ilycrs
G — MYJIBTUILIHKATHBHAS TPYIINa KOMILIEKCHBIX YHCEJT, OTTHIHBIX
ot 0,

H — muO)kecTBO unces u3 G, JIeKAIMUX HA 7 JIy9aX, BBIXOISIIIX
u3 () o, paBHBIMU YTJIAMU, MPUYEM OJUH W3 3THUX JIydeil coBIa-
JAeT C MOJIOKUTEJIbHON AeHCTBUTEIEHON MOJIYyOChIO.

K — ajuTuBHAs IpyIa BCEX JEHCTBUTETLHBIX YHCET,
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7 — aJUTUTUBHAs IPYIIIIA [EJIBIX YHCe,

D — MynpTUIUIMKATHBHAS FPYIINA TOJOKUTEIBHBIX YHCe,

U — MyJbTHININKATUBHAS IPYIIa KOMIIEKCHBIX HHCeJI, PABHBIX
o MoAyJro 1,

U,, — MyJIbTHIUINKATUBHAS TPYIIIa KOPHeil n-ii crernenn u3 1.
JlokazaThk, 9To

a) K/Z=U; 6) G/D=U; 8) G/U=D,
v) UU,=U; n) GU, =G, e H<GuG/H=U;
x) H/D=U,; 3) H/U,=D.

1.89. Jljga MyJbTUTIIUKAQTUBHBIX TPYIIT HEBBIPOXKIEHHBIX KBaJI-
PaTHBIX MaTPUIL TIOPSJIKA 7 JIOKA3aTh YTBEPKJICHS:

a) daxroprpymma rpynmsl JefcTBUTEILHBIX MATPUIL [0 MO/
TPyIIe MATPHUIL ¢ ONPEIeUTe/IeM, PABHBIM 1, n30MOpdHA MYJ/Ib-
TUTITUKATUBHO TpyTIe JIeiCTBUTENLHBIX YHUCeN, OTINIHBIX OT (]

6) dbaxTOPrpyma rpymuibl JAEHCTBUTEILHBIX MATPULL 110 TI0JI-
TPyIIe MaTPHI] C OTIpeenTeeM, paBHbIM +1, m3omopdHa MyJib-
TUTITUKATUBHO TPYTITIE MOJTIOKUTETHHBIX TUCET;

B) daKTOPrpyImIa IPyHIibl JAEHCTBUTEILHBIX MATPULL 110 TIOJI-
TPYIITe MATPUIL C TOJIOYKUTETLHBIMIA OTIPEJIETATEISIMI SIBJISI€TCST
[UKJINYECKON IPYINIIOil BTOPOTO NOPAIKA;

) (akTOprpymma rpymnnb KOMILIEKCHBIX MaTPHUIL TI0 OArPYII-
1€ MaTPUIL C OTIPEJIEJIUTENSIMHE, TI0 MOJYJ/IIO PaBHBIME 1, n3omMopd-
Ha MYJBTUTLTUKATUBHON TPYTITIE TIOJIOYKUTETLHBIX THUCETT;

1) baKkTOPrpyIa rpyibl KOMILIEKCHBIX MATPULI [0 TIOAIPYTI-
e MAaTPUI[ C IOJIOKUTEJLHBIMUA ONPENE/IUTEIMI H30MOPdHA
MYJABTUILTUKATUBHON TPYIITe KOMILIEKCHBIX YHCEJI, 1O MOJIYJTIO
paBHBIX 1.

1.90. Jlokazarh, uro B daxroprpymnne Q/Z (Q — apaurusHas
TPyIIa PAMOHAJBHBIX YUCeN, 7 — aJUINTUBHAsS TPYIINa IETBIX
qHce):

a) KasKJIbIi JIeMEHT UMeeT KOHEeYHBIH MOpsiJIoK;

6) myis KaxKJO0TO HATYPAJbHOIO 7 MMEETCsi B TOYHOCTU OJ[HA
TOATPYTITIA TTOPSIKA, 7.

1.91. JlokazaTb, 9TO

a) CUMMEeTpHUYECKasi TPyIIa S3 UMeeT IeCTh BHYTPEHHHUX aB-
TOMOPGU3MOB U HU OJHOTO BHEIIHETO, MPUYeM T'PYIIa aBTOMOP-
duzmos uzomopdHa Ss;
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6) derBepHas rpynma V (3amada 1.11) uMeer ofuH BHYTpPEH-
Huii aBTOMOpdU3M (TOXKIECTBEHHBI) U MATh BHENIHUX, [TPHYEM
rpymmna aBToMopdu3MOB n3oMopdHa S3.

1.92. Jlokazarh, 9To yid Jr000ii rpymnmbl (G MHOXKECTBO BCEX
BHY TPEHHUX aBTOMOP(MU3IMOB SBJIIETCS HOPMAJIBHOI TOArpyIIoi
B IPyIIe BceX aBTOMOPGU3MOB rpymmst G.

1.93*. CymiecrBytoT jiu y Sg BHEIIHHE aBTOMOPGU3MBI?

1.94. /Ioka3aTh, 9TO TIpyIilia BHYTPEHHUX aBTOMOPQU3IMOB
rpynnel G m3omopdHa dakToprpymnne rpynmnel G 1O €e IEHTPY.

1.95. Jlokazarh, 9TO TpyIia BceX aBTOMOPQMU3IMOB HEKOMMY-
TATUBHOU TPYIIIEI HE MOYKET OBITH IUKIHIECKON.

1.96. Jlokazarh, uT0 dHaKTOPrpyIna HEKOMMYTATHBHONW IPyTI-
el 110 ee neaTpy (npumep 1.18 ma ¢. 25) He MOXKeT OBITH IUKJIK-
YeCKOM.

1.97*. JlokazaTh, 9TO €CaM NOPSJIOK KOHEYHOH rpymmbl G je-
JINTCsT HA MPOCTOE 9ucio p, TO (G CONEPXKUT IJIEMEHT MOPSIKA P
(reopema Komm).

1.98%*. [Iycts p — mpocroe uncyo. I'pynma G HazBIBaeTCA p-rpym-
0¥, €cjiu TOPSIIKA BCEX €€ 3JIEMEHTOB KOHEYHBI U PABHBI HEKO-
TOpPBIM cTereHsM [ncia p. JlokazaTb, 9T0 KOHedHas Tpymma G
TOT@ U TOJIBKO TOT/a OYIEeT p-TPyIoil, KOr/a ee TOPSI0K PaBeH
CTeTeH! YHCya p.

1.99. JlokazaTh, 9TO TPYNTIA TOPSIIKA P, TIe p — IpoCTOoe Ync-
JI0, KOMMYTaTHBHA..

1.100. HaiiTu 9mncao KJIacCOB COMPSIZKEHHOCTH W YHUCTIO JIEMeH-
TOB B KaxKJOM KJIacce JIJIsi HEKOMMYTATHUBHOU TPYIITBI TMOPSIKA
P>, Tae p — mpocroe umcIIo.

1.101. JlokazaTh, 4TO:

a) aJIUTUBHAS I'PYIIA BEKTOPOB 7-MEPHOTO JIMHEHHOIO Mpo-
CTPAHCTBa €CTh MpsiMas CyMMa 70 TIOATPYNII BEKTOPOB OJHOMED-
HBIX IIOJIITPOCTPAHCTB, HATAHYTHIX HA BEKTOPHI JIEOOOTO Gaszmca
MIPOCTPAHCTBA;

6) aJUTUBHAS IPYIINA KOMILIEKCHBIX YUCE] €CTh IPSAMasi CyM-
Ma TIOATPYII JIEUCTBUTEHFHBIX U YUCTO MHUMBIX THCEJT;

B) MyJIbTUILIMKATUBHAs TPYIINa JeHCTBUTEIHHBIX YHCEJ €CTh
MPsiIMOE TIPOU3BE/IEHNE TIOATPYIIIEI TOJIOKUTEIBHBIX 9HCE]T U TI0/I-
rpymnsl uncen +1;

') MYJIBTUIUINKQTUBHAS TPYIIIA KOMILIEKCHBIX YHCEJT €CTh MPsi-
MO€ TIPOU3BEJIEHNE TIOJITPYIIN TTOJIOKUTETHHBIX YHUCe]T U YUCE]T, 110
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MO/LYJIIO PABHBIX €JIMHHIIE.
1.102. Jlokazatb, uro eciiu G = A+ By = A + By — npsiMbie
paznoxkenus: abesieBoii rpymnmel G u By C By, o By = Bs.
1.103. /lokazarhk, aro mpsimoe pazjoxkenne G = H+ K abenesoit
rpynmbl G CYIMIECTBYET TOTI@ U TOJBKO TOT/IA, KOTJIA CYIIECTBYeT
romomopdroe orobparkenne G Ha moarpymny H, coxpasstornee
Ha MecTe Bce djieMeHThl u3 H.

1.104. Jlokazath, uto eciiu G = A + B — mpsiMoe paziioKeHune
rpymnel G, To dakroprpymna G/A uzomopdua B.

1.105. Ilycres G = A; + As + - -+ + A paznoxkenue abesieBoii
rpynnel G B IPAMYIO CyMMY MOATPYIN U & = a1 + as + -+ - + as,
ar € Ag, k = 1,2,...,8, — COOTBETCTBYIOIIEE PARBJIOKEHHE JIe-
MEHTa Z B cyMMy KommoHeHT. JIokazaTs, 4To:

a) rpymna G TOTIa U TOJILKO TOrJ/Ia UMEET KOHEUHBIH MOPsI0K
n, KOIJIa KaykKJasi TMOArpymmna Ajp UMeeT KOHEYHBIH MOPSIOK 7,
k=1,2,...,s, OpudeM n = ning ... ns.

6) 9JIEeMEHT TOIJIa U TOJIBKO TOTJIA HMEeT KOHEYHBIH TOPSJIOK P,
KOTJIa KasK/1ast €r0 KOMIIOHEHTA, G MMEET KOHEYHBIN MMOPSIOK Py,
k=1,2,..., s, npudeM p paBHO HAMMEHbBIIEMY ODIIEMY KPATHOMY
qUCETT P1, P2, - - -, Ps-

B) rpynmna G TOTJa U TOJBKO TOTJA SIBJISETCS KOHEYHON IHUK-
JITYECKOI, KOTTa Bce MpsiMBbIe claraeMble Ay — KOHEYHBIE TUKJIN-
9ecKue TPYIIIHI, TPUYeM UX MOPSIKH MTOTaPHO B3AUMHO ITPOCTHI.
1.106. Pa3moKuTh B HNpAMYIO CYMMY HIPHMaPHBIX KOMIIOHEHT
[UKJIMYECKYIO TpyIIly mopsiaka: a) 6; 6) 12; 8) 60; r) 900.
1.107*. JTokazaTh HEPAZJIOKUMOCTD B IIPSIMYIO CYMMY JIBYX HEHY-
JIEBBIX TIOATPYTIIL:

a) aJIUTUBHON IPYIIIBI HEIBIX YUCE]T;

6) aJUIMTHBHON IPYIIILI PAIMOHAIBHBIX YHCET;

B) IUKJINYECKON IPYMIIBI MOpsijiKa p™, p — MPOCTOoe.
1.108*.Tlycre G — HeHyJieBas KOHeuHas abejieBa rpymna (¢ aj-
JINTHBHOMN 3aIKChIO onepanun). JIoKa3aTh yTBepKIeHUs:

a) €c/IM MOPSIJIKH BCeX 3JieMeHTOB u3 G JIe/iaT NpOu3Be/IeHne
Pg B3AUMHO IPOCTHIX YHCEN P U ¢, To G pas3jaraercs B MPIMyO
cymmy moarpymn A u B, rjie mopsiiku BCeX 9J1eMEeHTOB 13 A JeJisit
p, a uz B — genst g, npudeMm ojHa w3 noarpymn A win B Moxker
OKa3aThbCdA HyJI€BOI;

6) i rpynnsl G uMeer Mecto pazioxenune G = Aj+As+. . .+
+ As B IPAMYIO CyMMY HEHYJIEBBIX IMOJIPYII, MOPSIOK 3JIeMeH-
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TOB A; — CTemeHb MPOCTOTO YHC/Ia P;, TIPUYEM BCE P; PA3TUIHBL:
Pi 7 pj UM i 7 J;

B) rpymma Ay, OTHOCAINASICS K IPOCTOMY YUCIY P, COCTOUT U3
BCEX 3JIEMEHTOB TPyl G, TOPSIKN KOTOPHIX PABHBI CTETIEHSM
Tmcna p¥, 9T0 0HOZHAYHO ONpeIeAeT PasIOKeH e U3 MyHKTa 6).
1.109. Haiitu Bce (¢ TOYHOCTBIO JO m30MOpdU3Ma) abeseBbl
TPYIIIBL CJIEIYFOIITIX TIOPSIIKOB:

a) 3;6) 4;8) 6, 1) 8 1) 9; e 12; k) 16; 3) 24; u) 30; x) 36;

a) 48; M) 60; u) 63; o) 72; ) 100.
1.110%*. PazjioKuTh B MPSIMYIO CyMMY [TPUMAPHBIX [UKJIAYECKUX
1 GeCKOHeYHBIX IUKIMYecKHX TOoArpymn daxtoprpymmy Z°/H,
Ihe z1, Tv, 3 — HOpozKmamomue Z°, a moposkaaomne H 3a1aHb
COOTHOIIEHUSIMU

y1 = T + 229 + 33, y1 = 4z + bzg + 33,
a) yo = 21zy 4+ 8xg + 923, 6) yo = bxq + 629 + Sxs,
y3 = b1 — 49 + 33, ys = 8z + Tzo + 9z3,
y1 = bz + bxo + 23, y1 = 621 + bxo + T3,
B) yo = 11xy + 829 + Bz, T) yo = 8z + Txo + 1lz3,
ys = 17x1 + bxy + 83, yg = 621 + bxo + 1lzs,
y1 = 4z + bxo + 3, y1 = 221 + 6z9 — 223,
) yo = 8z + 9x9 + 3, e) y2 = 221 + 8x9 — 4x3,
ys = 4z + 629 + 223, ys = 4z + 1229 + 43,
y1 = 621 + bxo + dxs, y1 = lay + 229 + 33,
xK) y2 = Tz1 + 622 + 923, 3) Yo = 217,
y3 = dxq + 4o — 423, y3 = 371,
y1 = 4z + Txs + 33, y1 = 221 + 3z + 4dxs,
) ys = 221 + 329 + 223, K) y2 = bxq + by + 63,
ys = 6z + 1029 + 5z3, yg = 221 + 623 + 9x3.

1.111. Jlokazarh, 94TO sIBJSETCs IUKJIMIECKON KOHedHas abesre-
Ba rpymmna G, MOpsI0K KOTOPOil paBeH:

a) MPOU3BBE/IEHUIO JIBYX PA3/IHYHBIX IPOCTHIX YHUCEI P U ¢;

6) IPOU3BEIEHUIO PA3JINYHBIX IPOCTHIX YHCEIT P1, P2, - - ., Ps;

B) HaliTu Bce noarpymisl abeseoil rpynnsl G, NOPSJIOK KO-
TOPOHi Y/IOBJIETBOPSIET YCJOBUIO MIYHKTA 6), U HAWTH YUCIO ITUX
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TO/IT Py IIIT;

') IOKa3aTh, 4TO Jijist JE060ro JesnTe/is k nopsijika 72 KOHeYHO
abesieBoii rpynnel G CyIIECTBYIOT MOArpyIa U hbaKTOPrpyIIia
rpynmsl G, UMeroIne TOpSaoK k.

1.112. Ilycre G — HeHyJieBasi KOHe4YHas abejieBa I'PyIIa, Bee
HEeHyJ/IEBBIE 9JIEMEHTHI KOTOPOW MMEIOT OJINH U TOT K€ TIOPSIZIOK P
(snemenTapuas rpymmna). JlokazaTh yTBEPIKICHUS:

a) YUCJIO P ABJISIETCS IPOCTHIM;

6) rpynna G paz/iaraercs B IpSMyIO CyMMY KOHEYHOTO YHCIIa
IMUKTAIECKIX TOATPYIII TIOPAIKa P U MMeeT Hopaaok p*, rae k —
YHCIO 9THUX CIATaE€MBIX;

B) Jyrobasi HeHyJsieBas noarpymna H rpynner G cama Gyer sJie-
MEHTAPHOI U SBJISIETCS TPSIMBIM CIATa€MBIM B HEKOTOPOM TIPSIMOM
paznoxkennn G = H + K rpynmner G,

') YUCIO0 NOATPYI NOpsiKa p° aeMeHTapHoi rpynisl G mo-
paaxa pF, k > s > 0, paBHO

P =DE* —p)" —p") . P —ph)

(=D =p)p* —p?) ... (0° —p> 1)
1.113. /lokazarh, 9T0 KOHEUYHas abeseBa rpymma G OpOXKIaeT-
csl ee JIEMEHTaMU MaKCUMAJILHOTO TIOPSIIKA.




I'naBa 2

Koapnoa

Ilepeiinem Temeps K paccMoTpenuto H0Jiee CI0KHON aredpbr —
airedbpel ¢ apyms onepanusivu. Oneparn Oynem Beermga 0003Ha-
9aTh KaK CJIOKEHUE U YMHOXKEHUE, XOTS K OOBIYHBIM CJIOXKEHUIO U
YMHOZKEHHUIO OHI MOTYT He NMEeTh HHKAKOT'O OTHOIEHUS.

2.1. OnpegeneHue KoJblia 1
MIPOCTENIINE CBOICTBA

Koubio — 910 MHO)KECTBO R ¢ IByMst OMHAPHBIME OTIEPAITIST MU
CJIOYKEHUHA + M YMHOXKEHHS - TaKUMH, YTO

R1: oTHOCHTE/NBLHO ciozkeHusT R — KOMMyTaTuBHAs rpymmna (Ko-
TOpasi HABBIBAETC adOUIMUGHOT 2pYNnoti KoAvua);

R2: ymHOXKeHMe accOTMaTUBHO;

R3: a-(b+c) = a-bta-c; (b+c)-a = b-atc-a (duempubymusrnocmo
YMHOXK€EHHsT OTHOCHTENILHO CJIOXKEHHs CJIEBA U CIIPaBa).

Ecnu B K0OJTbIIE IMEETCS €IMHUYHBIIN SJIEMEHT JIJTs Y MHOYKEHIST,
TO KOJIBIIO HABBIBAETCH Koabuom ¢ edurnuueli. M1 Oymem obo3Ha-
9aTh eIUHUIYY dYepe3 1, HECMOTPsi Ha JBYCMBICJIEHHOCTH TaKOTO
obo3Havenus. Ecan yMHOXKEHNE KOMMYTATHBHO, TO TAKO€ KOJIBIIO
HA3BIBAETCS KOMMYMAMUSHDIM KOADUOM.

3amvmeuanue 2.1. B jimreparype BCTpedaercs Apyroe ompeseie-
HIE KOJIbIIa, B KOTOPOM OTTyIIeHa aKCHOMa acconmuaTuBHOCTH R2.
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B Takmx xHUTaxX KOJBIA C aCCOINMATHBHBIM YMHOYKEHUEM Ha3bIBa-
foTcs accormaTuBHbIiMU. Ham ynobHee ucrmoip30BaTh O0jiee y3Koe
TIOHATHE KOJbIIA.

Bameuanue 2.2. Korma paccMaTpuBarTCs KOJbIA C €IUHATIEH,
TIOYTH BCET/a UCKJIIOYaeTCs BBIPOKIeHHBIN cydait 0 = 1. /laee
BCer/ia MpeJInoiaraercsi, YTo B KOJbIAX ¢ eaunureit 0 #£ 1.

O6paTHoro sjieMeHTa 1O BTOPOil omepamuu (yMHOXKEHHIO) B
KOJIbIIE MOYKeT U He ObiTh. [losroMy ypaBHeHue ax = b MowKeT
HE UMEeTh PeIeHuil B KOJIbIIE.

Knaccuyeckuii mpuMep KOIbIIa — 9TO MHOZKECTBO MEJIBIX IUCET
C OTeparusaMi CJIOKeHus U yMHOyKeHusi. OB03HaUaeTcsi KOJIBIO
nesbIx grces yepes Z. O6paTHOro 3jIeEMEHTa [0 YMHOYKEHU HET
JJIS BCeX ITIEJIBIX YHhces, 3a uckaodenuneM =+1. JIpyroit BazKHBIIT
MpUMep KOJIbIa — KOJIBIIO MHOTOYIEHOB — MOAPOOHO paccMaTpu-
BaeTcs HiKe (paszen 2.2).

W3 akcrnom KOJBIQ CJEAyeT AOBOJBHO MHOIO TPUBHUAJIBHBIX
cnencruii. [IpuBenem 3/1ech TOMBKO caMble HEOOXOIUMEBIE, U Oy-
JieM BBOJIUTH OCTAJIBHBIE TI0 MEpe HaJ0OHOCTH.

VYrepxkaenue 2.3. B awbom wosvye alb —¢) = ab — ac.

ODTO yTBEPKJIEHNE O3HAYAET, YTO JUCTPUOYTUBHOCTH BBITIOJI-
HSIETCS U JIJIsl BRIYUTAHUsS (CJIOJKEHUsI ¢ TIPOTUBOIIOJIOKHBIM, T. €.
OOPATHBIM OTHOCHTE/ILHO CJIOYKEHUSI ).

HoxkazaresnbcrBo. a(b—¢)+ ac=a(b—c+¢) = ab. d
KoHe4HO, BHINOJHsIETCsT TaKKe 1 paBeHcTBO (b— ¢)a = ba — ca.

YrBepxkaenune 2.4. B arbom xoavue a -0 = 0.

Hokazareascro. a-0=a(b—b)=ab—ab=0. d

BrimonHsieTcst TakKe M aHAJIOTHIHOE PABEHCTBO MPHU YMHOXKe-
aun Ha 0 caesa: 0-a = 0.

J1J1s1 drices1 1 MHOTOYJIEHOB BBITIOJTHSIETCS TAKO€ CBOMCTBO: €CJTH
MMPOU3BEJIEHNE JIBYX 3JIEMEHTOB PABHO HYJIO, TO XOTsS OBI OJUH
3JIEMEHT PaBeH HY/I0. B obmiem ciaydae 9TO CBOWCTBO MOXKET He
BBINIOJTHATHCsA. JlaBaiiTe paccMOTPUM HEKOTOPBIE TIPHUMEPHI.

IIpumep 2.5. MHOMKECTBO IEJIBIX YHCEN C OMEPAIUSME CJIOZKE-
HUS 1 YMHOYKEeHUS 110 MOJIYJTIO 4. BoJjlee TOUHO, MBI PacCMaTPUBaeM
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OTIEpAIIA HA MHOYKECTBE BBIYETOB IO MOJIYJIO 4, T.€. HE pasin-
YaEM YHCIIa, PA3HOCTH KOTOPBIX genntca Ha 4. OTHOCHTENBHO
3TUX ONEPAIH MHOKECTBO M3 YETHLIPEX PA3JINYHBIX BBIYETOB IO
momysio 4, T.e. {0,1,2, 3}, obpazyer kosbio. I B aroM KOJIBIIE
TPOU3BEIEHNE IBYX HE PABHBIX HYJIIO SJIEMEHTOB MOYKET OBITH Hy-
neBbIM: 2 -2 = 0.

ITpumep 2.6. Ilpsaveiv 06061IEHTEM TTPEABIIYITETO TIPUMEPA, B~
JIIETCS KOADUO 6BIHEMOSE No MOOYA0 M, TIE N — HATYPAJILHOE
qUCII0. DJIEMEHTAMHE STOTO KOJIBIA, KOTOPOE MBI Oyem 0003Ha9aTh
Zy,, saeasitorcest gucaa 0,1,...,n — 1. CroxkeHne u yMHOXKEHIE B
9TOM KOJIbIIE ONTPEIEJISIIOTCS KaK CIIOYKEHUE U Y MHOYKEHHUE TI0 MOJIY-
JIEO 1. AHAJIOTUYHO TIPEIBIYINEMY MPUMEPY MOYKHO 3aMETHTh, UTO
eciau unciao n = ab — cocrapuoe, T0 ab = 0 B Z,,. Oxa3biBaercH,
9TO €C/IU 1 — MPOCTOE, TO TPOU3BEJICHIE HEHYJ/IEBBIX 3JIEMEHTOB B
Zy, obsizaTensro oTamgHO OoT (. /[oKa3aTeIbcTBO 9TOTO yTBEPIKIe-
nusi Oyzier npuseieHo Huzke (cMm. paszgen 2.7).

ITpumep 2.7. Ectb eme oauH BasKHBIN TPpUMEP — KOJIBIO HEIIpe-
poiBHBIX GyHKIui #Ha orpezke [0,1] ¢ OOBIYHBIMU OlEpAIHSIME
MOTOYEYHOTO CJIOXKeHHUst n yMHOKenuss dyukuuit: (f + g)(z) =
= f(x)+g(z), (f-9)(z) = f(z)g(x). Hynem sroro KoJbLa sBisgeTcs
dyHKIWS, TOXKIECTBEHHO paBHas Hy/I0. PaccMoTpuM Be HeHyte-
BBIX yHKImHU f, g, TpaduKu KOTOPBIX N300PaKEHbl HA PUCYHKE.
OueBHIHO, YTO MPOM3BEJIEHNE ITUX (DYHKIHH TOXKIECTBEHHO PaB-
HO HYJTIO.

ITpumep 2.8. Ilo aBym kosbiiam Ry, Ko MOMXKHO ONpenenTs ux
npamyro cymmy Ry @& Ry aHAJOTWYHO TIPSMOMY TPOU3BEIEHUEO
TPy, KOTOpOe OBIIO Opesie/ieHo B puMepe 1.35 1 mpsiMoii cyM-
me abeJieBBIX TPy, KOTOpas ObLIa ompesesena B pazzene 1.12.
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Kousbio R1 @ Ry cocrouTt u3 BCeBO3MOXKHBIX map (71,72), Te
r1 € Ry, 79 € Ry. Omneparmn omupenessiioTcst TaK:

(1"1,1"2) + (1"/1,1"&) - (1"1 +7"I1,1"2 +7"§)7
(7'1,7"2) : (,',,/17,',,é) - (7"1 : 7'/177'2 : ’I"é)

(my1st IpoCTOTHI 0603HAYEHUTT MBI UCIIOJIB3YEM OJ[HU U T€ YK€ CUM-
BOJIBI Jiisi OTlepaluii B 060UX KOJIbIAX).

IIpoBepka akcHOM KOJIBbIA A1 MPAMOI CYMMEI KOJIEIT BBIITOJI-
HieTcsa MexaHmdeckd. [lo cioxkeHmro sTo rpymnma, KOTopas ecThb
psIMO€e TIPOU3BENIEHNe aJINTUBHBIX TPy Kojer, Ry u Ro. Ac-
COLMATHUBHOCTDL YMHOXKEHHSI U JUCTPHOYTUBHOCTH IIPOBEPSIIOTCS
TOKOMIIOHEHTHO.

B mpsamoit cymme KoJtel HeCJIOXKHO MOCTPOUTH Iapy HeHyJle-
BBIX 3JIEMEHTOB, IIPONU3BE/IeHNe KOTOPEIX PaBHO Hymo. Mcnonszy-
eM yTBepxKaeHue 2.4:

(a,0) - (0,b) = (a-0,0-b) = (0,0).

Hemnynenbie s/1eMeHTRI KOJIBITA, TTPOU3BEIEHNE KOTOPBIX PABHO
HYJIIO, UMEIOT CIIEINAJIbHOE HA3BAHNE — Jdeaument Hyas. TexHu-
qecku OBIBAET YI0OHO pa3/InyaTh JIEBbIE U ITPABBIE JEIUTETH HYJIs.
Duement a € R HazbpiBaeTCcs NPaBbIM (JIEBBIM) JIEJIUTEIEM HYJIs,
ecau Jiyisi HekKoToporo b € R BemosiHsiercst ba = 0 (ab = 0).

Hanwaue nenuresieii HyJisi B KOJBIIAX SBJISETCS KPaiHe HETPHU-
ATHBIM dhdexrom. [Tosromy BrImensieTcsa Kiaace KoJjer 6e3 mean-
Teselt Hysi. KoMMyTaTHBHBIE KOIBIIA O€3 AenTesieil Hyis Ha3bl-
BAIOTCS UEAOCTIHOLMYU KOAbYaMU (MK 0DJIACTIAMUI [EJIOCTHOCTH ).
Kax mpapusio, Mb1 Oy/1IeM paccMaTpUBaTh IEJTOCTHBIE KOJIBIA, TI0-
CKOJIBKY OHU JIQFOT BaYKHBIE JJIsI TPUJIOKEHUIT TTPUMEDPHI.

2.2. KoJplio MHOTO4YJIEHOB

Bosbmem kakoit-HuOy b KOMMYTaTUBHOE KOJIBIO R ¢ euHuIIei
(HampuMep, 1ie/ble, PalMOHAJIbHBIE, JeCTBUTEIbHbIE, KOMILIEKC
HBIE 9MC/Ia U T.J1.). TIoCTpONM KOJIBIO MHOro4sIeHOB R[z] ¢ Ko-
s durmenramu uz R (unorma ropopsit 06 anarebpe MHOrOUWIEHOB
nag R). Mnozounen — 310 hopMasibHOE BHIpazKEHUE

A=ap+ a1z +axx® + - +agz?, a; € Rag #0. (2.1)
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Yucno d HasbIBaeTCs cmenetvlo MEOTOUIEHa (2.1) 1 0603HaYaeTcst
deg A. Ecrp eme oaun uckiounTenbHbli mMuorodnen — 0. Ero
HeJIb3s TpecTasuTh B Buje (2.1). Crenenb HyJI€BOrO MHOIOYIEHA
OOBIYHO TIOJIATAIOT HEOIPEIEEHHON, HO YaCTO €€ MOYKHO CIYNTATH
PaBHOIT —00.

Yro Takoe ¥ B dopmyne (2.1)? D10, KOHEUHO, IPOCTO HEpe-
MEHHAs Z, BO3BEJIEHHAsI B HEKOTOPYO cTernedb. Ho Hudero o6 sroii
EpeEMEHHON HaM 3HATH HE HYXKHO, OHA WCIOJB3YEeTCs B 3aINCH
WCKJTFOUNTE/IBHO JIJIsT HATIssaHOCTH. |IpaBuibHee JaKe CUNTATH,
9TO MHOTOUJIEH — 9TO (DUHUTHAS MTOCIEI0BATEHLHOCTD JJIEMEHTOB
koJsiblia R (mocnenosareibHOCTE KO3 DUImenTos):

A0y, Aly ...y Qpy ...

31ech CIIOBO <« (punummasy O3HAYAET, YTO BCE JIEMEHTHI MOCIe-

JIOBATEIbHOCTH, HAYMHAs ¢ HEeKOoToporo mecra, pasubl 0. (Ecin

9TOTO HE TPEBOBATH, TO MBI ITOJIyYHM JIPYTO€ HHTEPECHOE KOJTBIIO —

KOJIBIIO CTEMEHHBIX PAI0B, KOTOPOE UTPAET BayKHYIO POJIb B KOM-

GUHATOPHKE 0] HA3BAHUEM MTPOU3BOAANIUX (DYHKIWMIA. ) 3ameTnbre,

9TO HYJIb BKJIFOYAETCS B TAKOE OIMMCAHME HA OOIIIMX OCHOBAHUSAX.
CrokeHrie MHOTOYJIEHOB OTpeiesisieTcs hopMyJIoit

(ao + a1z + - -+ agz®) + (bo + biz + - + bgaz?) =
= (a0 +bo) + (a1 +bi)z + -+ (ag + ba)z?  (2.2)

(ecyin crenenu pasHble, K MHOTOYJIEHY MEHbINEH CTEleHU HyYKHO
J06aBUThH claraeMble ¢ HyJieBbIME KO3bdUIpeHTamn), a y MHOXKe-
Hre — GOpMyJIoit

(a0 + a1z + -+ age®)(bo + biz + - - + bpz®) =
d+k i
= apbo + (a1b0 -+ a0b1)$ + o= Zml Z ajbi,j (23)
=0 j=0

(B KOTOpOII OTCyTCTBYIOIINE KOI(DDUIUEHTEI TAKIKE MOJIATAIOTCS
PaBHBIMHU HYJIFO — B TIOJIHOM COOTBETCTBUHM CO BTOPOII MHTepIIpe-
Talpeil MHOTOU/IEHOB ). DU HOPMYJIBI MOZKHO IOy YUTh, €C/IH [0~
TpebOBaTh KOMMYTATHBHOCTH, aCCOIMATUBHOCTH U JIUCTPHOYTUB-
HOCTH CJIOYKEHUsT U yMHOXKEHUsS MHOTOWIeHOB. C JIEBBIMU YaCTSIMU
HAIIMCAHHBIX BBIPaXKeHUIl HYKHO AeificTBOBaTh TaK, KaK yUUIN B
7-M KJIacce: PacKphITh CKOOKU U MIPUBECTHU TOA00HBIE.
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Nrak, R[z] — 910 MHOXKeCTBO (DHHHUTHBIX [OC/IEJ0BATENLHO-
creii sslementoB R ¢ onepanusimMu, 3a1aBaeMbiMu popmynamu (2.2)
u (2.3).

VYrsepxkaenue 2.9. R[z]| asasemes KoMmMYymMamueHsm KoALYOM
¢ edunuyel.

HoxkazaresnscrBo. Uz dopmyn (2.2) u (2.3) ogeBuno, uro 0 =
=(0,...)u1=(1,0,...) GyayT COOTBETCTBEHHO HYJIEM U €JIUHU-
ueii B R[z].

Wz onpenesienus ciioxenus (Ko3DOUIMEHTEI CKIIQIBIBAIOTCS
[0 OTJEHHOCTH IIPU PA3HBIX CTEEHSX ) BUJHO, YTO KOMMYTaTHB-
HOCTh U ACCOIUATUBHOCTL CJIOKEHUS CJIEJYIOT U3 KOMMYTATHB-
HOCTH U aCCOIUATUBHOCTH cjioxkenus B R. TTpOTHBONOJIOXKHBIH
MHOTOUWIEH (O6PATHBII OTHOCUTE/ILHO CJIOZKEHHUS ) TIOJIYYAETCs 116
peMeHoi 3HAKOB y BeexX Ko uruenTor. [TosTomy 110 c0KeHUIO
MHOTOYJIEHBI 06PAZYIOT IPYIIILY.

KoMMyTaTuBHOCT yMHOMKEHUST OUEBUHA U3 cuMMeTpun Ghop-
MyJibl (2.3), KOTOPOii Onpeie/isieTcsi y MHOKEHUE.

JucTpubyTHBHOCTL TaKZKe JIErKO IpoBepsieTcs 110 (opmyJie
JUIsl YMHOXKEHHST: IOACTABUM B (HbOPMYJLy BMeCTO b; BBHIpazKeHUe
¢j + d; 1 3aTeM BOCTIONB3yeMcs AUCTPUOYTHBHOCTRIO B KOJbIlE X,
TIOJTY 9UM:

oaghig =Y ajlcij+dig) =Y azei g+ Y a;diy.
j=0 j=0 7=0 j=0

9TO U €CTh AUCTPUOYTHBHOCTb.
ITpoBepum accoONUATHBHOCTL YMHOXKEHIST MHOTOYJIEHOB HEIIO-
CPEeJICTBEHHBIM BBIYNC/IEHIEM:

A(BC) ;aﬂi(Z( > bkcs)xj) -

J kts=j

io( da( > bkcs))xiz( 3 a'rbkcs)xi

r4j=4 k+s=j =0 “Nr+k+ts=i

_ 0(( > a,»bk)ch)xi (Z(ka)szs:ms) B

i=0 N rtk=j jts=i i rtk=j
— (AB)C. (2.4)
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Ecnu BBI BHUMATE/IBHO MMOCMOTPHUTE HA 3TY BBIKJIQJIKY, TO IOii-
MeTe, YTO aCCOIMATUBHOCTH YMHOXKEHUS MHOTOYWIEHOB CJIE/IyeT
W3 aCCOIMATUBHOCTU CJIOXKEHUS HATYPAJbHBIX YHCET. 3aMETHTE
TaKyKe, YTO BEPXHUE WHJEKCHI B 9TOW BBIKJIAJIKE HE YKA3BIBAJIUCH.
OHu B Hell He UT'PAIOT HUKAKOW POJIM — HA CAMOM JIeJI€ MBI IIPO-
BEPUJIM aCCOIUATUBHOCTL B OOJI€E IMIMPOKOM KOJIBIIE CTEMEHHBIX
PsIOB. O

MozKeT MoKa3aThCs HEMIOHATHBLIM, 339€M HYZKHBI TAKHE CIIOZK-
HBIE BBIKJIQJIKA B 3TOM JIOKA3ATENbCTBE. Kc/in cMOTpeTh Ha MHO-
roujien, Kak Ha dyukuuio u3 R B R, sagasaemyio dhopmysioii (2.1),
TO CBOMCTBA KOJIbIA, BKJIIOYAs aCCONMATHBHOCTD, O9E€BUTHEL.

Ho Takoe moHmMaHme MHOTOYJIEHOB OyJeT I HAC CJIMIIKOM
OTPAHUYNTENBHEIM. BO3bMEM, CKaykeM, KOJBIO U3 JBYX 3JIEMEH-
roB F' = {0,1} co co:keHHeM W YMHOXKEHHEM MO MOJYIIO 2.
OyHKIMN T — T U T — T° B 9TOM KOJBIE COBIAJAIOT. A MHO-
FOYWIEHBI & W Z° HaJ STUM KOJIBIIOM Pa3JIHYHEL [0 OIPEIeeHUIO,
JIAHHOMY BBIIIe (OJIHOMY COOTBETCTBYET MOC/IEI0BATE/ILHOCTD KO-
s dbunmentos (0, 1,0,...), a apyromy — (0,0,1,0,...)).

OpHako Jyisi LEJbIX, PAlMOHAJIBHBIX, JEHCTBUTEIbHBIX UJIN
KOMILTEKCHBIX 9HCENI OIPEJEIEHIe MHOTOYIEHOB KaK (PyHKIMIA,
zaaBaeMbIx HopmMyJioii (2.1), paBHOCUJILHO JJAHHOMY BBIIIIE OIpe-
gesiernio. Huzke Mbl 06CcyuM 9TOT BOMpOc nojpobuee (cM. mpu-
Mep 3.21 uz pazgena 3.4).

A 1oka, paccMOTPHM TIPOCTEIE AJITe0palIecKue CBOCTBA KOJIeIT
MHOTOYJIEHOB.

Yreepxkaenune 2.10. Fcau 6 R nem deaumeneti nyan, mo das
f,9# 0 evnoaneno deg(fg) = deg f + degyg.

JlokazaTesbeTBO: KO UIHEHT IpU CTapIeil CTereHH Ipo-
U3BEJIEHNsT PaBeH [IPOU3BBEJIEHUIO KOIMDMUIHEHTOB pU CTaPIINX
crerneHsx coMHOXKuUTeNeil. MckmounTensuenii caygait 0 mokpeBa-
ercs TOW ke HopMyJIoil, eciin ToJIaraTh crenedb () paBHOW —o0.

Caencrue 2.11. Fcau 6 R nem deaumenets nyasn, mo u ¢ R[z]
nem deaumenets HYAA.

Wcrnonb3yst popMysty [jist CTEleHH MPOU3BeJIeHHsT MHOTOMIe-
HOB, MOYKHO Ha#TH U deaument, eduHuYbl B KOJIbIIE MHOTOUJIEHOB,
KaK ellle Ha3hIBAIT 00pamuMsie SAEMEeHM b, OTHOCUTEIBHO YMHO-
JKEeHHS .
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CaencrBue 2.12. O6pamumoie 3AeMEHMBL 6 KOADUE MHOZOUAE
noe R[z] nad uyeasocmmom xoavyom R — smo xonemanmor (mmo-
20unenst cmenenu 0), obpamumve 6 Koavue R.

2.3. N3omopdusmbl 1 roMoMOPPU3MbI
KoJIel]

ODTu omepanun BBOAATCS MO aHAJOTHH ¢ rpynmamu. Temepb
Tpebyercsi coxpanenue obenx omeparuii. Ecau ects xobino R ¢
onepanyaMua +, - 1 KoJabno R ¢ onepammsavu &, ®, TO 20MoMOp-
Ppusmom HasBIBAETCA OTOOpazkenne ¢: R — R’ coxpansomee obe
oTIepaIm:

@(r1+r2) = o(r1) @ p(r2),
p(r1-12) = p(r1) ® ¢(ra).

Hzomoppusm KOJEN, — 3TO B3AUMHO OJHOZHAYHBIA MOMOMOP-
duzm. Tax ke, Kak U B CJIydae rpyIn, H30MOPMHBIE KOIBIA <O~
HAaKOBBI» C aJredpandeckoil TOUKN 3peHMUs.

CogepirrenHO 6€3 M3MEHEHUIl JIOKA3BIBAETCS TEOPEMa O TOM,
qro romomMopdHas 001acTh KOJIBIA ecTh KOJbil0. [1o mepsoii ome-
paryu BcE MOBTOPSETCS JOCTOBHO, aCCOIMATHBHOCTD Y MHOMKEHS
MMPOBEPSETCs TaK K€, KaK U aCCOIMATUBHOCTS cioxkeHus. [Iposep-
K& JUCTPUOYTHBHOCTU OCYIECTBJISETCST TPSIMBIM BBIYHC/IEHUEM:

p(a) ® ((b) ® ¢(c)) = pla) ® p(b+c) =
=¢la-(b+c))=¢labta-c)=yplab)&pla-c)=
= p(a) ® p(b) ® p(a) ® ¢(c).

2.4. Nneanpl

Ipymmsr MOKHO (haKTOPUZOBATE (<«JIEAUTH ) 10 HOPMAJIBHBIM
noAarpynmnaM. AHaJOruYHOe JieficTBUe B cllydae KOJIell OCHOBAHO
Ha TTOHATUU UIEaa.

Yo takoe udean? DTO MOJAMHOKECTBO KOJIBIA, KOTOPOE TIO
CJTOKEHUIO sIBJISETCsT KOMMYTATUBHOI moarpytmoit. Kpome toro,
Wieasl yA0BIETBOPSieT OY€Hb CUJILHOMY YCJIOBUIO TI0 Y MHOYKEHHUFO.
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Ecmu ucnobzoBarh 06pasbl U3 (HU3UKU, TO UAEA]T — ITO TOIMHO-
JKECTBO «C OYeHb CHJIbHBIM IMOTEHIUAJIOM». KC/u B3(ATh Mpous-
BOJIBHBIN SJIEMEHT 4, TPUHA/JTEXKAITII naeaJty [, 1 yMHOKHUTE €ro
Ha, JTI00011 3/IeMeHT KOJIbIa 1 € R, TO mpon3BeaeHne TaKKe JOJIK-
HO NPUHAJJIERATh uaeany: r -4 € I (cBOHCTBO «BTATMBAHUSY ).

B gacrHOCTH, umeast I sIBJIsI€TCsT KOJIBIIOM OTHOCHTEJILHO TeX
K€ OTIEPAINii, 9TO U UCXOMHOE KOJIbI0 K. D10 npumep nodkoavua,
T. €. TAKOTO TOJAMHOYKECTBA KOJIbI, KOTOPOE SIBJISIETCS MOrPYII-
MOW TI0 CJIOYKEHUIO M 3aMKHYTO OTHOCHTEJILHO OTEpAIU yMHO-
JKEHUS.

VMHOKEHUE B KOJIbIIE He 00s13aTeIbHO KOMMYTaTUBHO. [1oaT0-
My, KaK U B CJIy9ae CMEXKHBIX KJIACCOB IO TOATrPYIINe, HyKHBI JIBa
TEXHUYECKUX TOHSITUS: €CJIH YMHOYKeHHe Oepercst CJieBa, TO ITO
JIEBBIN U7€aJI, 8 €CJIU CIpaBa, TO — HPaBbIif. Ec/i BBITOIHSIOT-
ca 0ba ycnoBusi (Kak Beerga OyeT B KOMMYTATUBHOM CJIydae),
TOBOPSIT O JBYCTOPOHHEM HUJeaJie WM IIPOCTO Uiealie.

Texaudeckn 6oJtee ya0OHO cierka WHOE OIpeesieHne HJIeaJIa.
Ilpu usyyenun Teopun rpymn ObLIa JOKA3aHA ITPOCTAas TEOPEMA
O TOM, YTO TOJMHOYKECTBO I'PYIIILI SIBJISIETCS MTOJPYIIION TOTIa
U TOJILKO TOTJIA, KOTJIa BMECTe ¢ 3JIEMEHTaMU a U b CONEpKUT
snement ab~!'. Tlostomy BMecTO ycmoBus, uro I — mojarpymna,
MOZKHO HCTIOJTB30BATh yejiosme a—b € I (Tax mpencrassercs ab !
B aJuuTuBHOM 3amucu). Mrak, nogvuoxecrso I € R HazwpiBaercs
A€M UJEANOM, €CITH BBITIOJHSAFOTCS JIBA, CJIEAYIOIINX YCJIOBHUSI:

1) ecm a,be I, 0 a—b € I

2)ecimacl,re R,roracl.

AHAJIOTUYHO OTIPEJIESISTIOTCS MTPABBIE U JIBYCTOPOHHUE HMJIEAJIHL.

Oka3piBaeTcs, 9YTO UIEAJIbl B TEOPHUH KOJIEN U B JaJIbHEUInX
TEOPUSX UT'PAOT TIEPBOCTENIEHHYO pOJib. [lJisi Haga ia mocMOTpUM
Ha MIPUMEPHI UIEAJIOB.

ITpumep 2.13. BospMmeM KOIBIIO 1eIBIX UYnces Z. Beibepem B HEM
dDUKCUPOBAHHBIN 3JIEMEHT 7, U PACCMOTPUM BCE €r0 KPaTHBIE, T. €.
MHOKeCTBO nZ = {rn | r € Z}. DT0 MHOXKECTBO — HJIEaJ], YTO
JIEPKO TTPOBEPUTH U3 OTIPEJIEJIeHUSI.

Herpynno takxke ybemurhes, 9To Jirob0i niea B Z UMeeT BU/I,
nZ. JeiicrBurensuo, nycrs I C Z — ugnean. Ecim [ = {0}, To
I = 0Z. B nporusHOoM ciiydae I cONEp:KUT MOJOKUTEIBHBIE YNCTIa
(Tak KaK ujeas — NoArpyIina auTuBHoil rpymmet Z). Iycrs n —
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HaMMEHbIIIEe TOJIOKUTENBHOE 9ucio, npuHamiexamee [. /loka-
xeM, uro I = nZ. B cuny onpenenenus: uneana I O nZ. C apyroii
CTOPOHBI, €CJIN ¢ TPUHAJIEXKUT Heaay I TO OCTaATOK 7 OT [e/IeHUsT
a Ha n npuHaIeXRNT I, Tak Kak r = a — gn. Ho Torma, ecou a we
MPUHAJIEKUT ugeasty nZ, 7o r # 0 u r < n, 9T0 NPOTUBOPEUUT
BBIOODY 7.

Do npocroe paccyxkieHue Oymer 06001eHo HuKe (CM. Teope-
My 2.27).

ITpumep 2.14. To ke camoe MOXKHO CHEIATh U ¢ MHOTOUJIEHA-
MH: 3ahUKCHPOBATH KaKO-HUOY/ (b MHOTOWIEH () U yMHOMKHTH
€ro Ha BCEBO3MOKHBIE MHOTOUWIEHBL. [Tomyunm uaean o(z)R[z] =

={v(@)p(z) | 4(z) € Rlz]}.

ITpusenentnie npumeps jerko 060bmuTk. [1o snementy a € R
KOMMYTATUBHOTO KOJIbIa K MOXKHO MOCTPOUTH MHOYKECTBO

(a)={ra+na|r € R,neZ}

KOTOpOE, KaK JIETKO ITPOBEPUTH, SBJISETCS HIEAJTOM. IDTOT M€
HA3BIBAETCS 2AGEHbLM UJEANOM, TLOPOHCOEHHBIM dAEMEHMOM a. Fc-
JI1 B KOJIbIIE €CTh €JIMHUIIA, TO IJIABHBIN HJleasl MOXKHO 3aIllcaTh
B TaKOM JKe BUJE, KaK B IIPeJpIIYIITNX IPUMePax:

(a) ={ra|r € R}.

I'maBHBIE MIEABI MOYKHO OINPENE/IUTh UHAYE. 3aMETHUM, 9TO
repecedeHre uaeasioB Takxke uaeas. [losromy jist Jiioboro moi-
MHOZKECTBa, S KOJIbIa, K MOYKHO OTpEeJe/IuTh HAMMEHBIIHH Hieal,
cozlepaKaIiuii S, KaK Mepecedenne BCEX MJIEAJIOB, COJepKaImux S.
DTOT Uzeasl HA3BIBAETCH UJEGNAOM, TOPONHCIEHHBIM MHONCECTEOM
S (obosHauaercs (S)). B obimem caydae TIIaBHBIM HJIEAJTOM, MO
POKJIEHHBIM 3JIEMEHTOM @, MOYKHO HA3BATh WA, TOPOYKICHHBIIT
MHOKECTBOM {a}.

Komblia, B KOTOPBIX BCE UIEAJIBI, OTJIUYHBIE OT CAMOTO KOJIb-
113, — TJIABHBIE, HA3BIBAIOTCST KOADUAMU 2Aa6HbT Udeanos. [Tprumve-
PBI KOJIET], IJIABHBIX HJIeAJIOB, 0000IIAONINE KOJIBIIO TEJIBIX YHCeT,
TNPUBOJATCA HUKE B pazjese 2.7.

TTockoJIBKY HJ1€aJIBl B TEOPHH KOJIEIl, UTPAIOT POJIb, aHAJIOIHY-
HYIO POJIM HOPMAJIBHBIX TOATPYIIl B TEOPUU I'PYIII, €CTECTBEHHO
MMPOBEPUTH CIPABEJIUBOCTD CJIEJIYIOMIErO YTBEPIK IEHHSI.
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Yreepxkaenune 2.15. Adpo 4106020 2omomoppusma Korey A6~
emca J6YcmopoHHUM UOEANOM.

HoxazareabscrBo. Ilycts ¢: R — Ry — romomMopduzm KoJerl,
I = Kery = {z | ¢(z) = 0} — sagpo sroro romomopdusma.
TTockonpKy roMoMopdpu3M KOJEl, ABISeTcd W TOMOMOPQU3MOM
WX aJJINTUBHBLIX Tpymr, T0 | — moarpymma no caoxkenuto. Ocra-
JIOCh TIPOBEPHUTH, 9TO i Jiroboro 7 € Ry u a € [ BBINOJHEHO
ra € I, ar € I. Uz cpoiicts romomopduzma ciejyer, uro ¢(ra) =
= p(r)pla) = ¢(r) - 0 = 0. Anagoruuno ¢(ar) = 0. O

2.5. KoJpbila KjaaccoB BbIUETOB

Tak ke, KaK MBI PacCKJIJBIBAJIA TPYIILY HA CMEXKHBIE KJIAC-
CHI TI0 HOPMAJIBHOM TIOJINPYTINE, MBI Oy/IeEM PacK/IIBIBATE KOJIBIO
mo ujeasiaM. Bo3bMmeMm KaKOU-HUOY/IL 37eMeHT KOJBI@ © U pac-
CMOTPUM CYMMBI STOTO 3JIEMEHTA CO BCEMU IJIEMEHTAMU HJIEAJa.
TTosyunm, KOHEYHO, CMEKHBIN KJIACC TI0 UAeaTy KaK aJIUTUBHOI
moArpyIie KoJbila. Ho Teopusi KoJsen oueHs [0JT0 pa3BUBAJIACh
COBEPIIIEHHO HE33aBUCHUMO OT TEOPUHU TPYIII, TMOITOMY B Hell BO3-
HUKJIa CBOS TEPMUHOJOTUS. B JaHHOM CJIydae CMEYKHBIE KJIACCHI
HA3BIBAIOTC KAACCAMU BDIMEMOE N0 Modysto udeasra I, mmm, 60-
Jiee KpaTKo, Kjaccamu BeraeToB 1m0 I. [TOCKOJBKY 10 CITOKEHUIO
KOJIBIIO — TPYIa, TO JJI KJIACCOB BBIYETOB BBIMOJIHSIOTCS BCE
TEOPEMBI O CMEXKHBIX KJIaCCaX.

IIpumep 2.16. PaccMOTpuM KOJIBIIO TIEIBIX YUCEJ U BBIYETHI IO
uneanay nZ, ommicanaomy B npumepe 2.13. Ilogyunm Takue MHO-
JKEeCTBa:

0+ nZ={rn|r €Z} =0,
14+nZ={1+rn|reZ}=1,

(n—-1D)+nZ={n—-1+m|reZl=n-1.

Crenyromuii mar cOCTOUT B TOM, YTOOBI JOKA3aTh, 9TO COBO-
KYITHOCTB KJIACCOB BBIYETOB CHOBA 00OpPa3yer KOJIbIO. DTO BEPHO,
ec/i ujeasl — JBYCTOPOHHUIH. (AHAIOTHYHO TOMY, KAK KJIACCHI
CMEYKHOCTH TI0 TIOATrPYIIe 0Opa3yioT IPYIILY JIUIIb B TOM CJIy4ae,
KOTJIa, JIEBbIE CMEXKHbIE KJIACCHI COBIQJIAIOT ¢ IPABBIMH).
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Onepanuy HaJ1 KJIaCCAMH BEIMETOB OIPEIeIAIOTCH aHAJIOTHYTHO
olepanysaM HaJl CMeKHBIMH KiaaccaMmu. OJHAKO H3-33 HAJIMYIUS
JBYX Ollepaliiii BOSHUKAIOT HEKOTOPhIE TOHKOCTH.

JIokazkeM HECKOJIBKO MPOCTHIX cooTHomnenuii. (TIpemomaraem
HHZKe, 9TO PACCMATPUBAIOTCS JABYCTOPOHHUE HUIEAJIbI, XOTH 9acTh
YTBEP:KJIEHHUIT BEpHa U JJIst OJTHOCTOPOHHUX HJIEAJIOB. )

Ilycts y Hac ecTh ABa 3JIEMEHTa, KOTOPLIe NPUHAJJIEKAT Of-
HOMY KJIaCCy BBEIYETOB II0 MOJAYJ/IIO JBYCTOPOHHETO Haeasa I. Dro
O3HAYAET, 9TO & = 7 + i1, b = 1 + 49, 11,19 € I. Takue sreMeHTHI
HABBIBAIOTCS CPAGHUMBLMU, OTHOIIEHHE CPABHIMOCTH 0003HaYaeT-
caga=b (mod I) (urorja miist KparkocT | He THIIYT), YUTAETCH
«@ CPaBHUMO ¢ b o Motysio ujteaia I».

HermocpencTBeHHO 13 OIpe/iesieHns clieiyeT

VYrepxkaenune 2.17. a=b (mod I) pasrocuavro a —b € 1.

HoxazareascrBo. [lpeanooxum, 9o a = 7+ 41, b = 7 + is.
Torma a — b = i1 —ip € I. Y1 Haobopor: eciut a —b = ¢ € I, 10
a=b+1i€ b+ 1, znaunr, a =b. O

W3 31010 MPOCTOTO yTBEPXKIEHUS CJIE/IyeT BEChMa IOJIE3HBII
BBIBOJI; CPAaBHEHIE 110 MOJIYJIIO HeaJjia B OOJIBINOIT CTENeHn TOX0Ke
Ha OOBIYHOE PABEHCTBO.

Yrepxaeuue 2.18. Fcau ai = ag, by = by, mo a1+by = as+bs
u a1b1 = a,zbg.

HoxkazaresnbcrBo. PazHOCTD ABYX 3/IEMEHTOB, IIPUHAJIIEZKAIIIX
uzeaJty, MPUHAJJIEIKUT WIEaly; IPOU3BEJIEHNE JIEMEHTa HJIeaa
Ha J1I000# APYroil 3JIeMeHT NPUHA/JIEKUT njeany. [losTomy

1) Oycrs a1 —ag € 1, by —by € I, Torma (a1+b1)—(as+bs) € 1,
T.€. a1 + by = ag + by.

2) a1by — asby = a1by — a1by + a1by — asby = a1(b1 — ba)+
+(a1 — ag)by € I (3m€ch UCONMB30BAHO, YTO UEAT — JBYCTOPOH-
Huit). d

TeHepI) onpeae/imM CYyMMY U ITPOU3BEJICHNE KJ/IaCCOB BBLIYETOB
Fri=r1+I1,7o=ro+1I:

Ti+7Ty =11 +ry =711 +r2+1, (2.5)
1 -T9g =TTy =179 + 1. 2.6
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Hyxna0 noxazaTh KOPPEeKTHOCTH BBEJEHHBIX OIEpalnii, T.e.
HE3aBUCUMOCTD PE3YJILTATa ONEPAIHH OT BLIOOPA MPEJCTABUTEIS
KJIaCCa BBIYETOB. DTO HEMEJJIEHHO Clle/lyeT U3 yTBep:aenns 2.18.

eticTBUTETHHO, €CTU

riA+l=7 =7 +1,
ro+ I =7y =71y +1,

TO 1 = 7, 19 = Th, u WO yTBepxKIeHuio 2.18 mojyydaem
ri+ro = vy +1h, rire = rirh. D910 ¥ 3HaUNT, YTO cymMMa U
TPOU3BEJIEHNE TIPEACTABUTENEH KIACCOB BBIYETOB ITPUHAJJIEKAT
OJTHOMY W TOMY K€ KJIAcCy BBIYETOB, KOTOPBI HE 3aBHUCHT OT
BEIGOPa mpencTapuTeneii. [103ToMy pesynbTaThl Onepanmii, onpe-
neneHabix (2.5), (2.6), He 3aBucaT OoT BBHIOOpA HpeaCTaBUTENEH
KJIACCOB BBLIYETOB.

VYreepxkaenue 2.19. Cosokynrocms KAaccos 6vi4emos ¢ one-
payusmu, onpedesermnoimy pasencmeamy (2.5), (2.6), obpasyem
KONDUO.

TO KOJIBIO M HABBIBAETCH KOALUOM KAACCOS &brvemos (060-
snaverne R/1).

HokazarenapcTrBo. [ljisi foKa3aTEIHCTBA MBI TIOCTPOUM TOMOMOP-
bU3M HCXOIHOTO KOJIBIA HA COBOKYITHOCTH KJIACCOB BBIYETOB U
BOCITOJIB3yEMCS [OKA3aHHBIM paHee yTBEpP:KIEHUEM, YTO 00pa3
KOJIBI[Q TIPH TOMOMOPQU3ME SABJISIETCS KOJBIIOM.

Bosemem ncxommoe xosbio R u pazmoxum ero mo ugeasty I,
MOJIyYMM MHOYKECTBO KJjiaccoB BorueroB R/1. Ctpoum orobpazke-
uue ¢: R — R/I cnenyromum obpazom ¢: 7 +— 7 =71 + I. TIpose-
pUM, 9TO 3TO — roMOMOpPGhU3M:

eri+r)=ri+ro+I=r1F+r=71+72 = ¢(r1) +¢(ra),
plrir) =rire + 1 =713 =71 - T2 = @(r1)e(ra2),
T. €. OHepaJ_[I/II/I COXpa,HHIOTCH. CIOP’])eKTI/IBHOCTI) O“IeBI/Ir[[Ha,Z KJIacc

BBIYETOB 7 + [ gBjisieTcs 0Opa3oM JIEMEHTA 7. O

Teopema 2.20 (reopema o romomopdusme kovien). [ycms
p: R — Ry — comomopdusm xoney. Tozda kKoavuo xaaccos evie-
MOE NO MOJYAIO AOPA 20MOMOPHUSME USOMOPPHO 20MOMOPPHOMY
o6pasy koavuya: Ry/ Kery = o(Ry).
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HokazareapcTBo. NzomopdusM ycTaHaBINBAETCS €CTECTBEH-
HBIM 00pPa3zoM:

a: {r}— o(r). (2.7)
Baeck r € Ry, {r} — xmacc peraeros no mojyiio I = Ker .
Orobpazkenne (2.7) omnpesiesieHO KOPPEKTHO, TakK KaK ec/u
r1 =1y (mod I), 10 p(r1—rq) = 0, 1. €. (r1) = @(r2). Ouepumo,
YTO ¢ CFOPBEKTUBHO (OHO MepeBOJUT B ¢ (1) KIace BBIYETOB {r}).
TIpoBepuM cBoiicTBa TOMOMOPdhHU3MA:

a({ri}+{ra}) = a{ri +r2}) = w(r1 +72) = @(r1) + ¢(r2) =

= a({ri}) + a({r2}),
a({ri}-{r}) = a({ri -r2}) = p(r1-12) = @(r1) - p(r2) =
a({ri}) - al{r2}).

SAnpo sroro romomopduzma HyJieBoe, Tak Kak ¢(r) = 0 ozHauaer
r €I, e {r}=0. 3uaunt, o — uzomopduzm. O

Teneps MBI TOAXOAUM K CAMOMY TJIABHOMY JIJIsi HAIETO TAJTb-
HEWIero W3JI0YKEeHUsT BOMPOCY: MOXKHO JIM TaK BHIOpaThH W€,
9TOOBI KOJIBIIO KJIACCOB BBIYETOB OBIIO «CcOBCEeM XopommmM» ! Ha-
IpUMepP, XOTEJJ0Ch OBl UMETh BO3MOYKHOCTD PEIIaTh B KOJIBIIE KJIac-
COB BBIYETOB JIMHEWHBIE ypaBHEHus. JIJig 9TOro KOJIBIO KJIAcCOB
BBIYETOB JIOJIZKHO 00JIaJaTh HEKOTOPBIMI JIOIOJTHATETLHBIMIA CBO-
CTBaMU, KOTOPBIE MBI YKaKeM B CJIEAYIOIIEM PA3JIeie.

2.6. Tesaa u moJsi, MaKCUMAaJbHbIE
naealibl

Beezewm erne j1Ba anrebpanvecKux HOHSITHST: TEIO U IOJIE.

Teno — 3TO TaKOe KOJBIO, HEHYJIEBBIE 3JIEMEHTHI KOTOPOTO
06pa3yIoT TPYIITY OTHOCHTEJBHO YMHOMKEHUS, T. €. BBITIOJIHSIIOTCS
JOTIOTHUTEIbHBIE CBOMCTBA:

1) cymiecTByeT €QMHUYHBIA 3/IEMEHT OTHOCHTEIBHO YMHOKEe-
Hus 1, 7171 JIF06OT0 IPpYTOro 9JIEMEHTa, ¢ BBITIOIHEHO a-1 = 1-a = a;

2) nast a # 0 cymecTByeT oOpaTHLI 3IeMeHT a ', JyIs KOTO-
poro a !

OTcrofa cleyeT pa3pemnMocTs ypaBHenns a-z = b pu a # 0.

ca=a-al=1.
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VYrepxaenue 2.21. B meae nem deaumeneti nyan: us ab =0
caedyem a =0 uau b =0.

HoxkazaresnbcrBo. B obom kosbie a-0 = 0 (yreepxienue 2.4).
Buaunt, y 0 Her obparnoro. Ho ecm a # 0, b # 0, T0 y ab ecthb
obparaeii b~ la~ . O

Ilone — 310 KOMMyTaTUBHOE Teno. /Ipyrumu cioBamu, HEHY-
JIEBBIE 9JIEMEHTHI MMOJIs 0OPa3yT OTHOCUTEIBHO yMHOYKEHUsT abe-
JleBy rpytiy. Dojiee mogpobHOe OmpejiesieHne Mo TaKOBO: I0-
JIeM Ha3BIBAETCs MHOXKeCTBO F' ¢ nByMsi OMHAPHBIMU OIEPAIIHSI MU
(croxkeHue U yMHOMKEHUE), KOTOPBIE YIOBJIETBOPSIOT CJIELYIOMIUM
cBOlicTBaM:

F1: Otnocurensuo cioxenusi F' siisiercss abesiepoil rpynmoii.

F2: Orrocurensro ymuOKenus ['* = F\ {0} sBasiercs abesepoii
rpymmoii. (3aecs 0 0603HAUAET HYJIEBOW 3JIEMEHT OTHOCH-
TEJIHO CJIOKEHHS. )

F3: Akcuoma jucrpubyruprocru: a(b+ ¢) = ab + ac.

ObparuTe BHUMaHNE, YTO AKCHOMBI TIOJIsT TTO3BOJISTIOT BBITIOJI-
HATH apHdpMETHIECKIe OMEPAINN aHAJOTHIHO TOMY, KaK 9TO Je-
JaeTcst ¢ gncaaMi. U HeyauBUTEbHO: palioHAJbLHBIE, JIeHCTBY-
TebHBIE U KOMIIJIEKCHBIE YHCIa JIAFOT CaMble MTPOCTHIE U CAMbIe
BasKHBIE TPIMepPEI TToJiel. Ho sTiMmu mprnMepaMin BO3MOZKHBIE TIOJTsT
JIAJTEKO He mncdeprbiBaioTces. OUH U3 BaXKHBIX CITOCOOOB MOCTPO-
€HUsT TIOJIefl COCTOUT B TEPEX0Jie OT KOMMYTATHBHOTO KOJIBIE, K
KOJIBITY KJIACCOB BBIYETOB IO MOJLY/TEO HEKOTOPOTO HJIEAIA.

Kax ke BBIOpaThH Hea TakK, 9TOOBI KOJBIIO KJIACCOB BBIUETOB
0 3TOMY HjieaJsty 66110 ToJiem?

JI1st 9T0TO HaM TIOTPeOYETCsT elMe OJTHO MOHATHE — MAKCUMAAD-
noti udean. pean I HazbiBaeTcss MAKCHUMAJBHBIM B KOJbIE [,
ec/iu He cyiiecTByeT Takoro ugeana I’ # R, aro I C I’ C R.

Teopema 2.22. Koavyo xaaccos sovemos R/ I xommymamuero-
20 Koavya ¢ eduruuel ecms nose mozda 1 Mosvko mozda, Koz2da
I — maxcumanvroui udean.

HokazarenapcTBo. KoMMmyTaTuBHOE KOJTBIIO SABJISETCS TTOJIEM TO-
I U TOJBKO TOTIA B HEM paspelinMbl ypaBHeHus ax = b, a # 0.
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Ilycts I — makcumanbHbIi Haeaa. PaccMorpuM ypaBHeHMe
a-z=>5b a#o0, (2.8)

a b — MPOM3BOJIBHEI 3/IeMEHT U3 KOJTbIa 12/, T. e. KIacc BEI9eToB
b+ 1,b e R. lokaxkem, 9TO TaKOe YpaBHEHNE Pa3PENInMO.

ITposepum, uro muoxkectBo I’ = {(r-a)+i|r € R,i € I} aB-
JisieTcs uaeasoM. JIJist 9Toro JOCTaTOYHO JOKA3aTh, YTO PA3HOCTH
JIBYX 3JIEMEHTOB OCTAETCS B STOM MHOXKECTBE W TIPOU3BEEHUsT
JTEOOOTO 9JTEMEHTa, ITOTO MHOKECTBA, HA TIPOU3BOJIBHBIE 9JTEMEHTHI
KOJTBITa, OCTAIOTCS B 9TOM MHOYKECTBE:

(7'1~a+i1)—(r2~a+i2):(r1—r2)~a+(i1—i2) EII,
r-(r'-a+i)=(rr")a+ (ri) e I.

Crepyrommii mar: [ C I’. JlelicTBuTeNnbHO, 1715 91eMenTa 1 € [
nMmeeM TipesicTaBaerne B Buje 0 - a + ¢. [louemy 310 BRITIOUEHME
crporoe? B I’ ectb snement 1-a+ 0 = a ¢ I (ycnoeue a # 0
03HAYAET MPOCTO-HaNpocTo, uro a & I). Cnenosarensuo, I’ = R,
T. €. JIIOOOM 3JIEMEHT KOJIbIIA, B TOM YHC/Ie U b, IPEJICTABUM B BUJIE
b = r-a+i. B HEKOTOPOM CMBICJIE MBI HAILJIN SIBHOE PeEIleHue
ypaBHeHud (2.8): T = 7. DTuUM J0Ka3aHA JIOCTATOYHOCTb.

JlokazaTenbcTBO HEOOXOJUMOCTH HECJOXKHO, HO ITO PACCYK-
JIEHUE YaCTO BBIZBIBAET HEKOTOpOe HermoHuManwue. [losromy mpo-
BEJIEM €ro MaKCUMAJIbHO MoapobHo. IlycTh paspemmuMbl Jiobbe
ypaBHeHus Bua (2.8). HyKHO J0Ka3aTh, 90 | — MaKCHMAJbHBII
neall.

Yro ozHavyaer paspermmumocts ypashenus (2.8)7 B rounocru
paspemuMocTh cpasHenus ax = b (mod [), KoTopasi paBHOCH/Ib-
HAa [0 JIOKA3aHHOMY BBIIIE yTBepKIeHno 2.17 ycnosuio ax —b € I.

Pacemorpuwm takoii ngeas I, aro I C I’. Beibepeum smement a
Takoit, uro a € I’ u a ¢ I. Tockosibky az —b €l CI'ua€ I’, 1o
az € I’. Tlostomy (u/1eas1 3aMKHYT OTHOCUTEHLHO BEIYUTAHUS) b €
I’. TlockoNbKy b — MPOM3BOJILHBIA 3JIEMEHT KOJIBIA, R, IpUXO M
K BEIBOLY, uTo I’ = R. O

OTa U3AIMHAS TEOPEMA, JIETKO U IIPOCTO JOKA3BIBAEMAsT, TTO3BO-
JINJIa B CBOE BPeMsl OCYIIECTBUTh THTAHTCKNH TPOPHIB, TOCKOJIBKY
C €€ TIOMOIIBEO CTPOUTCS OIPOMHOE KOJINYECTBO OOBEKTOB, B KOTO-
PBIX MOYKHO pelaTh JHUHeiHble ypaBHeHHS.
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2.7. EBKANI0OBBI KOJIBIIA

Hasiee Mp1 OyeM NCKaTh MaKCHUMAJIbHBIE HIEAJIBI B CIIEITNAJIb-
HBIX KOJIBIaX, KOTOPhIE HA3BIBAIOTCS €BKJINIOBBIMUI.

Tlo ompenesienno, KOMMYTATUBHOE KOJIBIIO R Ha3bIBAETCS €6-
KAUODOSBLM, €CITU JJIs HETO BBITTOJTHEHBI CJIE/IYIOINE CBOMCTBRA.

El:

E2:

E3:

E4:

Koubio R — nesioctHoe (T. €. B HEM HET JieJTuTeteil Hys: 13
ab = 0 crenyer, uro a = 0 wm b = 0).

JIns KaxKJ0ro HEHY/IeBOTO 3JIeMEeHTa KOJBbIa OIpejie/leHa,
YHUCJIOBas XapaKTePUCTUKa — HOPMa, KOTOpas IIPUHUMAeT
TeJTble HEOTPUTIATETLHBIE 3HAUYeHUs. 1. €. Hopma — ITO TaKoe

orobpazkenne N: R\ {0} — Z, aro N(r) > 0.

BozmoxkHOCTE fefieHnst ¢ OCTATKOM O3HAYAET, YTO JIJIs JIFO-
OBIX 2JIEMEHTOB a, b KOJbIa, b # 0, cyIIecTByoT Takue ¢, r,
4910 a = ¢b + r u 6o r = 0, ;mbo N(r) < N(b). Daement
7 HA3BIBAETCS OCTATKOM OT JejieHusi a Ha b. DTO OCHOBHOE
cBoiicTBo HOpMBI. COBCTBEHHO, OTCIO/IA U BO3HUK TEPMUH
«eBKJINIOBO». Jleio B TOM, 9TO B JIOMIEININX 0 HAC PYKO-
MUCAX TEPMUH <JIEJIEHHE C OCTATKOM» BIIEPBBIE TIOSBJISETCS
B counHeHUsiX EBKIMIA.

Hopwma nipoussesieHust IByX HEHYJIEBBIX COMHOYKUTEJIEI 6OTh-
e b0 paBHa HOpMe JTIF0O0TO n3 comHOoKuTE e, PopMah-
HO: st Jio6bIX a,b € R, a # 0, b # 0 semosnueno N (ab) >
> max(N(a), N(b)).

YrBepxkaenne 2.23. Eskaudoso Koavyo ASAAEMCA KOALUOM C
eduruueri.

JokaszaTeabcTBo. Boibepem Takoii HeHyseBoii smemenT e ep-
KJINI0Ba Koibia R, 9ro N(e') npuHuMaeT MUHIMAJIBHO BO3MOK-
HOE MOJIOKHUTEHLHOE 3HAIEeHNE (3/IECH CYNIECTBEHHO, ITO 3HAMEHUST
HOPM 9JIEMEHTOB TIEJIBIE HEOTPHUIATENBHBIE, TIOITOMY MUHUMYM JI0-
cruraercs ). Pas/iesmm Ipon3BObHBII 9IEMEHT @ Ha €’ ¢ OCTATKOM:
a = q¢/ +r. TTo cpoiicty E3 BepHO ofiHO u3 apyx: jmbo N(r) <
< N(e’), mibo r = 0. IlepBoe HEBO3MOKHO B CUJTy MUHUMAJILHOCTH
HOpMEI €. 3HaumT, a = ge’. VITak, Bce 3JIEeMEHTHI KOJIBIA KPATHEI
¢’ (mensgrcs 6e3 ocraTka). B 9acTHOCTH, 9TO BEPHO U JJIsE CAMOTO
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e': ¢ = ee/. Ho Torma mna moboro a € R umeem ae’ = aee’,

r.e. €/(a — ae) = 0. TTockoabKy KosbIO R menoctHoe u € # 0,
moy4daem a —ae = 0. 3HaUnT, € Apsgercd eaunuieii koypia K. O

PaccmoTpuM JiBa OCHOBHBIX TIPHUMEPa, €BKJIMJIOBBIX KOJIEIT.

ITpumep 2.24. Koo Z niesbix gauces — eBkjnaoso. Hopma —
ro Momayab uaucia. CsoiictBa 1, 4 odeBumaubl. BozMOKHOCTL me-
JIEHUsSI ¢ OCTATKOM TOXKe IMpoBepsieTcst 6ez Tpyma: mis a,b € Z,
b > 0, oboznauum g = max{s | a > sb}. Bamerum, uro gb + b > a.
TTosromy eciu a # gb, To mjisi ¥ = a — gb BwIOJIHEHO 7 < b. JIjist
b < 0 momaraem ¢ = max{s | —a > s(—b)}, cpoiicTBa ocraTrka
MMPOBEPSIIOTCST AHAJIOTUYIHO.

ITpumep 2.25. Ilycrs F' — mekoTopoe mojie. OKa3bIBAETCS, 9TO
KOJIbIIO MHOTOUIeHoB F'[z] nag nonem F' — esxkimposo. Hopma —
9TO CTereHb MHOTOYJIEHA.

Io crepcruio 2.11 B konbie Flz] wer menureneii 0, Tak Kak
ux Her B nosie F' (cM. yrBepiKeHne 2.21).

ITo yrBep:kaenuto 2.10 cremeHb NMpOM3BeJIeHUS JBYX HEHyJle-
BBIX MHOTOYJIEHOB PaBHA CyMMe CTeleHell COMHOKUTEIe, OTCIoMa,
cJielyeT CBOMCTBO 4 U3 ONpeJiesieHtst €BKJINI0BA, KOJIbIIA.

JlenuTh MHOTOYJIEHBI ¢ OCTATKOM MOYKHO <«B CTOJIOMK», KaK
y4aT B IIKOJIE JEJIUTh OOBIYHBIE IejIble duc/ia. PopMabHO BO3-
MOZKHOCTDb JIEJIEHUSI ¢ OCTATKOM MOYKHO TTPOBEPUTH 10 HHJLYKIIHH.
IlycTs MBI paccMaTpuBaeM JI€JIEHHE ¢ OCTATKOM Ha MHOTOYJIEH
g(z) = go + g1z + gox® + - + gaz?, ga # 0. Jlasa mHOTOHUTE-
vHOB f cremenu Mmenbine d umeem mpencrasienne f = 0-g + f,
deg f < degg. Dro 6aza maaykiuu. Ternepb MPeaTONOKUM, ITO
MBI yMeeM JIEJIUTh ¢ OCTATKOM Ha § MHOTOUJIEHBI CTETeHU MEeHb-
me n. PaccMOTpUM MHOTOYJIEH CTETeHU 7

f@)=fo+ fiz+ -+ fuz”, fu #0.

Muorounen f = f — fngd*l:c"*dg UMeEET CTeNeHb, MEHBIITYIO 7,
MOITOMY €r0 MOYKHO Pa3JIEJUTh ¢ OCTATKOM Ha, g:

f: hg +r, degr < degg.
Ho Torna
f - f+ fngdilmnidg - (h + fngdilmnid)g + 7.

3uaunT, f TaKKe MOXKHO Pa3Ie/JUTh Ha ¢ C OCTATKOM.
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Sameuanne 2.26. B ompenesennn JeleHUsT ¢ OCTATKOM MBI He
TpebOBaJIN €MHCTBEHHOCTH HETIOJTHOTO YaCTHOTO M OCTATKA. DTO
TpebOBaHIE He HYXKHO JJIsi JOKA3aTeJIbCTBA OCHOBHBIX CBOICTB
€BKJINJIOBBIX KoJjier. OTMernM, OHAKO, YTO JJisi KOJIbIa MHOTO-
9TEHOB, KK U JJIs KOJIbIIA IEJIBIX YHCEJI, HEMOJHOe YacTHOE U
OCTATOK OTIPee/IeHbI OHO3ZHATHO.

HetictBurensno, nycres f = qig + 11 = ¢og + ro. Torma
(1 — q2)g + (r9 —71) = 0. U3 >roii dbopmMysbl cpazy mnojydaem,
910 g1 = ¢, TakK Kak degr; < degg. Ho Torma u 1 = ro.

JlaJiee MBI paccMaTpPUBAEM TOJIBKO €BKJIHJIOBHI KOJIBI.

Teopema 2.27. Esxkaudosvl KoAbUa — MO KOADUG 2A06HVIT UDE-
anos.

ObpaTHoe, BOODIIE TOBOPSI, HEBEPHO.

HoxazareabcrBo. [lycrs I C R — uneas. lpeamosoxum, 4To
s7eMeHT a € I uMeeT HAUMEHBITYIO HOPMY CPeJId BCeX HEeHYJIEBBIX
3JIEMEHTOB njeasia. Teneps BozbMeM JIr0O0il IpyToil s/1eMeHT ue-
ajia b u paszesuM ero Ha a ¢ ocratkoM: b = qa+r, N(r) < N(a).
Ho r = b — ga € I, nosroMy B CUJIy MUHUMAJBLHOCTH HOPMBI @
nojrygaem, uro r = 0, 1.e. b = ga. Takum obpazom, [ = (a). O

Iycrs a, b — aBa snementa (eBrngosa) kosbia R. Haubosw-
wum obuum deaumenem a v b HA3BIBAIOT TAKON dIEMEHT d, UTO
a = qd, b = rd, u gna joboro obmero aenurens d (a = ¢'d,
b = 1'd’") Bemonneno d = d'd” pns kakoro-to d” € R. Hanbosb-
X OOIINX JIeJIUTeN el B CMBIC/IE JAHHOTO ONpEESIeHUsT MOYKET
6b1TE MHOTO. CKakeMm, 5 U —5 sIBJISFOTCS HAUOOIBITUMI OOIIMME
nemnrensvu gucea 10 u 15 B kombie Z.

Ilycte dy u dy — mBa mHambosbmux obIux genuresisi. Torma
no omnpegenenuto di = d'dy = d'd’dy, 1.e. dd” = 1. Ml Bu-
JIAM, 9TO HauOOJIbIINE OOIIHe JEJIUTEIN OTIMIAIOTCS Ha MHOYKU-
TeJlb, JIJIsi KOTOPOTO B KOJIbIIE ecTh oOpaTHbIi. Y HaobGopot, eciu
d — mamboJibmmii ObIINil Ie/IUTeNb, & £ — obpamumosil SJEMEHT
(mesurens euHUIB), TO £d — TakKe HAUOOJbIIHH 00Nl Jeu-
tenn. JleficteuTensro, ecmm a = qd, b = rd, T0 a = (¢~ ')(ed),
b= (re 1)(ed); ecmu d = d'd", To ed = (ed')d".

Urak, manbospiime obdpe JeJUTe/ N OTINIAIOTCS MHOYKATE-
JIIMU, KOTOPBIE SIBJISTFOTCS JIEJTUTEJISIMU € IUHUIIBI.
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JIBa s;1eMeHTa, KOJIbIIA HABBIBAIOTCS ACCOUUUPOSAHH BIMAU, €CITH
OHI PA3JINYAIOTCS JAEJATEIMA €IUHUILI: a ~ b PaBHOCHUILHO
a = eb, ¢ — JmejuTellb eIUHUILI. ACCOLMUPOBAHHOCTL SIBJISET-
CsI OTHOIIEHIEM SKBUBAJIEHTHOCTH. HecioKHasi IpoBepKa 3TOTO
YTBEPKJIEHUsT OCTABJISIETCS YNTATETO B KAYECTBE YITPAKHEHUSI.

Mzer 6yzem 0603HAYATE HAMOOJIBINHI OOl JIEJIUTE/b Yepe3
(a,b) u mOHUMATE MO, STUM TPAAUIHMOHHBIM 0603HAYEHHEM 410607
13 HauOOJIBINX OOIINX JeTUTEel.

Teopema 2.28. Haubosvuwiuil obwuti deaumens 08Yr snemMeHrmos
E68KAUD0EG KOADUL MONHCHO NPEICTNABUMD KAK AUHETUHYIO KOMOU-
HAYUIO dAemenMos a,b ¢ kosPuyuenmamu us xoavua: (a,b) =
=7ra+gb, 7,q € R.

HokazareabpcTBo. Paccmorpum mHOKECTBO [, cocrosinee u3
BCEX 9JIEMEHTOB KOJibIa Buma ra + ¢b, r,q € R. [lposepum, 4To
9TO MHOKECTBO — HJIEAJT:

(ria+q1b) — (r2a+ g2b) = (r1 —r2)a+ (1 — g)b € 1,
r(r'a+¢'b) = (rr')a+ (rd )b e I.

TTockoJIBKY KOJIBIO €BKJIMIOBO, TO ITOT WJjeaj — IJIaBHBIHA, T.e.
1=(d).

Hoxaxem, uro d — mauboswimuii obmuit gesmrens a, b. Bo-
MEPBBIX, TTOCKOJIBKY a = ea + 0b € I, b = 0a+ eb € I, nonyuaem
a = sd, b = td. Bo-BrOpbIX, mockobKy d € I, ero MOXKHO TIpes-
cTaBuUTL B BUIE d = Ta + ¢b. 3maunt, ecom a = ¢'d', b = r'd/,
TO

d=7¢d + ¢'d = (7¢ + ¢')d .

Kak yzke 6110 IOKa3aHO, JII0O0# Apyroit HanbobIuii obunit
JeuTeNs d OTIMYAeTcs OT d Ha MHOKHTED €, KOTOPDIil B/ISeTcs
nemureneM equnnnpt. [lostomy d = (e7)a + (£4)b. d

Bameuanwne 2.29. ObGoznayenue (a,b) AByCMBICIEHHO: Tak 060-
3HAYAETCs] He TOJIbKO HAHOOJBIINIT OO JIeJITeNb SJIEMEHTOB
a,b, HO U Hzeas, TOPOKIEHHBI SIeMeHTaMu a, b (HanMeHbIHil
UZI€aJI, COEPIKAIINIT 9TH 3JIEMEHTHI ). B cirydae eBKINI0BBIX KOJIell
9Ta JIBYCMBICJIEHHOCTb HE CYIIECTBEHHA, MOCKONIbKY nzean (a,b)
SIBJISIETCS TJIABHBIM HJIEAJIOM, TIOPOXKAEHHBIM HANOOJIBIITIM O0IIIM
nemureneM (a,b).
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DJIeMEHTBI €BKJINJIOBA KOJIbIA K HA3BIBAIOTCI 63GUMHO NPO-
CMBLMAUL, €CTTH UX HAUOOJIBINHI OOIIHIT JIeJTNTEIh PABEH €IUHULIE.

YHacTHEIM ciiydaeM TeopeMbl 2.28 sABJsgeTcs OCHOBHAS TEO-
peMa Teopuu JeJIMMOCTH: eCJIM 9HUCIa 12 ¥ M B3aUMHO IIPOCTHI,
TO MOYKHO 10JI00PaTh JBa TAKUX ILEJBIX Z U Y, UTO xn + ym = 1.
Acuo TakKe, 9TO U3 TEOpPEMBI 2.28 crielyer, 9YTO i JIIOOBIX JIBYX
LEJBIX 7, M MOYKHO MOmOOpaTh TaKue IeJible Yucia &, Y, 9TO
zn + ym = (n, m). Vcnoyb3yst 9TU yTBEPKIEHUS, MOYKHO OIpe-
JIeJIUTD TOPS/IOK 3JIEMEHTa B IINKJIN4ecKoil rpymme Cy, U ONHcaTh
BCe MOpOoKIatorine sjemeHTs Cy, .

Yreepxkaenune 2.30. [Tycmv m — ueaoe wucao. Tozda nopsadox
m 6 addumuenol epynne Ly, 6v4emos no modysrw n paser d =

=n/(n,m).

Jokaszaresnbcrpo. Bo-nepsbix, dm = dm = n - (m/(n,m)) =
= 0. Bo-prophix, eciu s = 0, s # 0, To sm = tn. Tak Kax
(n,m) = zn + ym, to s(n,m) = szn + sym genurca ua n. Ho
rorga s(n,m) 2nus >d. d

Caencreue 2.31. B addumusnoti epynne Zy, mopootcoarowumu
INEMEHMAMU ABAAIOMCA 6 MOYHOCTIU ME BHYEMbL T, ONA KOMO-
pox (n,z) =1.

Bepremcst Kk obieit Teopun. ITycrs ecth Tpu 27eMeHTa a, b, ¢
[[eJIOCTHOTO KOJIbIA ¢ eAuHuNeil 1 a = be. PaccMoTpum njeasst
(a), (b), T e. Bce KpaTHBIE a U Bce KpaTHBle b. MMmeer mecTo

VYrsepxkaenne 2.32. (a) C (b).

HokasarenbcrBo. BozpMeM Kakoil-HUOYIbL SJEMEHT U3 MII€aJIa
(a). On Moxer ObITh TIpe/cTaieH B Buje ad = b(ed) € (b). d

Ecmu spement b accomumpoBan ¢ a, T.e. b = a - &, TO
a = b-e . Cremoparemsno, (a) C (b), (b)) C (a) m mosTomy
(a) = (b). JIpyrumu cioBaMu, €cu JjBa 9JeMEHTa Pa3JIHIaroTCs
JeJIuTeIeM eJIMHUIBI, TO OHU MOPOYXKJAIOT OJMHAKOBLIE UIEaJIbI.

DnemenT b HA3BIBaETCH cobcmeerHbiMm desumenes HEHYTEBOTO
3JIEMEHTA @, ecin a = bc u ¢ HeobpaTuMm.

VYreepxkaenue 2.33. I[Tycmv b — cobemeennoiii desumens a.
Tozda a ne asanemcs deaumenem b, m. e. b # ad.
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(3mamut, b ¢ (a) mw moromy (a) C (b).)

HoxazareapcrBo. Ot mporusuoro. Ilycts a = be. Tlpeamomo-
kuM, 9o b = ad. Torma a = a(ed) n a(l — ed) = 0. Tak Kak
MBI PACCMaTPUBaEM KOJIbIla Oe3 menmTesieil Hyssd, TO M0 KpaiHeit
Mepe OJINH U3 COMHOXKUTEJEN B ieBoit yactu pasen (. [Tockombky
a # 0, To 1 = cd. Dnement d — obpaTHBI K ¢, MPUXOAUM K
MPOTHUBOPEYHIO. O

Jlemma 2.34. Fcau a # 0 pasaazaemes 6 npoussedenue cob-
cmeennor deaumenets be, mo N(b) < N(a).

HoxazareabcTrBo. Paznesmv b Ha a ¢ ocratkom: b = qa + 7.
Tocronbky b — coberBennslil Jenaurens, 10 r # 0, N(r) < N(a).
Ho a = be. TTosromy b = geb+ 7, r.e. r = b(1 — gc) # 0. Cnenosa-
renbHO, N(a) > N(r) > N(b) (Hopma mpousBeneHUs HE MEHBIIE
HOPMBI HEHYJIEBOT'O COMHOYKHUTEJIS ). O

TTomryTHO, /1sT 3aBepITieHNs] KaPTUHBI, BBIBEJEM U3 ITON JIeM-
MBI €I1le OJIHY HECJIOXKHYIO TEOPeMY. DJIEMEHT KOJIbIIA HA3BIBAETCS
npocmoviM, €CJIN Y HETO HET COOCTBEHHBIX JIe/TUTeNIEell, 8 OH caM He
ABJIAETCH JleJIuTesIeM eJIMHHUIIBI.

Teopema 2.35. Kaorcdoiii snemenm e6kAuI066 KOADUG PA3AA2A-
EMCA 6 NPOUSBEIEHUE NPOCTIOLT INEMEHMOE U JEAUMENA EOUHULDL.

JoxkasareabcTtBo. VNHAYKINS 110 BeJIM9MHe HOPMBL. B KadecTpe
6a3bI HHIYKIH PACCMOTPUM YTBEPZKICHHE T€OPEMBI I 3JIeMeH-
TOB ¢ MHHUMAJLHOH HOpMOi. OYeBHJIHO, 9TO OHH IPOCTHIC: B
IPOTHBHOM CJIy4ae OHHM MMeJU Obl COOCTBEHHBIC JEJIUTEH, U 3TH
JIJIATENIH UMEIHA OBl MEHBITYIO HOPMY.

IIpenoIo:KIM, UTO yTBEPZKICHHE TeOPEMbl BEPHO JJIs BCEX
3HAYEHUII HOPMBI, MEHBIIHNX JIM60 PABHLIX HEKOTOPOMY YHCIIY 17.
BosbMeM clIeayromee 3Ha9eHIe HOPMBI M+ 8, T. €. HAMeHbIIIee 13
SHAYEHNIT HOPMBI, 6OILIUIX M (CYMIECTBEHHOE OTJINYHE OT CTAH-
JAPTHONM MHAYKIMHA 376Ch B TOM, YTO HUKTO HE yTBEPIKIAET, YTO
3HaYeHNsT HOpM uAyT moapsixa). Iycrs N(a) = m + s. Ecan a —
[IPOCTOM 3JIEMEHT, TO yTBEPXKJEHHE BLINOJHAETCH. e a — He
[IPOCTOI, TO OH PA3JIAraeTcsd B IIPOU3BEICHNE COOCTBEHHBIX JIEJIU-
TeJjieil, HOpMa KOTOPBIX MeHbIne HopMmbl a: a = be, N(b) < N(a),
N(c) < N(a). Insi b, ¢ yTBepK/IeHNE CIIPABEJIUBO B CUJLY ITPeI-
MOJIOZKEHHA WHIYKIHH, 3HAYUT OHO CIIPABEJINBO U M . O
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Mer yxke mokaszann (yrBeprjeHue 2.33) 4T0 HEMPOCTOI vJ1e-
MEHT HE MOKET MOPOAUTH MAKCHUMAJILHBIA ueasl (paBHOCHIbHAS
dopma: Beakuil TIABHBIN MaKCUMAJBHBIN WAl MMOPOXKIAETCs
[IPOCTHIM 3jIeMeHTOM ). BepHo u obparHoe:

Teopema 2.36. IIpocmoti asemenm p nopostcdaem MaKCUManb-
notli udean (p).

HokazareabpcTBo. 1o Teopeme 2.22 usea siBiasieTcsi MAKCIMAJTb-
HBIM TOTJIa, W TOJIBKO TOT/2, KOTJa KOJBIIO KJIaCCOB BBIYETOB IO
ITOMY WJeasly SBJSEeTCd ToJeM, T.€. Pa3pelnMO ypaBHeHHe
ar = b, a # 0. JIokazkem, a0 B Kosmblle R/(p) Taxoe ypapHeHue
0038 TEJIHHO Pa3pennmMo.

Pacemorpum maubosbmuii obmuii genurens (a,p). Tak kax
P — MPOCTOIi, €ro AeTUTEN — TOJBKO eIUHUITE 1 OH caM. Ho a Ha
p ue gemures (a # 0, snauwnt, a ¢ (p)). osromy (a, p) — gemurens
eaATIBL. 110 Teopeme 2.28 eIMHUITY MOYKHO TIPEJICTABUTL B BUJIE
JIMHEHHOW KOMOUHAINY ¢ U P:

1 =ar+pq.

Jlokazkem, 910 b — pernenne ypapHenus aZ — b. Tak Kak b =
=1-b=(ar +pq)b=a(rb) + p(gb), T

a(rb) + p(gh) =b = arb+pgb=>b = arb=b.

Wrak, MBI JO0Ka3aIM, 9TO JHO00E JIMHEHHOE YPAaBHEHNE pa3pe-
[IMMO, 3HAYUT, KOJIBIO KJIACCOB BhueTos R/ (p) — mose, a moromy
uzeast (p) — MaKCHMAJIEH. d

B eBKIMIOBBIX KOJIBIIAX CYIECTBYET MPOCTON CITOCOD HAXOWK-
JeHrsT HanbOJIBITEro ODINErO AeJINTE s U PEIeHns yPaBHEHNs Ta+
yb = (a,b), KOTOPBIl HA3LIBAETCS PACUUPEHHDIM GAZOPUTMMOM
Fexauda.

Yreepxkaenune 2.37. Jlas aobux ssemenmos a, b, q esxaudosa
Koavya eonoaneno (a,b) = (a — gb,b).

HoxazareabcrBo. [lycre d — obmuit penmmurens a u b, T.e.
a=dd, b="bd Torma a — gb = d’d — ¢gb’d = (a’ — ¢b’)d, Tax
qro d siasgercs obmum fenmreaem a — gb u b. I maobopor, ecim
a—qb=cd, b="b'd, 10 a = gb+cd = (qgb'+¢)d. Snaunt, MHOKECTBO
obmux jmeauresieit aus map a,b u a — gb, b omuHaAKOBO. O
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VYreepxkaenune 2.38. Pewenuamu 00HOpoOH020 AUHETHO20 YPaG-
Henua ¢ deyma nepemennvmu ar + by = 0 ¢ xoappuyuernmanmu
uz eskaudosa xoavua R (a w b ne pasmor odnospemento myam)
ABAANOMEA
b a
T =t=, y:—tg, d=(a,b), t € R.

HokazareabpcTBo. Paznenup obe gactu ypaBHEHNS Ha HAHOO b
il obmuii gesmrens (a,b), HoayYnM paBHOCHILHOE yPaBHEHUE,
KO3DDUIUEHTH KOTOPOTO B3aUMHO MPOCThL. [103T0OMY J0CTaTOYHO
pemuTh ypasuenue az + by = 0 co B3auMHO npocThiMu K03dbdu-
[UEHTAMI.

Ecmu (a,b) = 1, To no Teopeme 2.28 Jjijisi HEKOTOPHIX u, v € R
BBITIOJTHEHO au + bv = 1. YMHOXKNUM paeHcTBO az + by = 0 Ha w:

ulaz + by) = va + uby = (1 — bv)z + uby = x + b(by — va) = 0.

Takum obpazom, x = tb mipu mekoTopom t € R. Ho torma by =
= —ax = —tab u y = —ta. C apyroit cTopoHsl, Jirobas mapa
(tb, —ta) siByisieTcs perienuem ypasHenus ax + by = 0. |

Pacrmupennsril anroputm Eskinna paboraer ciieyommm 06-
pa3oM. BHadajie BBIYHUCIISETCS TOC/IEN0BATEIBHOCTh OCTATKOB
(coberpenno anaropurM Epkitiia):

(i = Q410541 + Gi42, ag=a, a; =b,

moka a;+9 # 0. Ilocmennne dncia B 9TOH MOC/EI0BATEIBHOCTH
ar = qe41Ge41, ari1, TPUIEM a1 = (ag, a1) = (a,b).

TTouemy anropurm EBkinma paboraer KOHEUHOE YHCIIO MTATOB
U JIaeT TPaBWILHBIN 0TBeT? HOpMBI 9/IEMEHTOB a; YMEHBIIATCS
opu ¢ > 1, TOCKOMBKY KarKJBI CIIEIYIONNI 3JeMEHT SBJISTETCS
OCTAaTKOM OT JIEJIEHUS Ha, TPEIBIIYINNNA. SHAUNT, TIOC/I€ KOHETHOTO
9HCJIa MaT0B OCTATOK CTaHET HY/T0. KOPPeKTHOCTE OTBETA CIIETy-
eT U3 yTBepkKAeHus 2.37:

(a07 al) = (a1, 02) == (at7 at+1) = at41 -

Bropas dacTs ajropurMa (paciiupeHHbIl aaropurM EBKIIN-
J1a) CTPOUT MOCJ/IEIOBATE/ILHOCTD TIApP Ty, Y;, HAUUHASA ¢ Ty = —1,
Yt = Ge+1 + 1 110 CeAyIOmuUM peKyppeHTHBIM (hopMysiam

Ti = Yi+1, Yi = Tit1 — Git1Yi+1-
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Tlo MHIYKIUK POBEPSIETCST, ITO
zia; + yiair1 = (ag,ay). (2.9)
DT0 BepHO mpH ¢ = ¢, TaK KaK

Zear + Yrazr1 = —qer10e+1 + (qer1 + a1 = a1 = (ao, a1).

Ecyu (2.9) BepHO 1ipu ¢ + 1, TO OHO BEPHO | TIpH i:

Tia; +Yi@ip1 = Yir10i + (Tir1 — Gir1Yip1)@i1 =
= Yit1(Gir10ir1 + air2) + (Tip1 — Gy1Yir1) i1 =
= Tip10i01 + Yip10i2 = (a0, a1).

IMapa (x0,yo), noaydeHHas B pesysbrare paboThl BTOPOil 4a-
cTu ajropuTMma, Oyler pemieHuneM ypasHenusi ax + by = (a,b).
OcTaNbHBIE PEIIEHNS OTIUIAOTCA OT 3TOTO Ha PEIEHNE OJHOPO/I-
HOTO ypaBHeHHs, Tak KakK eciu azxg + byg = (a,b) u ax + by =
— (@b), 10 (az + by) — (azo + byo) = alz — 20) + bly — yo) = 0.
TTosTomy obmIee pemenne JIMHERHOrO HEOJHOPOAHOTO yPABHEHUS
UMEET BUJL
a

S d=(ab), teR.

b
z=zottg, y=yo—t

2.8. OcHoBHag TeopeMa apudMeTUKN

OaunM U3 cIecTBUi TeopeMbl 2.36 SBJISIETCS TO, UTO B KOJIBIIE
KJIACCOB BBIYETOB 110 MOJYJIO (p), rae (p) — mpocroii umean, Her
Jiesiuresiei Hyist (Boime 6bLIO JI0KA3aHO, YTO UX HET B JII00OM Te-
Jie). 13 aroro daxra no/ydaercs BaKHOE yCHIEHNE TeopeMbl 2.35.

Teopema 2.39. Kaorcduti sanemenm eskAudosa KoAbUa 00HO3HE -
HO PA3NA2AEMNCA 68 NPOU3EEIEHUE NPOCTOIT INEMEHNOE € MOYHO-
cmwro do deaumeneti eQuHUYbL. IMO 03HAHAE, MO ECAU ECTND
dea pasnosrcenusn 6 npoussederie NPoCMulL

a=Epip2...Pn = 0G1G2 .. . G,

(g,0 — deaumesu edunuynt), Mo N = M U CYWECTNBYEM MAKAA
NEPeCMAnoKa UHIEKCO6 0, W0 P; = £qy(;), 2de £ — deaumenu
edurubL.
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HokazarenapcTBo. WHayKus 110 JijIMHE KPATIANIIEro pasioxKe-
HUST B POU3BEIEHNE ITIPOCTHIX.

Baza wuayknmm: n = 0, genurenu egununpl. [lycte nemm-
TeJIb eQUHUILI £ SIBJSETCsS IIPOU3BEIEHNEeM ITPOCTHIX 3JIEMEHTOB
G192 - . . gm. Torma g1 — JeuTeb eqUHUNLL, TaK KaK £ 1qa . . . Gm
SIBJISIETCST OOPATHBIM K ¢1. HO 3TO MPOTHBOPEYUNT OIpeaeeHIIo
mpocToThl. 3HaunT, m = 0.

Ilycth yTBEpK AEHIE TEOPEMBI BBITIOJTHEHO JIJTsi BCEX SJIEMEHTOB
KOJIbITa, KOTOPBIE PA3JIarafoTcs B IIPOU3BEAEHNE He Dojiee deM n
MpOCThIX. PaccMOoTpruM [Ba pas3/ioKeHHsI Ha, IIPOCTHIE:

EPIP2 .- PnPnitl = 09142 .. . Gm, M =N

TTOCKONBKY B KOJIBIIE BBIYETOB TI0 MOJLYITIO (Pp+1) HET JEIUTENEH
HyJIsl, OIUH M3 COMHOKHTEJCH B IPaBOil YacTH JOJKEH Je/IUTh-
Cd Ha Prn+1- C TOYHOCTBIO IO TIEPEHYyMEPaAIlN 3JIEMEHTOB MOXKHO
CUATATD, 9TO 3TO — ¢p. VI3 IPOCTOTHI Ppi1, Gm BBITEKAET, UTO
Pnt1 = Ent19m- 3Ha4uT,

EER{1P1P2 - - Pn = 0Q1G2 - . Q1.

OcTaioch IPUMEHUTD TTPEATOJIOKEHNE HHAYKIIMA K STUM Pa3Jjio-
JKEHUAM. O

Koo nieibix uncen Z eskangoso (cm. npumep 2.24). enu-
TeJIIMHU €JIMHUATIHI B 3TOM KOJIbIle siBagorcsa 1. [Tostomy uz Teo-
pembl 2.39 BBITEKAET CIeJICTBUE, M3BECTHOE KaK OCHOBHAS TEO-
peMa apudMETUKH: BCIKOE MOJIOKUTEBHOE IEJI0€ UHCIIO Pa3-
Jlaraercs B MPOU3BeJeHNE TTPOCTBIX YNCEST OJIHOZHAYHO ¢ TOYTHO-
CTBIO JIO TIEPECTAHOBKH MHOXKUTETE.

Bameuanume 2.40. Kosbia, B KOTOPBIX 000 3JIEMEHT OJHO-
3HAYHO B CMBIC/IEe TeopeMbl 2.39 paznaraercd Ha TPOCTHIE MHOXKH-
TEJIN, HA3BIBAIOTCs parmopuanvromy. Teopema 2.39 yrBepriaer,
9TO BCE €BKJIMJIOBHI KOJIbIA dhakTopruabHbl. OOpaTHOE HEBEPHO.
MozKHO, HATIPUMEDP, JI0KA3aTh, 9TO KOJIBIO MHOTOYJIEHOB OT JIBYX
nepevennbix Q[z,y] apisiercs daxropuasbueiM. Ho 310 KOJIB-
10 He SIBJISETCsT €BKJINIOBBIM, TIOTOMY YTO HE SIBJISETCS KOJIBIIOM
TJIABHBIX MJ1€aJI0B. MHOTOYIEHBI, y KOTOPBIX CBOOO/IHBII 4JieH pa-
e (0, 0OPaz3yOT B 9TOM KOJIBIIE WJI€AJT U JIETKO IPOBEPUTH, YTO
9TOT Heajl He SABJISETCS TJIaBHBIM.
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2.9. Kuraiickasi TeopeMa 006 ocTaTKax

B srom paznesie mMpI mpuBesieM ele OJHO BaKHOE CJIEJICTBUE
ob1IIell TEOPUN €BKJINIOBBIX KOJIEII,

Teopema 2.41. /laa 636UMHO NPOCTOIT FNEMEHMOE Pi, Py €6~
rxAaudosa Koavua R umeem mecmo usomoppusm xoney R/ (pipa) =2

R/(p1) ® R/(p2).
HoxkazareapcTBo. Paccmorpum romomopdusm

¢: R—R/(p1) ® R/(p2), ¢:7— ({r}1,{r}a),

e {r}; 0603HAYAET KIIACC BBIYETOB MO MOJYIIEO P;.

Teopewma 2.28 yTBepKIa€eT, UTO B KOJIbIlE HANIyTCS TaKue dJ1e-
MEHTBI 1,9, JJIS KOTOPLIX Z1pi + Zops = (p1,p2) = 1. U3
3TOrO PABEHCTBA CJIEMIYET, YTO Py ABJAETCS JIEIUTENEM €TAHUIEL
B R/(p2), a D2 siBAsiercs AenmresieM equaunpl B R/ (p1).

Ilycts 7 = yip1 = yap2 € Kery. Torma yipr = ypz = 0
B R/(p1). MockonbKy Py — Jesiure)ib equHuiel, ™0 g3 = 0, T.e.
Y9 = api. 3HAUUT, 7 = apip2. [losTomy sapo romomopduszma ¢
coBmafiaer ¢ (p1p2).

TIpu 3TOM roMoMOPhHU3M ¢ CIOPBHEKTUBEH, TaK KaK IS JIEOOOMH
mapel KJiaccos BbraeToB ({rq}1, {ra}e) Haiimercs smemeHT KOJBIA
s =711+ (ro—r1)z1p1 = 19— (19 —71)x9p2, KOTOPLIl OTOOPAZKAETCS
B 9Ty mapy npu romMmomMopdusme .

OcTa0Ch TPUMEHUTH TEOPEMY O TOMOMOPdU3ME KOJIEIT. O

Teopema 2.41 nMmeer OYeBUJIHBIE CJIEACTBUS JJIsT KOJIEI[ BBIYe-
TOB, MUKJIUIECKUX TPYI U KOJIEI BEIYETOB M0 MOJIY/IIO WJIEaJIOB
KOJIbIIa MHOTOYJIEHOB.

Caencreue 2.42. Fcau p,q — 63GUMHO TNPOCILBLE “HUCAG, MO
Lipg = Lp D ZLyg.
Caencreue 2.43. Fcau p,q — 83GUMHO NPOCIBLE “UCAG, MO
Cpqg =2 C, @ (.

Caencreue 2.44. IIycmv K — noae. Fcau mmozouneno f,g €
K|[z] ssaummno npocmwm, mo Klz|/(fg) = Klz|/(f) ® K[z]/(g).

IIpuBeneM eme ofnH IpHUMep HNCHOJB30BAHNS KHTAWCKOH Teo-
pembr 06 ocratkax. Pyukuus Diinepa ¢(n) paBHA KOJIUYECTBY
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HATYPAJILHBIX YHUCEJI, MEHBINUX 72 U B3aUMHO IIPOCTBIX C 1 (T. e.
KOJINYIECTBY O6pa,TI/IMI)IX JIEMEHTOB KOJIbITA, BBIYE€TOB Zn)

Teopema 2.45. Qyrxuus p(n) MyssmMUNAUKAGMUSHA, M. €. €CAU
(nym) = 1, mo @(nm) = p(n)p(m).

HokazarenbcrBo. ObpaTnMbie 3/1eMEHTHI B KOJIBIE Zy, D Ly, —
9TO T€ 3JIEMEHTHI, y KOTOPBIX B KarK A0 KOMIIOHEHTe — 0OpaTUMBIii
SJIEMEHT. 3HAYUT, KOJMIECTBO ODPATUMBIX 3JIEMEHTOB B KOJIBIIE
L, =2 Ly ®Zoy, paBHO KOJIYECTBY T1ADP (2, Y), /i  — 06paTUMbIi
B Zy, &y — OOpATUMBIA B Zy, . O

2.10. 3agaun

2.1. BoblgcHUTD, KaKHE U3 CJEYIOMUX MHOYKECTB SIBJISIOT-
csl KOJIbIAMU (HO He TOJIsIMH) M KaKhe MOJISIMU OTHOCHTEIHLHO
yKazaHubix onepanuii. (Ecau onepaiuu He yKazaHbl, TO MOAPa-
3YMEBAIOTCS CJIOYKEHUE U YMHOYKEHUE YHCe). )

a) nesbie ancia Z;

6) YeTHBbIE YHCIIA;

B) IieJible 4HCJIa, KpaTHBIE JAHHOMY 4uciay d (paccMoTperb B
wacTHOCTH, ciy4ail d = 0);

) parpoHaJbHbIe Yncia Q;

1) JeficrBuTe/ibHbIe Yncia R;

e) komiiekcabie uncia C;

) JleficTBUTeIbHBIC YHCIa BUIa T + yV/2, Tie =,y € Z;

3) JeficTBUTeIbHBIE YHCIa BUAA & + yv/2, rae z,y € Q;

1) KOMILJIEKCHBIE YUC/Ia BUufa 1 + mi, tie n, m € Z (rayccoBbl
qHCITa);

K) MHOYKECTBO KOMILJIEKCHBIX Yuces Buaa = + yi, vae z,y € Q;

JI) MaTPUIILI TIOPSJIKA 7 C [EJIBIMA 3JIEMEHTAMU OTHOCUTEJILHO
CJIOJKEHMSI U YMHOYKEHUs] MATPULL;

M) MaTPUIILI MOPSIKA 7 ¢ AeHCTBUTEILHBIMU JIEMEHTAME OT-
HOCHUTEJIBHO CJIOYKEHUSI U YMHOYKEHHsI MaTPHIL;

H) bYHKIWMY ¢ JAeACTBUTEIbHBIMU 3HAYEHUSIME, HEIPEPHIBHBIE
Ha orpeske [—1,+1] oTHOCHTENBHO OBBIYHBIX CJIOXKEHUs] U yMHO-
KeHus QYHKIHIT;
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0) MHOTOYJIEHBI OT OJIHOIO HEMZBECTHOTO Z ¢ e biMu KO3 du-
[UEHTAMHU OTHOCUTEJIbHO OOBIYHBIX OTIePAIlnil CIOYKEHUsT U YMHO-
JKEHUST;

I1) MHOTOYJIEHBI OT OJ[HOTO HEU3BECTHOIO Z C JIEHCTBUTE/IbHBI-
MU KO3 DUITIEHTaMI OTHOCHTEIHFHO OOBIIHBIX OIMEPATIHIL;

a b
P) MaTpHUIBl BUJIA op o) C PAIMOHAIBHBIME HITH JeicTBI-

TeJbHBIMI @, b OTHOCHUTEJILHO CIOYKEHUS U YMHOZKEHUA MaTPUIL;

¢) O6paszyior Jin KOJIBIO BCE TPUIOHOMETPHYECKHE MOJTMHOMBI

ap + Z ay cos(kz) + by sin(kz)
k=1

¢ AeiicTBUTeIbHBIMEI KOdd purmenTamMu?! BuISCHUTE TO ¥Ke JIJIsT 10~
JITHOMOB OJJHUX KOCHHYCOB ag+ Y p_; aj, cos(kz) 1 OfHIX cHHYcOB
ao+ Y p_; apsin(kz).

2.2. O6pazyer Jin KOJIBIIO OTHOCUTEIHHO OOBIYHBIX OTIEepaIliii
CJIOYKEHUST U YMHOYKEHUsT

a) MHOYKECTBO PaIlUOHAJIBHBIX YHCEJI, B HECOKPATUMON 3amucu
KOTOPBIX 3HAMEHATEN JIEAT PUKCHPOBAHHOE HATYPAJIBHOE THC-
jgo n € N;

6) MHOKECTBO PAI[MOHAJILHBIX YHCE, B HECOKPATUMON 3aIiCH
KOTOPBIX 3HAMEHATEJIN He JesATcd Ha (PUKCHPOBAHHOE MPOCTOE
qUCIIo P;

B) MHOYKECTBO DPAI[MOHAJILHBIX YHCE/I, B HECOKPATHUMON 3aru-
CH KOTOPBIX 3HAMEHATEJIN SIBJITFOTCS CTEMeHsIMU (DUKCUPOBAHHOTO
MPOCTOTO YUCTIA P;

r) 4ncya BUAa T + yxa/i, roe z,y € Q (,[UIH OIIpeJeJIEHHOCTH
Gepercsi JelicTBUTE/IbHOE 3HAYEHNE KOPH: );

,u) MHOZKECTBO KOMILIEKCHBIX YHUCeJ BUJA a1z + az22 + ...+
+ apzy, TOE a1, a2, ..., Gy — JEHCTBUTEIbHBIE YNCTIA, & 21, 292,

., Zn — KOMILJIEKCHBIE KOPHU n-# crernenn u3 1;

€) MHOXKECTBO KOMILJIEKCHBIX YHCeJl BHJIA m++ VD rne D —

durcupoBaHHoe 11€/10€ Yuc/I0, cBOOOIHOE OT KBaJAPATOB (HE JieJisi-
meecsl Ha KBaPaT IPOCTOTO YHCIA), 72, 1M — LEJIbIe YUC/Ia, OJUHA-
KOBOW 9€THOCTH.

2.3. O6pasyer 1 yKa3aHHOE MHOYKECTBO MATPHUI[ KOJIBIIO OT-
HOCHUTEJLHO MATPUYHOTO CJIOYKEHHS U YMHOIKEHUS:
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a) MHOYKECTBO JEHCTBUTENLHBIX CHMMETPUIECKIX MATPHIL ITO-
paaKa n;

6) MHOZKECTBO JIEHCTBUTEHLHBIX OPTOTOHAJBHBIX MATPHIL TI0-
paaKa n;

B) MHOZKECTBO BEPXHHX TPEYTOJBLHBIX MATPHIL TOPSIKA 77

I') MHOKECTBO MaT pusa (1 ), mie D — dukcupo
puLl, BAT Dn m}’ A p

BAHHOE IIEJI0€ 9UCJIO, 1, M € Z;

Dn

BAHHBIIN 9JIEMEHT HEKOTOPOTO KoJibila K; n,m € K;

m n
JI) MHOYKECTBO MATPHIL BUIQ ( m)’ roe D — dpurcupo-

1 m

€) MHOXKeCTBO MaT B a =
) pu Buta 3 | o
POBAHHOE TIEJI0€ YKCJI0, CBODOIHOE OT KBaJpaToB (He Jesisineecs
H3, KBAJpPAT IIPOCTOrO HHCHA), 77, 1 — IEJIble 9HC/I, OOUHAKOBOM

YETHOCTH;

n
D — -
m) , TIe dukcn

z  w
2K) MHOYKECTBO KOMILIEKCHBIX MaTPHUIL| BUIQ ( _ );
—w Z
3) MHOZKECTBO BEIECTBEHHBLIX MATPHUIL BIIA,

r -y =z 1

Y r -t =z
—z 1 r oy
-t -z -y =z

2.4. OO6pasyer Jin cJeayIoOliee MHOXKECTBO (DYHKIHI KOJIb-
110 OTHOCHUTEJIbHO ODBIYHBIX OMEpAIuil CJIOYKEHUsI U YMHOYKEHUsI
byHRIIIT:

a) MHOKeCTBO (DYHKIWMI J1efiCTBUTEILHOrO IIEPEMEHHOTO Ha, OT-
peske [a, bl;

6) MHO)KecTBO DYHKIWMA JeliCTBUTEIHHOTO IEPEMEHHOIO, HMe-
IOIIUX BTOPYIO IIPOU3BOJIHYIO Ha uHTEpBaJje (a,b);

B) MHOKECTBO PAIMOHAJILHBIX (DYHKIWI JIEHCTBUTEILHOTO T1€-
PEMEHHOTO;

I') MHOKECTBO HENPEPBIBHBIX EPUOANIECKUX (DYHKIWHA Jeii-
CTBUTEJILHOTO TIEPEMEHHOTO;

J1) MHOYKECTBO (PyHKIHMIA JEHCTBUTEIHHOTO MEPEMEHHOrO, 06-
pamarormuxcs B 0 Ha HekoTopom noamuoxkectse D C R;

€) MHOXKecTBO hyHKIUA, ONpeIeeHHbIX HA HEKOTOPOM MHO-
kecree D ¥ NPUHUMAIOMIMX 3HAYEHHEe B HEKOTOPOM KoJibie K.
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2.5. B MHOXKecTBE MHOTOUJIEHOB OT IEPEMEHHOTO ¢ ¢ OOBIYHBIM
CIIOYKEHUEM B Ka4eCTBe YMHOXKEHUsI PACCMATPHUBAETCS OMEpaIlist
cynepnozunun, 3a1auuast npasuiom ( fog)(t) = f(g(t)). Asnserca
JIH 3TO MHOYKECTBO KOJIBIIOM OTHOCHUTEJILHO 33IAHHBIX OMepariuii?

2.6. Ob6pazyer Jm1 KOJIBIIO MHOXKECTBO BCEX IIOJIMHOYKECTB
HEKOTOPOTO MHOYKECTBA, OTHOCUTEILHO CUMMETPUYECKON PAZHOCTH
U TIEPECceYeHHs], PACCMATPUBAEMBIX KaK CJIOYKEHHE U YMHOYKEHUe
COOTBETCTBEHHO?

2.7. SBasercs i KOJBIOM MHOYKECTBO TPEXMEPHBIX BEKTO-
POB OTHOCHTEJILHO OTEPAIii BEKTOPHOTO CJIOYKEHUs i BEKTOPHOTO
YMHOKEHUS !

2.8. JlokazaThb, 9TO B KOJIBIIE C €UHUIIEH BBITIOTHSIOTCS TOXK-
JIeCTBa,

a) —ab=(—1)ab, 6) (—1)-(~1) = 1.

2.9. Kaxkue uz koJrer B 3aj1a49ax 2.1 — 2.7 cojiepxKaT JieuTen
HyJIs?
2.10. /loka3aTh, UTO €Clu a
JIATENTb HYJIS.

ko JAenTe]Ib HyJid, TO U a — Je-

2.11. /loka3aTh, 9TO BCe JIMATOHAJbHBIE MATPUIIE, T. €. MATPHU-
LBl BHJIA,

ar 0 0 0
0 a O 0
0 0 a3 01,
0 0 0 an

MOpsijika n > 2 ¢ AeWCTBUTEBHBIMU KO DUIEeHTaMNI OTHOCH-
TEHHO OOBIYHBIX OMEPAIHI CJIOKEHUS U yMHOYKEHIsST MAaTPUIL 00-
PazyoT KOMMYTATUBHOE KOJIBIIO ¢ AeTUTEITMI HYJIs.

2.12. Jloka3aTh, YTO B KOJIBIE KBaIPATHBIX MATPHIL TIOPSIKA 7
C 3/leMEeHTaMHU U3 HEKOTOPOTO TIOJIsT AeTUTE/IIMU HYJIsT ABJISIOTCS
BBIPOZKJIEHHBIE MATPUIILI, U TOJBKO OHH. (MaTpuila HAZBIBAETCS
BBIPOZKJIEHHOI, ec/iu ee onpezenures pasen ().

2.13. Haiitu Bce mesuresn Hyas Koibla Z & Z (onpejeienue
NPSIMOIT CyMMBI KOJIEIL ¢M. Ha ¢. 87).

2.14. JlokazaTh, 9TO Bce OOPATHUMBIE JJIEMEHTHI KOJIBIA C €1~
Huteil 06pPa3yIOT IPYIITYy OTHOCUTEIBHO YMHOMKEHUS .
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2.15. Haiitu obpaTuMble 9J1eMEHTHI B KOJIBIIAX C eIUHUIEH 13
3ajau 2.1 — 2.7.

2.16. /loxka3aTh, UYTO U3 PaBEHCTBA axr = ay JIJIs JIAHHOTO 3JTe-
MEHTa a W JIFOOBIX 3JIEMEHTOB I W 4 KOJIbIIA CJIEyeT PaBEHCTBO
T = y TOUJa W TOJILKO TOT/IA, KOTJIA 4 HE SIBJISETCS JEJUTe/IeM
HYJIA.

2.17. Iloka3aTh, 9TO MATPUIILI MOPSIKa 70 > 2 ¢ 3JIEMEHTaMHu
W3 HEKOTOPOTO IOJIsI, B KOTOPBIX BCE CTPOKH, HAYMHAS CO BTOPOIA,
COCTOSAT U3 HyJieil, 0Opa3yroT KOJIBIO OTHOCUTEHHO MATPUIHOTO
CJIOYKEHUST U YMHOXKEHUs, B KOTOPOM BCSKUIT 9JIEMEHT, OTJIMIHBIN
OT HyJisi, OYIeT IIpaBbIM JejinTejieM Hyis. Kakne MaTpuIlbl B 9TOM
KOJIBIIE HE OyJIyT JIEBBIMU JAEJTUTEIAMU HYJIs !

2.18. DjemeHT a KoJibIla R Ha3BIBAETCS HUABNOMEHMHbIM, €C-
gu o™ = 0 gy HEKOTOPOTO HATYpPaJIbHOTO ™. JIjisi KOMMYTaTHB-
HOTO KOJIbIla R 10KazaTh, 9TO a) eciu a — HUJILIOTEHTHLIH, TO
I iroboro r € R sjeMenT ra — TaKiKe HUJILIIOTEHTHLIN; 6) ecou
a,b — HUJIBIIOTEHTHBIE, TO a + b — TaKKe HUJIBIIOTEHTHBIN.

2.19. Haiitu Bce obpaTuMbie JI€MEHTHI, BCE AETUTETN HYyJIS U
BCe HIJIBIIOTEHTHLIE 9JIEMEHTEL B KOJBIAX &) Zyn, LA p — IPO-
cToe Yncio; 6) KOJIbIO BEPXHUX TPEYTOIbHBIX MATPHULL HAJL TIOJIEM;
B) KOJb1O Ms[R] Marpuil BToporo nopsijika ¢ JIeicTBUTEIbHBIMI
9JIEMEHTAMU; T') KOJIBIO BeeX (hyHKINiA, OIpe/Ie/IeHHBIX HA HEKO-
TOPOM MHOYKECTBE S U IPUHUMAIINX 3HaYeHus B moJe K.

2.20. Ilycte R — xonednoe koJibilo. /lokazars, 9o

a) ecin R He coziepKuT Aesuresieil HyJis, TO OHO UMEET eJly-
HUILy U BCE €r0 HEeHYJIEBBIE 3JIEMEHTHI OOPATUMBI;

6) ecin R umeer euHUILY, TO KAXKJIBIH €ro 9/IeMEHT, UMEIOInii
OTHOCTOPOHHUI 0OpaTHEII, 0bpaTHM;

B) ecyin R wMeer efuHuILly, TO BCAKUI JIEBBIH JeaUTENb HYJIs
SIBJISIETCS TIPABBIM JIEJTUTEJIEM HYJIS;

Bepro nm yTBep:KAeHNE B) 1 KOJIEN, 6€3 eIHALb?

2.21. Jloxkazarh, 9TO B KOJbIE ¢ equHHIel m 6e3 meamresieil
HyJIsT KQ2KJIBIl 9JIEMEHT, NMEFOITHii OTHOCTOPOHHUN OOPATHBIH, siB-
JIsieTCsi OOPATUMBIM.

2.22. Ilycts R — koJiblio ¢ equnureit, z,y € R. JlokazaTs, 910

a) ec/Iu MPOU3BeIeHNsl Ty U Y2 OOPATUMBI, TO 3JIEMEHTHI Z U Y
TaKKe OOPATUMEI;

6) eciiu R 6e3 mesiuresieii Hy sl U IpOU3BE/IEHNE Ty 00PATUMO,
TO 9JIEMEHTHI T U Yy TaKKe ODpaTUMBI;
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B) ecyiu R KOHEYHO U pou3BeieHNe Ty 0OPATUMO, TO 3JIEMEHTEI
T U y TaK¥Ke OOpaTUMBI;

) 6e3 JIONOJHUTEIBHBIX IIPEJIIIOJIOKeHuii 0 KoJibie R u3 obpa-
TUMOCTH TIPOU3BEJIEHNS Ty HE CIElyeT OOPATUMOCTE SJIEMEHTOB &
uy.

2.23. Ilycte R — KOABIO ¢ eauHUIEil 1 S — ero mojaKobII0.

a) Bepuo su, uro 1 € S?7

6) MoKeT i MOAKOJBIO S UMETh €JIUHHUILY €, OTJIUYHYIO OT
1 — egumEUIL KOJibita R?

2.24. lloka3aTh, 9TO B KOJbIlE C €IUHUIEH KOMMYTaTHBHOCTH
CJTOYKEHHST BHITEKAET M3 OCTAJBLHBIX aKCHOM KOJIBIIA.

2.25. Ilpoeeputh, uto paperctBa 0 - a = a -0 = 0 moxxHO
JIOKA3aTh, HE NCIOJIb3Ysi KOMMYTATUBHOCTH coxkeHus. Jlokazars,
9TO B KOJIBbIIE, COAEPIKAIIEeM XOTsI ObI OJMH 3JIEMEHT ¢, He SIBJISTIO-
miuiicst AeuTeIeM HyJisl, KOMMYTaTUBHOCTh CJIOYKEHUS BBITEKAET
W3 OCTAJIBHBIX aKCHOM KOJIBIA.

2.26. IlpuBecTn TpHMephl KOJIEN, MATPHUI], B KOTOPHIX €CTbHb
HECKOJILKO TPABBIX MJIH JIEBBIX €IIUHUIIL.

2.27. JlokazaTh, YTO €CJU BCE 3JIEMEHTHI KOMMYTATUBHOTO
KoJbIla, R mMeroT obmmii JeJnTeNb ¢, TO 3TO KOJBIO 00J1a1aeT
eJINHUIIET.

2.28. VYKazaTh KOMMYTATHUBHOE KOJIBIO C eMHUIIEN, comeprKa-
mee 3jieMeHT a 7 0 ¢ OJIHUM U3 CJIeJYIONTUX CBOWCTB:

a) a® = 0;

6) Jyisi JAHHOTO IEJIOTO YUCja 7 > | BBINOJHEHBI YCJIOBUS
a®=0,a" 40, ecrmn 0 < k < n.

2.29. Ilycrs R — KOMMyTaTHBHOE KOJIBIIO ¢ equnutieii u R{(zx) —
MHOZKECTBO BCeX (HPOPMAJIBHBIX CTEIEHHBIX PsIIOB ZZ‘LO apz®,
ar € R. BBemem OOBIUHBIE OTEpAIlNN CJIOXKEHUS U YMHOYKEHUsT
PsIOB:

Z arz® + Z brxt = Z(ak + bk):ck,
k=0 k=0 k=0

[e) [e) [e) k
( E akxk) . ( E bkxk) = (ck):ck, rue ¢, — E ajby_j .
k=0 k=0 k=0 §=0
IToxazaTk, uTo:
a) R(z) — KOMMyTaTUBHOE KOJIBIIO C €UHUIIEH;
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6) R{z) comepxut noakojbo, uzomopduoe R;

B) ecsil R He MMeeT JiestuTesieil HyJis, TO 9T0 BepHO U Jyis R{x);

r) eciu R — noJie, To Ziio apz® Torma n Toabko Torma Gymer
0bpaTHMBIM 3JIEMEHTOM KOJIbIla R{x), Korma ag # 0.

2.30. Ilycts R — MHOXKECTBO BCeX wmcesl BUaa a + by/—3,
roe a,b € Z. Ilokazarh, uTo R — KOJBIO ¢ eauHHIEil, B KO-
TOPOM Pa3JjIOyKeHNe Ha MPOCThIE MHOYKUTEIN CYIIEeCTBYeT, HO He
OIHO3HAYHO. B 9acTHOCTH, MOKa3aTh, YTO B JIBYX PA3JIOXKEHUSTX
4 =22 =(1++=-3) (1 —+/=3) comnoxuTenn sBIAIOTCH
HPOCTHIMHE, TIPUYeM 2 He acCOIMHUPOBaHO ¢ 1 4 /—3.

2.31%*. Jlokazarhb, 4TO BCE KOHEYHBIE CYMMBI Y |, ;2% ¢ 1eJIbIMU
K03bpUIMEHTAME G, 1 HEOTPUIIATETLHBIMU JIBOMYHO PAIMOHAJIb-
HBIMU T}, OTHOCHTEIHHO OOBIYHBIX OMEPAITHil CJIOXKEHUS W YMHO-
KEHUs Ynces 0OpasyrT KOMMYTATUBHOE KOJIBIO C €IUHUIEl u
6e3 mesmTeNiell HyJisd, B KOTOPOM HE CYIIECTBYET Pa3JIOXKEHUs Ha
MPOCTHIE MHOYKUTEJTH.

2.32. JlokazaTh m30MOpdUIM CIEAYIOMNX KOJIEIT: KOJIbIa KOM-
TUTEKCHBIX YHCeNT BUJIQ %’“/ﬁ, rne D — ¢dbukcupoBaHHOE 11€710€
YHCI0, CBOOOHOE OT KBAJAPATOB (HE Jleisieecs Ha KBaAPaT Ipo-
CTOTO YHCJIA), N, M — TEJIble YUC/Ia OJUHAKOBOW YeTHOCTH OTHO-
CUTEJIEHO OOBIYHBIX OTIEPAIINN CJTIOXKEHUS U yMHOXKEHHUS, 1 KOJIBIA

1 m n
MaTPHIL BUIA 3 (DTL m) , Tae D — 10 ke camoe YnCJIO, 1, M —

TeJible YUCjia OAUHAKOBOW YETHOCTU, OTHOCHUTEHLHO MATPUIHOTO
CJIOYKEHUS W YMHOYKEHUS.
2.33. /lokazaTh m30MOpdU3M CIIEAYIOMNX KOJIEIT: KOJIbIIO KOM-

z w
IUIEKCHBIX MaTPHIL BHIA oz OTHOCHUTEJIbHO MATPHYIHOT'O
CJIOZKEHUA U YMHOZKEHUA U KOJIBITO r[[(EIt/'ICTBI/ITe.)'H)HI)IX MaTPHIL BHIA

r -y z 1

Y r -t =z
—z 1 r oy
-t —z -y =z

OTHOCHUTEJIbHO MaTPUYHOTO CJIOZKEHHS B YMHOYKEHHS.

2.34. Ilycte R — KOJBIO, COCTOsIINEE U3 BCEX JEHCTBUTENB-
ubix dyukuuit f(z), onpee/ieHHBIX Ha BCEl YUC/IOBOM TPSIMOIi,
¢ OOBIYHBIMU OIEPAIUSIMU CJIOYKEHUS U YMHOYKEHUs, U ¢ — Jeii-
crBUTEBbHOE ncy0. J/lokazaTh, 9To:
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a) orobpaxkenne ¢[f(x)] = f(c¢) ecrs romomopdroe oTOGpPa-
JkeHne KoJsiblia R Ha mosie R feificTBUTENBHBIX dHcerT;

6) saapo Ker ¢ romomopduzma ¢ ecrs ugean B R;

B) dakropkosbio R/ Kery uzomopduo moso jelictsure/is-
HBIX unces R.

2.35. Aunzebpa xeamepruornos H — 310 MHOKECTBO
H = {ag + a1i + asj + ask | a; € R}
C OTIEPAIUSIMU TOKOMITOHEHTHOTO CJIOYKEHUST
(ao + ari+ asj + agk) + (bo + byi + baj + bsk)

W YMHOYKEHHs, KOTOPO€ OINpeeigerTcs TabJuieil yMHOKEHUs
«MHUMBIX €JIMHUIL>

1 7k
i | -1 k -3
il=k =1
k| 73 -1 -1

U YCJIOBUEM AUCTPUOYTHUBHOCTH.

a) ConpsizkeHHbIM KBaTepHUOHY h = ag + a1t + asj + ask
Ha3BIBAETCH KBATEPHUOH b = ag —a1i — asj —azk. IIpoBeputs, uTo
hh — neiicTuTeBHOE UHCTO (KBaTepHHOH BUAa a + 0i + 05+ 0k).
DTO YUCJIO HABBIBAETCH KEGIPAMOM HOPMbL KBATEPHUOHA.

6) IIpoBepurhb, 4TO KBaTEPHUOHBI OOPA3YIOT TEJIO.

B) IIpoBepursb, uro 060 KBATEPHUOH HOPMBI 1 MOKHO 3a-
micaTh B Buge h = cos(0/2) + sin(0/2)v, tae «MHEMas 4acTby
KBATEPHUOHA, ¥ SIBJISIETCS €IMHUYHBIM BEKTOPOM B TPEXMEPHOM
€BKJIUJIOBOM TIPOCTPAHCTBE ¢ OPTOHOPMUPOBAHHBIM Oa3UCOM 4, 7,
k. KBarepHuony h comocTaBuM BpalleHne TPeXMEPHOTO ITPOCTPAH-
CTBa BOKPYT OCH, 3aaBaeMOil BEKTOPOM v, Ha yToJ 6.

JIoKazaTh, 9TO MIOCTPOEHHOE COOTBETCTBHE SIBJISIETCSI TOMOMOP-
bUBMOM: MPOUBBEIEHUIO KBATEPHUOHOB COOTBETCTBYET KOMITO3U-
[Us COOTBETCTBYIOIINX UM BPAIIEHU.

at+bi c+di
—c+di a-— bi)
¢ JeficTBUTeNBHEIMA a, b, ¢, d u i = \/—1 m3omopdHa anarebpe
kBarepanonos H.

2.36. J/lokazaTh, uTo aJirebpa MaTpPHUIL BUIA (
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2.37. Jloxkazarh, 9TO aJredpa AeHCTBUTEILHBIX MATPHUIL BUIQ,
a b c d

b a —-d ¢
—c d a —b
—d —c¢ b a

momopdHa aarebpe karepanonos H.

2.38. Ilycrh (n) — umeas, NOPOXKIEHHBIH 1IeIBIM YUC/IOM 12 > 1
B KOJIbIIE MHOTOYJIEHOB ¢ nejbivu Koaddurmentavu Zlz]|. Ho-
Ka3aTh, 9T0 HaKTOPKOIBLIO Z[z]/(n) nzomopduo KObIy Zy,[z]
MHOTOYJIEHOB HaJ| KOJIBIIOM Zj, BBIYETOB [0 MOJIYJIIO 1.

2.39. Ilycte R u S — xosbiia ¢ eaunnneit, ¢: R — S — romo-
MopduU3M.

a) Bepuo i, uro 06pas euHuIBl KOJIbIa R saBjsercs eauHu-
et Kosbia, S7

6) BepHo Jjiu yTBEpKIEHUE &), €c/it TOMOMOPMHU3M ¢ CIOPBHEK-
THUBEH?

2.40. Tomomopduzm ¢: R — S konen, R u S ¢ equnniiavu 1 u

e HazbIBaeTCst yrumaprom, ecan ¢(1) = e. Haiitu

a) BCe YHUTAPHBIE TOMOMOPGhDU3MBI KOJIbIA Z U KOJIbI MHOTO-
WIEHOB Z[x] B Ipou3BOJIbHOE KOJIBLO R ¢ equHuIeii;

6) Bce roMOMOPdU3MBI KOJIbITa Z U KOJIbIa MHOTOYJIEHOB Z[x]
B IIPOU3BOJIBHOE KOJIBIO K.

2.41. Ilycte K — mojie u f mpoberaer MHOXKECTBO BCEX MHO-
rouyienos creneru 2 u3 K[z]. Pazburh Ha KJIacchl TONAPHO H30-
MOP®HBIX KOJel coBOKyTHOCTh KoJter, K [z]/(f), ecin a) K = C;
6) K =R; B) K =Q; r) K — koHe4uHOE TIOJIE.

2.42. Haiitu ¢ TOYHOCTBIO JIO0 u3oMOpduU3Ma: a) BCe KOJIbIA
¢ enuHUIEH, 6) BCe KOJIBLA, Y KOTOPHIX JIUTHBHAS I'PYIIIA —
[UKJIMYeCKast TIOPSIIKa 7.

2.43. JlokazaTk, 94TO JIE0O0E TOMOMOP(hHOE OTODpasKEHNEe TI0JIsT
P B xombrio R sBisiercs win n30MOpgHBIM OTOOpaKEeHNEM Ha
HEKOTOPOE M10Jie, BXoJsiiee B R KaK MOJIKOJIBIO (TaK Ha3bIBAEMOE
Byoxkenne P B R), win orobpazkeHneMm Bcex sjieMeHTOB u3 P B
HyJsb 3 R.

2.44. Ilycrs Z — KOJBIQ TIEJbIX dnces u R — nroboe Kobio ¢
equnuieii e. JIokazaTh, 9T0 0TOOpaAYKEHUE ¢ 1 > Ne ecTh TOMO-
mopduoe orobpaxkenue Z B R. Haiitu o6paz ¢(Z) konbia Z npu
3TOM TOMOMOPdU3ME.
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2.45. Dyayr /m ciemyrompe MHOYKeCTBa MOATPYIIIAMH aJIH-
TUBHON IPYIIIBI, MOIKOIBIAMYA WJIH MIEAJIAMA YKAZAHHBIX HUYKE
KOJIEI;:

a) MHOXKECTBO nZ 4ucel, KpATHBIX YUCIy 1 > 1, B KOJble Z
[EJTIBIX YUCEJT;

6) MHOYKECTBO Z IeJIBIX YHCeN B KOJIbIE Z[z] MHOTOYIEHOB ¢
nebIMI KO3hDUITMEHTAM;

B) MHOKECTBO nZ[x] MHOrO4/IeHOB, K03 HUIINEHTb KOTOPHIX
KpaTHBI 4ucjiy 1 > 1, B Kojble Z[z] MHOrOYIEHOB ¢ IEIBIME
ko3 purmenTamu;

r) MuozkecTBO N HATYpaIbHBIX YHCeT B KOJIbIE Z [EJIBIX YUCET;

J1) MHOYKECTBO Z LEJIbIX YHce/l B KOJIbIE Z[i] IeIbIX rayccoBbIX
qucesi, T. €. YUcesl BUAa m + ni ¢ UeasMu m, n € Z;

€) MHOXKeCTBO F dmcell a + ai B KOJIbIEe Z[i] IebIX rayCccOBBIX
qUCeT;

k) mHOxKecTBo C dyncen suga x(1 + i) B Kouble Z[i] 1membix
rayCCOBBIX YUCe]l, TJe - IpoberaeT Beé KOJbLo Z[i;

3) MHOYKECTBO Z[x| MHOTOWIEHOB ¢ IeJbIMH Ko3hdurpentamu
B KoJibIe Q[z] MHOTOUIEHOB Hay ojieM Q PAIMOHAJILHBIX YHCET;

W) MHOKecTBO | MHOTOU/IEHOB, He COAEPKAIUX HIeHOB ¢ ¥
st Beex k < m, e n > 1, B KoJiblie Z[z] MHOTOYJIEHOB ¢ IEJIbIMI
ko3 purmenTamu;

K) MHOKECTBO | MHOTOYJIEHOB ¢ YeTHBIMHU CBOOOIHBIMU Ujie-
HAMU B KOJIbIE Z[z] MHOrOWIEHOB ¢ HesibiMu Koaddurpenramu;

JI) MHOKECTBO | MHOTOYJIEHOB C YETHBIMHU CTAPIIUMH KO-
dbunuentamu B Kojiblie Z[x] MHOrOWIEHOB ¢ HejbiMu Koadbdurm-
€HTAMU.

2.46. Ilpu xkakux n Bce HeOOpATUMBIE 3JIEMEHTHI KOJBIRA Zy,
obpazyroT njea?’

2.47. JlokazaTk, 9TO MEpeceveHne JJIO0T0 MHOXKECTBA, UIEAJIOB
KOMMYTaQTUBHOTO KOJIbIA, F SBJISIETCS] MJIEATOM.

2.48. JlokazaTh, YTO MHOXKECTBO [g HENpPEepBIBHBIX (DYHKITHIA,
obpamaromuxcs B 0 Ha dbukcnpopannoM nogmuoxecrse S C [a, b],
SIBJISIETCS UZEAJIOM B KOJiblle (hYHKIUiT, HEelpepbiBHBIX Ha [a, b].
Bepho ju, 9T0 BCAKMIT Ujeas ITOTO KOJbIE uMmeer BuJ, Ig 1jist
HEeKOTOpOTO S7

2.49. Jlokaszarb, uro B KoJble M, (Z) MaTpul| nopsaka n HaJ
KOJIBLIOM Z TogKobo M, (27) aBnsiercss JBYCTOPOHHUM WUJIEa-
JIOM.
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2.50. JlokazaTh, 4To JIE00O0M HEHyIeBOil nueas B Komble M, (Z)
MaTpHI[ NOPsi/IKa 72 Haj, KOJabloM Z cosnagaer ¢ M, (kZ) mns
nmexkoroporo k € N.

2.51. Jlokaszarb, uro B KOJble M, (R) marpur nopsijka n ¢
3JIEMEHTAMU U3 MTPOUZBOJILHOIO KOJIbIa, R ujeajaMu siBJISIIOTCS B
TOYHOCTH MHOYKECTBA MATPUII, 3JIEMEHTHI KOTOPBIX MPUHAJJIEZKAT
buKCHpoBaHHOMY HJI€Ay KOJIbIa K.

2.52. JloKkazaTb, 9TO B KOJIbIIE MATPHIL HaJI TIOJIEM BCAKHN JBY-
CTOPOHHUI ueas Jubo HyjaeBoil, aubo cOBMaIAET CO BCEM
KOJIBIIOM.

2.53. Haiitu Bce naealibl KOJBIa BEPXHUX TPEYTOJBHBIX MaT-
PUIL TIOPSIJIKA, 2 ¢ TEJIBIME JIEMEHTAMH.

2.54. Ilycrs I u J — MHOXKeECTBa MaTPHI] BUIA

0 g h 0 I 2m
0 0 2k u 0 0 2n
0 0 O 00 O
¢ nenvivu g, bk, .... Jlokazats, 9to I siBjisieTcsi IBYCTOPOHHUM

W/1eajIoM B KOJIbIle K BEpXHUX TPeyroJIbHBIX MATpUIl Hat Z, J ecTh
naeaJt Koybia I, Ho J He saBJsgeTcs UaeasioM KoJbia F2.

2.55. Ilycrs R — xOMMyTaTHBHOE KOJIBIO ¢ enununei. /loka-
3aTh, YTO:

a) OOpaTUMBII 3/IeMeHT (T.€. JIeIUTeNb €IUHUIBI) HE MOYKET
OBITH JeJuTeIeM HyJIs;

6) oOpaTUMBIii 3/IeMEHT UMEeT eAUHCTBEHHbIH 0OpaTHBIN 316
MEHT;

B) ecau A, p 00paTUMBI, TO @ JIeJIUTCA Ha b TOrJa U TOJBKO
TOTJIA, KOTJa a\ JIEJIUTCS Ha, by,

) rIaBHBI Heas (a), MOPOKIEHHBIH aJ1leMeHTOM a 13 R Tora
¥ TOJILKO TOT/a OTJinYeH OoT R, Korma a Heobparum.

2.56. Ilycre R — KOMMyTaTHWBHOE KOJIBIO C eauHuIEeil u 6e3
nesnresieii uyns. Jlokazarh, YTO 3JEMEHTHI a U b TOr/Ia U TOJIBKO
TOTJIa ACCOIUUPOBAHBI, KOTJIA KarKJIBIil 13 HUX JIEJIUTCS HA JPYTOIl.

2.57. [Hokazarb, uro wuaeays (M), TOpPOXKJIEHHBIA HEyCTHIM
muoxkectBoM M C R cocTouT U3 BCEX KOHEYHBIX CYMM BUJIA:

a) > rrpag, 1y € R, ap, € M, eciiu R umeer epunuity;
6) > rgar + > ngag, 75 € R, ap € M, ni € Z, eciiu R ue
UMEET €JINHUIIBL.
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2.58. Cywmwmoit uneasos I, I, ..., I KOMMyTaTUBHOTO KOJIBIIA
R mazbiBaeTcs MHOXKecTBO I Bcex vjieMeHTOB z u3 R, mpencraBu-
MBIX BBUJAE & = 1+ 22+ -+, 25 € [;, 7 =1,2,..., k. IumyT
I=0LH+ 1+ -+ Iy. Eciu gnst mroboro x uz I ykazaHHOE TIpesi-
CTaBJIEHUE €/IMHCTBEHHO, TO cyMMa | HA3BIBAETCS MPSMOM CyMMOM
nneanos ;. B stom caygae mumyr I = [1 @I, ®. . . DI}, JlokazaTs,
9r0:

a) cyMMa JIFOOOro KOHEYHOTO YUC/Ia UIeAJIOB eCTh UJIEAT;
6) cyMMa JBYX WJIEAJIOB TOTIA U TOJBKO TOr/a OyIeT mpsaMoii
CYMMOI, KOTJIa TIepeceveHre MIeAJIOB COMEPKUT TOJBKO HYJIb.

2.59. Jlokazats, uto eciiu I = [1P [y — npsimas cymMMa nIeaion
I, I, To mpousBeienne Jir060T0 deMenTa U3 1 Ha 0001t 3/1IeMeHT
u3 [o paBHO HYJIIO.

2.60. Ilycrs R = [1®1; — paziokeHne KOMMYTaTUBHOTO KOJTb-
na R ¢ equHureil e B IpaMyro cyMMy HeHYJIeBBIX wjealioB 1, Ir.
Jokazath, 9T0 eciiu € = €1 + €9, €1 € 11, e € I, TO €1, €3 ByayT
eINHUTIAMI COOTBETCTBEHHO B 1, Is, HO He B R.

2.61. Kakwne uz kojer B 33039aX 2.1 — 2.7 SIBISIIOTCS TTOJISIMA?!

2.62. JlokazaTh, 9TO KOHEYHOE KOMMYTATHBHOE KOJIBIIO Oe3 jie-
JuTeNiell HyJisd, cojep:kainee OoJiee OIHOTO JIEMEHTA, SBJISETCS
TOJIEM.

2.63. KpagpaTHas MaTpUIla Ha3LIBAETCS CKAJISAPHONW, ecin ee
9JIEMEHTHI Ha TJIABHOW JIUMATOHAJN PaBHBI MEXKIY coOOi, a BHE
TJIABHOW JUArOHAN — PaBHBI HY/I0. [loKazaTh, 9T0 CKaJgpHBIE
MAaTPUIILI TIOPSIKA 7 C JEHCTBUTELHBIMU JIEMEHTAMU OTHOCH-
TEJTFHO MATPUYHBIX CJIOXKEHUS U YMHOXKEHUS 00Pa3yIoT MOJIe, U30-
MOP(HOE TIOJIFO JIEIICTBUTETLHBIX YHCE]T.

b
2.64. Ilokazarh, 9TO MATPUILI BUJIA (_ab a)’ roe a u b —

JeficTBUTE/IbHBIE YHC/Ia, OOPa3yIoT ToJIe, H30MOPQHOE MOJIIO KOM-
MJIEKCHBIX 9HCEJT.

2.65. Jlokazars,uro uncia Buga Q[v2] = {a + bv/2 + cV/4 |
a,b, c € Q} 0bpazyioT noJjie, NpuYeM KazKJIbli 3JIEMEHT STOrO MOJIs
MpeJcTaB/IseTcs] B YKa3aHHOM BHJie 0/iHO3Ha4uHO. Haiitu syement,
obparubii umcty * = 1 — /2 + 2¢/4 (6eperca neiicTBuTeIBHOE
3HAYEHHe KODHS).

2.66. Jlokasatnb, uro wucna s Q[v/5] = {a + bv/5 + cv/25 |
a,b, c € Q} 0bpazyioT noJjie, NpuYeM KazKJIbli 3JIEMEHT STOrO MOJIs
MpeJcTaB/IseTcs] B YKa3aHHOM BHJie 0/iHO3Ha4uHO. Haiitu syement,
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obparHsi ncay = = 2 + 3v/5 — 2¢/25 (6epercs zeficTBuTEILHOE
3HAYEHNE KOPHS).

2.67. Tlycre o — KopeHb MHOTouseHa f(x) cremenu n > 1 ¢
PAIHOHAIBHBIMU KO3 dUIeHTaMI, HEIPUBOIMOTO HaJl MOJIeM
Q parmoHasbHBIX Yncest. JIokasaTh, 9T0 MHOKeCTBO Q(«) umcen
BUZA

n—1
ag +ara+ -+ ap 10", ag,...,an 1 €Q,

obpazyer moJie, IpuYeM KazKJbIil 3JIeMEHT 9TOTO TOJIsl PEeCTaB-
JISIETCsT B YKQ3aHHOM BHJIE OJTHOZHAYHO. ['OBOPST, 4TO 9TO MOJIE TI0-
JIy9eHO TIPUCOEINHEHEeM YUC/Ia ¢ K TIOJIIO PAIMOHAIBHBIX YHCE]T.

2.68. B mone, mosyueHHOM MPUCOEIMHEHNEM K TIOJIO Palldo-
HaJIBHBIX 9HCeT KOpHs o MHOTodTeHa f(z) = z° + 4z? + 2z — 6
HaiiTy uncio, obpaTHOe Uncay 5 =3 — a + o’.

b
2.69. JlokazaTh, 4TO MOJIe MATPHIL BUIA (;b a)’ C palmo-

HAJBHEIME a 1 b m3omopduo momo Q[v/2].
2.70. Kakue u3 cleAyomnx MHOKECTB MATPHIL 06pasyroT MOJIe
OTHOCHTEBHO OOBIMHBIX MATPUYHBLIX OTEPALii:

z y )
a) { (ny :1:) | z,y € Q} ,  Tae n € Z hpuKcupoBaHo;

ny

z y - 5
B) {(ny x)|:1:,y€Zp}, e p = 2,3,5,77

6) { (:1: Z) | z,y € R} , rre n € Z buKcupoBaHo;

2.71. JlokazaTh, 9TO mpu JIFOOOM H30MOPQU3ME YHUCIOBBIX I10-
Jieil TIO/ITTO T PAIMOHAJIBHBIX YHcesl 0TOOParKaeTCs TOKIECTBEHHO.
B gacTHOCTH, TI0/1€ PAITMOHAIBHBIX YHCEJT JIOTYCKAET JIUIb TOXK-
JieCTBEHHOE M30MOPpHOE 0TObpasKkeHue B ceds.

2.72. JlokazaTs, uro noJjie R He nmeer aBTOMOPIU3MOB, OTJIHY-
HBIX OT TOYKJIECTBEHHOTO.

2.73. Haiitu Bce aBroMopdusmer mosst C, mpu KOTOPBIX KaXK-
Ji0€ NefCTBUTEIbHOE YUC/IO MTEPEXOIUT B cebsl.

2.74. HNwmeer mu mose Q[v2| meroxaecrsennsie apToMopdms-
MBI?!

2.75. Ilpu kakux m,n € Z\ {0} nona Q[y/m| u Q[/n] uzo-
MOpdHBI?
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2.76. J/lokazarsk, 9o jyia Jioboro aBromopdusma ¢ monas K
MHOZKECTBO 9JIEMEHTOB, HETTOIBUKHBIX OTHOCUTETLHO (0, SIBJISETCS
TIO/IIIOJIEM.

2.77. CymecTByer Jiu TOJie, CTPOTO COAEPKAIEE TIOJIE KOM-
IUIEKCHBIX UHCEJT?

2.78. Haiitu Hambombmmii obmuit geanrens ducea a” — 1 u
a™ —1.

2.79. Haiitu manboapmmuit obImuii JeauTe s MHOTOYIECHOB
flz) = 2® + 22 + 1, g(z) = 22 + = + 1 a) Hag moNeM BEIYETOB
1o MoJyJio 3; 6) HaJl 0JIeM PAIMOHAJILHBIX YHUCE/T.

2.80. Haiitun manboapmmuit obImuii JeauTe b MHOTOYIEHOB
f(z) = 522 + 22 + 5z + 1, g(z) = 52 + 6z + 1 a) Hay mosem
BBIYETOB [0 MOAY/IO 5 (Ipu 3TOM Kaxkplii koadduipent a Ha-
0 TIOHUMATh KaK KPATHOE a€e €IMHUIBI € YKA3aHHOTO TIOJIs VI
3aMEHUTh KOhDUIMEHTHI X HAMMEHBITUMH HEOTPUIIATETbHBIMI
BBIYETAME 110 MOJYJIIO 5); 6) HaJ MOJIEM PaIMOHAIBHBIX YHCE/I.

2.81. Haiitu manboapmmuii obIuii JeauTe s MHOTOYIEHOB
flz) =2 +1, g(z) = 2° + = + 1 Haj HOJIEM BLIY9ETOB MO MOIYITIO
a) 3; 6) 5.

2.82. Jloxazarh, UTO

w(n):n(l—pil)(l—piz)...(l—pik),

e ¢(n) — dyHKIws Jitnepa (4UCT0 0OPATUMBIX JIEMEHTOB KOJTh-
1@ Zy), & P1, P2, ..., Pk — BCE Pa3JIHYHBIE NPOCTHIE JETUTETH
YHUCTIA .
2.83. Haiitu Bce Takue 1e/ible 1, [jis KOTOPBIX TPyIITa o0pa-
THUMBIX 3JIEMEHTOB KOJbIfa Z/(2™) ABsieTcs IUKIMIEeCKOl.
2.84%*. JlokazaTh, 9TO TPYIIa OOPATHMBLIX 3JIEMEHTOB KOJIBIA
Z/(p™) siBnsiercst UKJIMYECKO Jyist JIF000TO mMpocToro p = 3.
2.85. /lokazarh, 9TO
a) KOJIBIIO IEJIBIX IayccoBbIX uucel Z[i| = {m+in | m,n € Z}
€BKJINJIOBO;
6) KOJBIIO KOMILTEKCHBIX wmces Buma Z[iv/3] = {m + iny/3 |
m,n € Z} He ABJIsIETCS €BKINOBBIM;
B) KOJIBIIO KOMILTEKCHBIX YHCE BUJIA
m—+ inv3
=

ABJIAETCA €BKJIMJIOBBIM.

| m,n € Z,; m—nquHo}
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2.86. Ilycrh Z[i] — KOJBIO TEJBIX TayCCOBBIX dmces1, | — MHO-

JKECTBO BCEX YHCEJN M + ni ¢ YeTHBIMH M U 7.

a) Iokazars, uro I — unean B Zl[i;

6) Haiiru cmexHBIe Kiacchl Z[i] mo [

B) B dakToproble Z[i]/] HaiiTu Jequresn HyJIs U MOKa3aTh
srum, uro Z[i|/] He siBasieTcs OJIeM.

2.87. Jokazarh, 4r0 akTopKObIO Z[i]/(3) KOJIBIA IENBIX
rayccoBbIX dmcest Z[i] mo rmaHOMY Hueasy (3) = 3Z[4] ects nmose
U3 JIEBSITH 9JIEMEHTOB.

2.88. JlokazaTh, 4To dakTOpKOILIO Z[i]/(n) Kombla memsIx
rayccoBBIX 4Hces Z[i] mo raasHOMY uueany (n) = nZl[i] Torna u
TOJIBKO TOTJa OyJIeT MojieM, KOT/Ia 7 — IIPOCTOE YHCII0, He PaBHOE
CyMMe JIByX KBaJIPaTOB IEJIBIX YHUCEIL.

2.89. JlokazaTk, 9TO KOJBIO Z[x] He sBISETCs KOJBIOM IJIaB-
HBIX HI€AJIOB.

2.90. Ilycrs K[z, y] — KOJIBIO MHOTOYJIEHOB OT JIBYX II€PEMEH-
HBIX 2,y HaJ osem K, I — MHOXKeCTBO BCEX MHOTOYJIEHOB 9TOTO
KoJibITa 6e3 cBobomHoro uieHa. /lokazars, 9ro:

a) I siBsieTcs nzeasioM, HO He SIBJISIETCS TJIABHBIM HJIEAJIOM;
6) daxropkosbuo K[z,y]/I wzomopduo nomo K.

2.91. DuaoMOpdUIMOM TPYIIILl HA3BIBAETCS TOMOMOPMOU3IM
910i Tpynmel B cebs. Ha MHOMKecTBe 9HIOMOPMH3MOB KOMMYTa~
TUBHOI Tpynnbl G ONpeAenM ONEPAIiio YMHOMKEHHS KaK KOM-
MO3UIIUO SHIOMOP)OU3MOB, 8 OIEPAIHIO CJIOXKEHUS — 110 IPABUILY

(p+¥)(a) = ¢la) + ¥(a).
JokazaTh, 9TO MHOXKECTBO IHIAOMOP(PUIMOB KOMMYTATUBHOI
TPYIIIIBI C OMPE/IESIEHHBIMUI BBIITE OTIEPAIIUSIMU CJIOZKEHUS U YMHO-
JKeHusi 00pas3yer KOJIbIIO.
2.92. JlokazaTh, 9TO

a) KOJIBIO SHAOMOPMU3MOB IUKJINYECKOH IPYIIIBI MOPSJIKA 72
m30MOPGHO KOIBILY Zy,;

6) rpymmna apToMopdU3MOB IUK/JINYECKON MPYIIILI OPSIKA 72
m3oMOopdHA TPYIIe 0OPATUMBIX 3JIEMEHTOB KOJIBIA Zy, .

2.93. JlokazaTh, 9TO BCSIKOE KOJIBIO C €IUHUIEH n30MOpdHO
BKJIAJIBIBAETCS B KOJIBIO SHAOMOPGMU3IMOB CBOE€il aINTHBHON
rpymnet. (Uzomopduoe Bioxkenne — roMomMopdusM ¢ HyJIEBBIM
SIZIPOM. )
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2.94. (Eme ojna BepcHsi KHUTAiCKOil TeopeMbl 00 OCTaTKax).
Ilycts A — KOMMYTATUBHOE KOJIBIO ¢ eaunuieil. Jlokazarh, 4To
ecmn [y u I —uneanor B Au Ii+15 = A, 10 151 1106BIX 3/IEMEHTOB
z1,x9 € A cymecrByer Takoil ssiement x € A, yro z — x1 € Iy,
r—1x9 € I

2.95%. B KOJIbIIE BEITOJIHEHO TOZKIECTBO T
TaKO€e KOJIBIO KOMMYTATHUBHO.

3 — 2. JlokazaTh, 9TO



I'naBa 3

Koneunnble nosig niu noJid Iaaya

B 3T0i1 rmaBe MBI paccMOTPUM KoOHEUHDIE NOARA, T.€. TIOJ, B
KOTOPBIX €CTh JIUIb KOHEYHOE YHC/Io djieMeHToB. OHI TaKkKe Ha-
3bIBAIOTCH noasamu Ianya, B vects . [ajya, KOTOPHI UX TIEPBBIM
H3YYUIIL.

OxaspiBaercs, Bce 1moJid L'ajya MOXKHO MOJIy9UTh (haKTOpHU3a-
peil 110 HEeKOTOPOMY H/JIeaJly KOJIbIIQ IIeJIBIX HHCes MM KOJbIa
MHOTOYJ/IEHOB.

3.1. Ilose BbIYETOB 110 MO/IYJIIO
MNPOCTOr0 YHUCTA

CHauaJia paccCMOTPHUM KOJIBIIO TEJIBIX 9ucesi. Bo3bMeM mpoms-
BOJILHOE TIPOCTOE YHCJIO p U nocTpouM uueas (p) = {np | n € Z},
T. €. BO3bMEM BCE KPaTHBIE P.

Kouibio Z/pZ BHIYETOB 1O MOJYJ/IIO 3TOTO HJEaJIa OIUCAHO B
npumepe 2.16. HamoMaIM, TO OHO COCTOUT W3 P JJIEMEHTOB

0=0+pZ={rp|reZ}
1=14pZ={1+rp|reZ}

p—1=(p-1)+pZ={p—1+rp|reZ}.

TTockonbKy Z — €BKIANAOBO, & p — MPOCTOE, TI0 Teopeme 2.36 KoJib-
1o Z/pZ sasasiercs nojeM. DTo 1oJie BHIYeTOB M0 MOJLYJIO P U €CTh
npocreiiniee mosie [amya, koTopoe Mbl fajee Oyaem 0003HAYATH
GF(p). Onepanun cjIoKeHNHs U yMHOYKEHHS B 9TOM IIOJIE — 3TO
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CTIOJKEHNE W YMHOXKEHWE TIEJBIX YHcel 10 MOy p. Craxkem,
urobbl HaliTh Z + ¥, Heo6X0oMuMO BeMUCIUTL 2 = (2 + y) mod p,
KJIACC BBIYETOB Z U OyJleT pe3y/IbTaTOM CJIoKeHus T u §. ZcHo
TaKKe, 9TO MOYKHO OpaTh W JfobbIe JpyTrHe MpeCTaBUTENH TEeX
7K€ CAMBIX KJIACCOB BBIYETOB: PE3Y/IBTAT CJIOXKEHUS 10 MOJIYJIIIO P
HE U3MEHUTCS.

Tonst GF(p) — 970 KOHEUYHBIH aHAJIOT YHCIIOBBIX T10JIeid, GoJtee
TOYHO, — TOJIsT PAIMOHAJIBHBIX dnce . UTOOR! YBUIETH 9TO, BBEIEM
NOHSATUE TAPAKMEPUCTNUKY NoAs. PACCMOTPUM B HEKOTOPOM II0/IE
F' MHOXKECTBO KPaTHBIX €MHUIIBL:

1=1,
2=1+1,

E=1+4+1+--+1,
N —

k paz

Ecmu nopsiiok 1 B aiuTUBHOM IpyIie moJjist GECKOHEYEH, TO Xa-
pakTepucTiKa Mot F' o onpenenennto pasha (. B srom ciydae
BCe KpaTHBbIE €IVHUILI pa3/indHbl. B moje [’ BBITOJTHUMBI BCe
apudmMerniecKre JeficTBUs, MOITOMY U3 STHX KPATHBIX €IUHUIbI
MBI MOYKEM TIOCTPOUTE MIPOM3BE/IeHHs 7 - k1 U IPOTHBOOJIOKHEIE
K HuM (0BpaTHBIE OTHOCHTE/LHO cJioxKenus). Apudmerudeckue
OTIEPAIAN ¢ ITUMH YUCJAMU BBIMOJIHSIOTCS TaK K€, KaK ¢ OOBIK-
HOBEHHBIMU JIPOOSIMU, 9TO JIETKO MMPOBEPUThH, UCIIOJIL3YsI CBOMCTBA,
omepanuii cJI0YKeHUs U yMHOXKeHUs B moJie. [TosTomy, nobasiisis K
MOCTPOEHHBIM BBIIIE dJIEMEHTAM TOJIst djieMeHT 0, MBI MOJIyYaemM
B nmojie F' mopmosie, KOTOpoe H30MOPMHO TOJIFO0 PAIMOHAJIBHBIX
qncen Q.

Ecnu nopsifiok 1 B aJiuTHBHON I'pyIIe MoJisi KOHEYeH, TO OH
U €CThb TI0 OTIPEJIEJIEHUIO XapakTepucTuka moJist char F. Tlosropsist
OTIMCAHHYIO BHIIIE TPOIEAYPY J00ABJIEHNsT K KPATHBIM €IMHUIIBI
«Ipobeit» ;| «ITPOTUBOIOJIOKHBIX 9uces > U (), MBI TTOJTy YHM TIOJIIIO T
monst F', comepxainee char F' spemenTos. Herpynuo Bumers, 9o
OHO M30MOP(dHO KOJIBILY KJaCCOB BBIUeTOB Z 110 MoayJio (char F).
Ho (nm) C (n), mosromy 49To6BI KOJIBIO KJIACCOB BBIYETOB IIO
MOJLYJIEO p GBLIO TI0JIEM, HEOOXOAUMO (U JIOCTATOYHO, KakK ObLIO
[OKA3aHO BBIIIE), 4TOOBI p OBLIO MPOCTHIM YUCJIOM.
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Wrax, mbr mokazam HedOPMATBHO CIPABEJINBOCTD CJIEIYEO-
MUX YTBEPKJIeHUT.

VYreepxkaenune 3.1. Fcau rapaxmepucmura noas He pasHa HY-
A0, MO OHG — NPOCMOE YUCAO.

YrBepxkaenne 3.2. B xaorcdom nose F ecmv aubo nodnose,
uzomopgroe Q, aubo nodnose, usomopproe GF(p), p = char F.

Yurareo IIpeajIaraercd IOCTPOUTE CTPOTrue JO0Ka3aTEJIbCTBA
ITUX yTBep)K,[[eHHfI, clelyd HaMEY€HHOMY BBINIE TLJTaHY.

3ameyanue 3.3. He HyKHO AyMaTh, 9TO BCE MOJIsI TIOJIOKUTE b
HOWM XapaKTEepPUCTUKN KOHEYHBI. BoT mpocreiimuii mpumep Oec-
KOHEYHOIO TI0JIsl TI0JIOYKUTEIbHON xapakrepuctuku. Ilycrs k —
npouzBo/ibHOE nojie. [locrpoum Hosoe nojie k(z) — nose pamu-
onanbHbIX dyuxiwmii Ha k. TTo onpesesiennio, sjieMeHTaMU TOr0
[OJIsi, T.€. PAIMOHAJBHBIME (DYHKIIUSMU, SIBJISIOTCS OTHOIIEHUST
MHOTO4WIEHOB (T. €. Apobu) r = p/q, tue p, g € k[z|, npudem g # 0.
TTo onpenenenuo, p1/q1 = pa/qa, eciu p1ga = paqi. Orcona cie-
Jlyet, 9To JJist JT00T0 d BHITOHSeTCs paBeHcTBO (dp)/(dg) = p/q.
TTosromMy s1po6u MOXKHO MPUBOJAUTH K OBIIEMY 3HAMEHATEJIO, UTO
JlaeT BO3MOXKHOCTBH WX CKJIRJBIBaTh: p/q + u/v = (pv)/(qv) +
+ (qu)/(qu) = (pv + qu)/qu. YMuOKeHne npobeil onpeesseTcs
ecrecTBeHHBIM 00pazoM: (p/q) - (u/v) = (pu)/(qv). Ormernm, uTo
k[z] C k(z) — RazKapIil MHOTOUWIEH P OTOXKAECTBISAETCS ¢ IPOOBIO
p/1. dcHo, UTO Ta KOHCTPYKIUS AefiCcTBUTENLHO faeT noJie. Eciu
B kauecrBe k B3saTh Komeunoe mojie GF(g) xapakrepucTuku p,
TO MBI TIpHsieM K GeckoHedHoMy moso GF(q)(x), KoTopoe Tak:ke
HUMEET XapaKTEPUCTUKY P.

3.2. ABTomMopduszm Ppobenuyca

Konegnoe mosie nMeeT OIOKATETBHYIO XapPaKTEPUCTHUKY, TTPH-
YeM 3Ta XapaKTEePUCTUKA — MIPOCTOE YHUCI0. BhIUUCIeHns: B T10J1e
TIOJIOZKATENBHON XapaKTEPUCTHKHA CHJIBHO YIIPOIIAIOTCA CIISIYIO-
meil JIeMMOiA.

Jlemma 3.4. B noae xapaxmepucmuru p > 0 60noaneno moorc-
decmeo

(a+b)P = aPf + bP. (3.1)
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HokazareapcTBo. B /1060M KOMMYTaTHBHOM KOJBIE BEPHA
dopmyita mist GuaOMA

(atrbP=a+ (Plaror [ P Jart yor.
1 p—1
Yrobel jokazarh (3.1), JOCTATOYHO MPOBEPHUTH, YTO BCE (g),
k ¢ {0,p}, nenarca na p. Sanuiem GopMyJy Jijis GUHOMUAIHLHOTO

ko3¢ durmenTa:

(p) p p(p-1)-...-1
k) Kl(p—k) Elp—k)

Tak KaK p — MPOCTOE YUCJIO, & KOJIBIIO MEJIBIX YHCe]l — €BKJIUI0BO,
9UCINTENb ApOobu JIeJINTCs Ha P, a 3HAMEHATe b — HeT. B camom
JeJie, pa3jarasi COMHOKUTE/IN 3HAMEHATE ST B TPOU3BEEHIE TIPO-
CTHIX, BUJIUM, 9TO KaXKJBI MPOCTON e NTEh 3HAMEHATE/s He
MMPEBOCXOJINT MAKCUMyMa u3 k u p — k, T. €. MeHbIIe p. O

Awnajyioruunas dopwmysia s ymHoxkenus (ab)f = aPbP Bepua
Jyisi JIEoDOTO TOJIst TI0 OYeBUIHBIM npuyanHaM. [TosTomy oTobpazke-
Hue x — zFf gpjsgercs roMOMOPGMU3IMOM TOJIsT XaPAKTEPUCTUKU P
B cebsi. Apo sroro romomopduzMa HyJIEBOE, TaK KaK B [OJI€ €CTh
TOJILKO JIBA WJI€ajIa — WeaJsI, COCTOSINNUNA U3 OJHOTO jeMeHTa O,
u camo mojie. JlelictBurensro, ecaun I — wumeas B mojie, a € I
a # 0, TO U BCAKUIT APYTOl HEHY/IEBOIl 9/IEeMEHT TIOJIs X TIPUHAI-
JeZKUT ueany I, TOCKOIbKY ABJIfeTca KpaTHEIM a: © = (ra” ')a.
Paz sinpo romomopduzma HysieBoe, TO 0TOOpaKEHNE UHBEKMUSHO
(10 OTIpeIeSIeHUIO ITO OZHAYAET, YTO OOPA3ZLI BCEX JIEMEHTOB Pa3-
Jmanbl). Takum 06pazoM, MPUXOJUM K UHTEPECHOMY CJIEICTBUIO
JeMMBI 3.4 JIJIsT KOHEYHBIX TOJIEH.

CaencrBue 3.5. Omobpasicenie KOHEUHO20 NOAA TAPEKMEPUCTIU-
KU p, 3adasaemoe popmyaot r — P asasemes asmomoppussmom
NOAA.

JelicTBUTEBHO, MHBEKTUBHOE O0TOOpayKeHNe KOHEYHOTO TOJIs
B cebs siBJisieTcsi OUEKTUBHBIM (B3aMMHO OJJHOZHAYHBIM ).

Apromopduzm z — zP HazbiBaercs aBToMopduzmom Ppobe-
HITyCa.
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3.3. HenpuBoaumbie MHOTOUJIEHbI

Kaxk 6b1710 MOKa3aHO BBINIE, KOJIBIIO MHOTOYJIEHOB HAJl MOJIEM
F — eknyoso. IIpocThie 3j1eMEHTBI 3TOTO KOJIbIA HAZBIBAIOT-
e Henpusodumoimy, mrozousenamy (Hag F). B srom paszmene
MBI PACCMOTPHUM HENPUBOAMMBIE MHOTOUWIEHBI HAJT TIOJISTME KOM-
IJIEKCHBIX, JIEHCTBUTEILHBIX U PAIMOHAIBLHBIX YHCEJT, 8 TAKKe HaJl
nosieM BoraeTos GF(p).

HauneM ¢ TOro, 4to MpOBEPUM CIPABEIIUBOCTh U3BECTHBIX
MIKOJILHBIX (haKTOB O KOPHSIX MHOTOYJIEHOB JIJIsT KOJIEI, MHOTOUJIe-
HOB ¢ KO3 PUIIMEHTAME B ITPOU3BOJIBHOM IIOJIE.

YrBepxkaenne 3.6. Ocmamox om desenus mmozousena [ Ha
MHozouseH nepsoti cmenenu © — a pasen f(a). B wacmmnocemu, f
deaumes na (x — a) mozda u moavko mozda, K024 a AGAAEMCA
rxopnem [, r.e. f(a)=0.

HokazarenncrBo. Paznenum f ¢ octaTkoM Ha & — @, OCTATOK
JoJizken uMers crenenb 0: f = g« (x — a) + b. Tlogcrasnsist BMecTo
Z veMenT a, nosydaeM f(a) = b. O

To ke camoe yTBepKIeHNE MOXKHO cHOPMYJUPOBATH MHAYE.
Pacemorpum romomopduzm

Ev,: Flz] — F,

KOTOPBIi OIpeIessieTcsl BHIUUC/IEHUEM 3HAYEHUs] MHOTOYJIeH, TIPU
z = a: Ev,: f — f(a). ¥ sroro romomopduzma ecthb sjpo: Te
MHOTOYJIEHBI, Jjisi KOTOPBIX a siBJisieTcs KopHem. Torma Haime
yTBEP:KJIEHNE B TOYHOCTH O3HadaeT, 9o Ker Ev, = (z—a) (uzeau,
[OPOXKJIEHHBIA = — a).

MozKHO JI0Ka3aTh 9TO yTBEp:KeHue, He 06paliasich K Jejie-
HUIO ¢ ocraTkoM. JleficTBuresibHo, orobpakenue f(z) — f(z+ a)
TakzKe siBjisiercs roMoMopdusMom Kojier, Bojiee Toro, oHO B3a-
WMHO OJIHO3HAYHO: 0OpaTHOe oToOparkeHue 3ajaercs hOpMyJIoit
f(z) — f(z—a). BHaunT, 5170 aBTOMOPGU3M KOJIBIIA MHOTOYJIEHOB.
Ho Torpa mame yrBep:kieHue JOCTaTOUHO J0Ka3aTh mpu a = 0, a
B 9TOM CJIy4a€e OHO OYEBHJIHO.

ITone3nsIM criencTBHEeM yTBep:KAeHHS 3.6 ABJIsSeTCS CIIEIYIO-
Iast JIEMMA.

Jlemma 3.7. Mnozounen cmenenu d umeem ne 6oaee d kopret.
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JocTaToOYHO BCHOMHUTH, 9TO NPH YMHOYKEHHH MHOTOYIEHOB
CTEleHN CKJIaJIbIBAIOTCS, U YUECTh, YTO MHOTOMWIEHBl £ —a U = — b
B3aWMHO TTPOCTHI TIpu a # b. OTcroa mosTydaeM OYeHb BAYKHOE
yTBepzKJICHHE:

Jlemma 3.8. Ecau dea mmozounerna cmenenu e evwe d Kax
PYHKUUY PasauHDL, MO UT SHAGUEHUA coenadarom He 6osee wem 6
d mourazx.

MozKHO TPUMEHUTL TPEBIIYINYIO JeEMMY K Pa3HOCTH MHOTO-
4JIEHOB. DTa JIEMMA [TOKa3bIBAET, YTO MHOT'OUJIEHB! «CHJILHO OTJIN-
9aroTcsd OJUH OT APYroros. VIMeHHO 3TO cBOHCTBO MHOTOUJIEHOB
JIEZKUT B OCHOBE MHOTHMX WX IPUMEHEHUIl B KOMOWHATOPUKE U B
TEOPETUYIECcKOil MHMOPMATHKE.

Mo>KHO TaKKe 3aMETUTh, 9TO KOPHU B JieMMe 3.7 MOTYT OBITh U
KPaTHBIMHU (110 OTIPEJIEIEHHIO, ¢ — KOPEHb KPATHOCTH Kk O3HAYAET,
uro f memmres Ha (x — a)® u we gemwrea nma (z — a)t ).

Temnepb mMocMOTPUM, KaKH€e MHOTO'WIEHBI HEITPUBOIUMBI HA,/T TTO-
JieM KoMIuteKcHBIX gucen C.

Teopema 3.9 (ocHoBHas Teopema anreGpsbr). Besxuil mmo-
20unen noaococumenvroti cmenenu nad nosem C umeem xopero.

Xorst 9Ta TeOpeMa U HA3BIBAETCs OCHOBHON Teopemoil ajired-
PBI, JIOKA3BIBATEL €€ MBI He OyIeM, TIOCKOJIBKY €€ JOKa3aTe/IbCTBO
OTHOCHTCSI CKOpee K aHaauzy, dem K ajrebpe. (IIpocroe moka-
3aTeJIbCTBO OCHOBHOI TeopeMbl ajrebpbl ¢M., HamnpuMep, B [5].)

Nz teopemnr 3.9 u yTBepKieHns 3.0 BEITEKAET, UTO HA/I IOJIEM
C HenpuBOAMMBI TOJILKO MHOTOYIEHBI 11epBoii crenenu. (Muoro-
9JIEH TIEPBOH CTENEeHN HEMPUBOINM Ha/I JFOOBIM TI0JIEM, TaK KaK
MpU YMHOYKEHUN MHOTOYJIEHOB UX CTEIEHNU CKJI3IBIBAIOTCS, 8 MHO-
POYJIEHBI HYJIEBOIT cTerenn 06paTUMEbI. )

Crenyromuii mpuMep — moJie IedcTBUTEBHBIX drcesl R. Uro-
651 mepeiitu oT nosst C x mosiro R, 3amernv, 9To oTobparkeHue
Z > Z, COTOCTABJIAIONIEe KaKIOMY KOMILJIEKCHOMY YHCIY Z CO-
MpsiyKEHHOE 9UCIIO Z, siBiasgercs m3omopduzmom mos C Ha cebs
(aBTomMopduzmom) u nepesoaut noJjie R B cebs. OTciona BEITEKAET,
uro jiyist Beskoro p € Clz] u Besikoro « € C umeer mecto dhopmyiia:

ple) = p(a), (32)
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IJI€ P MOJIyYaeTcs U3 P KOMIUIEKCHBIM COTIPAYKEHneM Kodhdurp-
enroB. ITycrs Teneps p € R[z] C Clz] — mHOroweH crenenn > 1,
He UMEIoNHii JeficTBUTeIbHbIX KOpHE (npu Hajuduu aeiicTBu-
TeJIbHBIX KOPHE# p npuBouM ). MHOrOUJIEH p UMeeT KOMILIEKCHBIH
kopenb «. Tak Kak p = P, T0 u3 dopmyssr (3.2) noaydaem, 4ro
p(a) = p(a) = p(a) =0 = 0. 3 yreepsaenns 3.6 momygaem, 4ro
B3aMMHO ITPOCTBIE MHOTOYJIEHBI T — & B — & JienaT p. Ho Torma
p JlesiuTcs W Ha ux npoussesenue g = (z — a)(x — &), KoTOpOE
npuHaUIeRuT R(z].

CremoBaTebHO, HaI TT0JIeM R HEpUBOINMBL:

a) MHOIOYJIEHBI IIEPBOii CTEeHH;

6) Te MHOTOYJIEHBI BTOPOIi CTeIeH!, KOTOPHIE HE UMEIOT KOPHEi
B R (MHOrOWIeHbI ¢ OTPUIATEBHBIM JUCKPUMHUHAHTOM ).

Bce mpoune Muorousensr Hag R npuBoauMeL.

Topazmo cirozkaee O6CTONT JIENO ¢ MHOTOYJIEHAMH HAJ| TIOJIEM
panmoHaILHEIX 9rcest Q. Mbl orpaHuamnMcs JIIIL TEM, YTO JIOKa-
JKEM CyMIECTBOBAHME HETPUBOAMMEIX HaJ Q MHOTrOUIEHOB IpOM3-
BOJIbHOII CTEIICHU.

Ecmu ¢ — HeHyneBoil MHOTOWIEH ¢ PalMOHAJLHBIMH KO3(-
durmenTaMu CTeneHn n, TO, MPUBOAS KOIDPUIMEHTHI K 00IIeMy
3HAMEHATEJII0, MOXKHO 3anucarh: ¢ = alag + a1z + - - + a,z™) =
= aqo, re Bce KO3 OUINERTET a; — LEIBIE YNCIa, HE UMEIOIINe
HETPUBUAJBLHOTO OOITEro fAemrens, a, > 0, o € Q. Jlerko umers,
YTO MHOTOYJIEH o M 9HCIO < ONPEAENEHbl OJHO3HAYHO. Bymem
Ha3LIBATD () NPUMUMUEHDIM MHOZOUAEHOM, COOTBETCTBYFOIIIM
MHOTOYJIEHY (.

JIemma 3.10 (Taycc). (uv)o = uovg.

JlokasaTrenbcTBO. B CcymmHOCTH, HYZKHO JOKa3aTh, YTO €CJIU Y
KazKJIOrO U3 MHOTOYJIEHOB g, v € Z[x] koaddunuenTsr B3anMHo
MTPOCTHI B COBOKYTIHOCTH, TO y UX ITPOU3BEIEHU Uovg KO pum-
€HTBI TaK YK€ B3aMMHO TIPOCTEI B COBOKYTHOCTH. JIJIs IOKA3aTeNb-
CTBa MOCTPOMM romMoMopdusM Kojbla Zlz] Ha kosasno GF(p)lz],
KOTOPBIA HAa3BIBAETCA pedyruyueti MHOZOYAEHA TIO MOIYJIO p. Pe-
OyKOust fp, MHOTOWIeHa f MOJIy<aeTcs HNpHBEIEHHEM IO MOJIYIIIO
p Kaxoro u3 kodddunmentos f. [locmorpes Ha dbopmynbr mjist
CYMMBI U IIPOU3BEIEHIS MHOTOYJIEHOB, BUJUM, YTO PEIYKIIAS Jeii-
CTBUTEIBHO ABJISETCS TOMOMOPGMOHUIMOM.
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IIpenmnosnoxum, 9To v K03DDUIMEHTOB 1ovy €CTh OOIIuil po-
croif memurens p. Torma (uovg)p, U AJIS PeAyKIHMil O MOZYIIO P
mveeM (uo)p(vo)p = 0. IockoimbKy B Komblie GF(p)[z] Her me-
yureseil Hyns (emma 2.11), To ogHa u3 pemyxumit (uo)p, (vo)p
paBHa (. 9TO MPOTHUBOPEYNT MPUMHUTHBHOCTH U0, V0. O

Takum 06pazoM, BOIIPOC O TPUBOAMMOCTYA MHOTOYJIEH, HAT, TTO-
JIeM PaIlMOHAJIbHBIX YHCeJI CBOAUTCS K BOIIPOCY O Pa3/I0XKeHUN Ha
MHOYKUTEJTH MEHBITIEH CTEMeHN MHOTOWIEHA C IEJIBIMI KO3 urm-
eATaMHu. B 3TOM HalpaBJeHNN UMeeTCd CIEYIoNee JIOCTATOTHOE
YCJIOBHE HEIIPUBOIUMOCTH:

Teopema 3.11 (kpurepuii Diizenurreiina). Fcau das mrozo-
wpena ¢ = ag + a1z + - -+ + apx” ¢ yeanmu Kosppuruenmamu
CYWECTNBYEN, MAKOE NPOCTNOE “UCAO P, 4o D | an, P | a; npu
i=0,...,n—1, p? t ag, Mo amom MHo20MAEH HENPUGOIUM.

HokazarenncrBo. [Ipeanosioxkum, 94T0 ¢ TPUBOAUMBIA MHOTO-
ujien: ¢ = uv. Torga g, = upv,. Ilo ycoBuio Teopemsl g, = az™,
a # 0. 3uauut, up = bz®, v, = ca™, rae k < n um < n. [losromy
BCe KO3 PUIMEHTHI MHOTOUYJIEHOB % U U, KPOME CTAPIIIX, JIEIATCS
HA P, a TOrJa CBOGOJHBIA YjieH MHOrO4JIeHa ¢, (T.e. ag), PABHBI
oo, AEUTCS HA P, UTO IPOTHBOPEYHT YCIOBHIO. O

IIpumep 3.12. Muorounen 2z* — 62° 4 152 + 21 menpusomuM
waya mosiem Q. JlocraTouHo B3aTh p = 3 U NPUMEHUTH KPUTEPHit
DiizeHmTeiina.

IIpumep 3.13. [djast Besikoro n > 0 mMHOrOWIeH x'* — 2 Hempu-
poguMm Hag Q. JlocTaToduno B3ATH p = 2 U NPUMEHUTH KPUTEPHit
Dirzenmreitna. OTCIONa BRITEKAET, UTO HAJ [TOJIEM PAIMOHAJBHBIX
qucesT CYyIIECTBYIOT HEITPUBOAUMBIE MHOTOUJIEHBI JIFOOOH CTEITeHN.

Teneps mepeiiieM K caMOMy BasKHOMY JJIS HAC CJIy9ar0 MHO-
rousieroB Hag, nojiem GF(p). Haunem ¢ npumepos.

IIpumep 3.14. Haiinem Bce HEMPUBOAMMBIE MHOTOYIEHBI CTEIIE-
Heit 2, 3, 4 Hay mosem GF'(2). B sTom mosie ecrs 1pa amemenTa ()
u 1, omeparuu — cJIOYKeHHe H YMHOXKEHHe 110 MOIYJIIIO 2.

Bropas cremenn: z° + ax + b. fcuo, uro b # 0, Tak Kak B
MMPOTHBHOM CJIydae MMeeTCsl Pas3JioyKeHne Ha HETPHUBUAJILHBIE Jie-
muremn z° + ar = x(x + a). 3HAUUT, HEMPUBOAUMEIl MHOTOUJIEH
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cremenn 2 mveer BUA, 22 + az + 1. II0CKOIBKY MHOTOYIEHOB Hep-
BOIi cTerneHn Bcero JiBa: U « + 1, & JeJIUMOCTh Ha MEPBBI MBI
y7Ke HCKJIFOYIJIA, TO OCTAJIOCh UCKJIIOYUTH JIEIUMOCTh Ha Z + 1.
DTO Jles1aeTcsi aHAJIOTHYHO MPEBIIYIIEeMY CIyYaro: IOC/Ie 3aMeHbI
y = x+1 ocraercsd IpOBEPUTD, YTO CBOOO/IHBIH WJIEH B PA3JIOZKEHNN
1o creneHsiM y He paBeH (. DTOT ¢BOOOJIHBIN |JieH pPaBeH 3Haue-
HUIO MHOTOWIeHa npu z = 1 (B Hamewm nose —1 = 1). TTosromy
nojtygaeM yeimosre 1 +a+1 #0, Te. a #0.

WTak, HEIPHBOUMBIA MHOT'OYJIEH CTENEHH 2 €JHHCTBEHHBIH:
22+ +1.

TpeTbs crerneHsb: 22t ax’ +br+1 (CB060,H,HI>II‘/'I YJIeH He paBeH
HYJIIO, HHAYE UMEeM JIEJIUTED I ).

Wcekmrouny AeuMocTh Ha 2 + 1, mostydaem yceaosue a+ b # 0.
T.e. umeem sBa pemenns a =0, b=1una=1,b=0.

CoOTBETCTBEHHO, NMEEM J[Ba HENPHUBOIUMBIX MHOTOUJIEHA CTe-
meHn 3:

22 42?41,
x4+ 1.

J1J1sT leTBepTOil CTereHn UCKIIOUeHre JeTUMOCTH Ha = U « + 1
HPUBOIUT K MHOTOYICHAM BUAR -+ axz” +bx’ +cx+1, a+bte=1
(HanomMHUM, 9T0 KOIDDUIMEHTEI MBI CKJIQJIBIBAEM 10 MOJLYJIIO 2).
Bceero ecth 4 BapuaHTa, KOTOPBIE JIAIOT 3 PeENTeHNs

a | b | c | MHOTOYJIEH |
olof1]2*4+2z+1

010 z*+2%+1 TIPUBOTUMBIH
110[0|z*+23+1
1|11 z*+23+22+2+1

OTKy/a B3sJICs €llle OJUH MTPUBOAUMbBIH MHOTOUWTEH! B Tabim-
1€ YKa3aHbl MHOTOWIEHBI, y KOTOPBIX HET Je/InTejeil crernern 1.
Ho mmorowien 4-if cremneHn MOXKeT pas3J/araThcs B IIPOU3BEICHNE
JBYX HEITPUBOAUMBIX MHOTOYJIEHOB 2-ii cremenu. HempuBognmerit
MHOTOUJIEH 2-i1 CTENeHN eMHCTBEHHBII, TTOITOMY TIOJIyIaeM €JIiH-
CTBEHHOE MCKJIIOUEHNE

(@ +zx+1)? =z +27+1

(71t BO3BEJIEHNS B CTEIIEHb, PABHYIO XaPaKTEPUCTUKE TOJIst, ¥ HAC
ecThb npocTasi opmyna (3.1)).
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Vcnoms3ys HeIPUBOAMMEIE MHOTOUJIEHE], MOYKHO CTPOHTH KO-
HEJHEIE TOJIS.

Pacemorpum mote GF(p) = {0,1,...,p— 1}, ¢ onepaimsavu
CJIOYKeHHA ¥ YMHOYKEHHS [0 MO0 IPOCTOTO YHcIa p. Bo3bMeM
MHOT'OYJIEH N-I CTEIIeHU

Plz)=apz" + - -+ a1z +ag

¢ koaddurnuenramu uz sroro nons (a; € GF(p), 0 < i < n),
HenpuBOAUMBIil Hat mosieM GF(p). Pasinokum KOJbI0 MHOTOUYIe-
HOB HaJ nosiem GF(p) mo uaeany, nopoxaenuomy P(z). Tlomy-
YMM COBOKYITHOCTBH OCTATKOB OT JiejieHusi Ha P(x), Koropas obpa-
3yer 10Jie (MOCKOJIbKY KOJIBII0 MHOTOYJIEHOB €BKJIHJIOBO, HJIEAJ

(P(x)) — MaRCHMAaJIBHBI). DJIeMEHTBI TOT0 mojs Gymem 060-
smaars {r(2)} = {f € GF()lz] | f(2) = r(z) + Qz)P(),
Q € GF(p)l«]}.

TTocTpoentoe mosie sBaseTcd moaem [aaya, T.e. B HeEM coaep-
JKUTCsT KOHEYHOE YUCIIO 3J1eMeHTOB. JIeficTBUTe/IbHO, Pa3HBIX 3JIe-
MEHTOB 9TOTO IOJis, T.€. KJIACCOB BBIYETOB, HMEeTCs CTOJIBbKO ¥Ke,
CKOJIBKO €CTh PA3HBIX OCTaTKOB OT jejienns Ha P(z). A B ocraTke
or genennst Ha P(x) Moxer ObIThH JIEO00H MHOTOYJIEH CTENEHN HE
polire n— 1. Takoil MEHOTOY IEH MOKHO 3aIIUCaTh Kak bo+bix+. . .+
+b, 12", rie B kKauecTBe KO3 DHUIIMEHTOB MOJKHO TIO/ICTABIISATE
sobere aseMenTH! oyt GF(p). TToaToMy 9HCIIO 97IEMEHTOB PABHO
p™. CoorBercryiolee nojie ['anya Ha3bIBa€TCs PACIIIPEHUEM -1
crenern nosig GF(p) u oboznaugaercs GF(p™). Obparure BHIMA-
HHE Ha TO, YTO B 3TOM ODO3HAYEHUHU HE HCIOJIb3YeTCsl MHOTOUJIEH
P(x), ¢ HOMOIIBIO KOTOPOroO MBI TIOCTPOUJIU TI0JIE. DTO HE CJIydaii-
HO. BepHa crejyromast Teopema.

Teopema 3.15. Jwboe KoHewHOE NOAE USOMOPPHO KAKOMY-HU-
6ydv noaro Taaya GF(p™). Jhobwe dea noas, codepocawsue p™
ANEMEHMOE, USOMOPPHDL.

Teopema 3.16. /J[aa 4060t cmenenu n u das 4106020 npocmozo
P eywecmsyem nenpusodumoiti noaurom cmenenu n nad GE(p).

ITH JiBe TEOPEMBI B COBOKYITHOCTH MTOJTHOCTHIO OTIHCHIBAIOT BCE
KOHeYHble 10151, JIpyruMu cJIoBaMH UX MOXKHO chOpPMYIHPOBAThH
TaK: JI00e TOoJIe CONEPIKUT P’ SJIEMEHTOB, IJie P — HPOCTOe, U
JUTSl KayKJIOTO MIPOCTOTO P U HATYPAJBHOTO 7 €CTh POBHO OJIHO
(¢ mounOCTHIO JI0 W30MOpdu3Ma) mose GF(p™).
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HoxkazarenbcTBa 9THX Teopem npupoasTcs mmke. Ceiidac 3a-
METHM TOJIBKO, 9TO HAM MOTPEOYETCS CTPOUTD ITOJIsT PACITUPEHUEM
HE TOJILKO IPOCTOrO moJjisi Bbrueros GF(p), HO U IPOU3BOJILHO-
0 KOHeYHOTO T0JIs1. KOHCTPYKITNSA TaKOTO PACITUPEHUsT JTOCTOBHO
COBNaJaeT ¢ IIPUBOJIMMOI1 BBIIIe KOHCTPYKITHEl! pacliupeHns 1o

GF(p).

3.4. JluHeitHag aarebpa HaJ KOHEUYHBIM
noJieM

Haumem ¢ Toro, 4To BBEJEM BEKTOPHBIE ITPOCTPAHCTBA HAJT
KOHEYHBIM TIOJIEM.

ABCTpakTHOE 8EKMOPHOE NPOCTNPAHCMEO MOZKHO OTIPEIETUTh
Ha, roObIM mosiem F'. D10 MHOXKecTBO V|, Ha KOTOPOM 33/IaHBI
cJIeJiyrornue onepanun: ciaoxkenue +: V XV — V u ymHO)KeHue Ha
«ancyio» F'xV — V. CpoiicTsa aTux oneparuii TakKOBBI (31€Ch MBI
0603HaYaEM IJIEMEHTHI TIOJIsI TPeYecKUMU OYKBAMU, & SJIEMEHTHI
BEKTOPHOT'O MPOCTPAHCTBA, — JIATHHCKUMHI, YMHOYKEHUE Ha UHUCII0
0603HaYaeM TOYKON -, XOTS MMOYTH BCETJ/IA B JAJbHENIEM TOYKa
GyJIer OIycKaThesl):

L1: V — koMMyTaTHUBHAs TPYIIIA MO CJIOKEHHIO;

L2: o (vi+ve) =a-vi+a vy, (g + ) v=a; - v+ay v
(mucTpubyTUBHOCTS );

L3: a-(B-v) = (aff) - v (ROMIO3UIMS yMHOKEHH Ha JiBa 4HCIa
COBIIAJIA€T ¢ YMHOYKEHHEM Ha TPOM3BEJIEHIE STHX YHCeN);

L4: 1-v=w.

HyJsieoii BekTOp (eQUHUYHBIA 3/IEMEHT B I'PYIIIE CJIOKEHUS
BEKTOPHOTO IpocTpancTea) 6yuem o6osHauars 0.

IIpumep 3.17. Ilycte V = F™ — MHOXKECTBO MOC/IE€I0BATETHHO-
cTell JUIMHBI 1, COCTABJIEHHBIX U3 3jieMeHTOB 1o F. CrioxkeHre
W YMHOXKEHHE Ha YHCJIO OIMpPEEeNM MMOKOMIIOHEHTHO: g & =

- (0117012,...,(1’”), ﬁ - (ﬁ17ﬁ27"'7ﬁn)7 rae o; € F7 ﬁl S F7
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II0 OIIPEAC/ICHUIO NMEeeM

&+ﬁ:(a1+ﬁlya2+ﬁ27"'7o~/n+ﬁn)7
(07

ca = (o, aqe, ... a).

JIerko mpoBepUTH BHITIOJTHEHNE BCEX CBOMCTB U3 OIpeesIeHNsT BeK-
TOPHOTO MIPOCTPAHCTBA.

ITocTpoernnoe B 3TOM TpuMepe MPOCTPAHCTBO HA3BLIBAETCS
N-MEPHBILM KOOPIUHAMHBLM NPOCTPAHCMEoM HaD nosem F.

AHaJIOPHYHO ¢JIy4dato KoJiel] (CM. BBIIIE), U3 OIPEJIe/IeHNsT BeK-
TOPHOT'O TIPOCTPAHCTBA, CPa3y CJEJAYET JUCTPUOYTUBHOCTL OTHO-
CUTEJIbHO BhramuTanus: o - v — 3 -v = (a — 3) - v, Tak Kax

(@=B)-vtp-v=(a—B+ph)v=a-o
Orcroma noydaem, ato 0 - v = 0, Tak Kak
0-v=(1-1)-v=v—v=0,
u —v = (—1)-v TaK KaK
v+ (=1)-v=1-v4+(-1)-v=(1-1)-v=0-v=0.

MHOzKecTBO BEKTOPOB V'’ BEKTOPHOTO NpOCTpaHCcTBa V' HA3Z0-
BEM NOPOHCIGIOULUM, €CTTH KAZKIIBIN BEKTOP MMPOCTPAHCTBA SIBJIs-
erca aunetinoti xombunayueti BEKTOpoB u3 V/, T.e. maua moboro
v € V cripaBeiyIiBO paBEHCTBO BUIA

m
v = Zaivi, o €F v eV,
i=1

IIpocrpancTBo V' Ha3bIBAETCS KOHEUHOMEPHbIM, €CIH B HEM
CYIIECTBYET KOHEYHOE MTOPOYKIAIONIEE MHOYKECTBO.

MHOzKecTBO BEKTOPOB V'’ HABBIBAETCA AUHETIHO HESAGUCUMDLM,,
ecn U3 Zle av; =0, e o; € F, v; € 'V, cenyer, aro o; = 0
JIJTsT BCEX 4.

CosokymnocTh BeKTOpoB V' HazwpiBaeTca 6asucom, €cu OHA,
OJIHOBPEMEHHO SIBJISIETCST M TIOPOZKJAFOIIUM, W JIMHEHHO He3aBUCH-
MBIM MHOYKECTBOM.

JIlerko MoHSATH, 94TO GA3UC CYIIECTBYET B JIIOOOM KOHEYHOMEP-
HOM BEKTOPHOM mpocTpaHcTBe V. Bribepem Kakoe-HUOYIbL KOHEY-
HOE IOpOzKAaomee MHOKecTBO V. Cpemu nogmuoKecTB V| KOTO-
pble SIBJISIFOTCS TOPOYKIAIONIUME st V', BhIOEpeM MUHUMAJIBLHOE
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10 BKJIFOUYEHUIO MTOAMHOXKeCTBO B. D10 u 6ymer 6azuc. [leiicTBu-
TeJILHO, eCIn

k
Zaibi:O, oy € F, CMj#O, v; € B,
i=1

To B\ {b;} Takxe mopoxknarommee: nys aoboro v € V nMeem

m

B; B;

v:Zﬁibi:Zﬁibi_a_J.Zaibi:Z ﬁi—aii b;.
i=1 i#] T iAtj i#j 7

DTO MPOTHBOPEYAT MIHUMAJILHOCTH.

VYreepxkaenune 3.18. Kaorcduli snemenm KOHEWHOMEPHO20 6€K-
MOPHOZ0 NPOCTNPAHCNES 0OHOSHAMHO NPEICTNABAAETNCA 6 6UJE AU~
HetUHOU KOMOUHAUUY 2AeMEHMOE 6A3UCA.

HokazarenabcTBo. JlelicTBUTENBHO, €CJTH €CTh /1B TIPEJICTaBIIe-
HUsI B BUJIE JINHEWHOIT KOMOWHAITMN BEKTOPOB U3 Hazuca

n n
v = E vy = E Bivs,
=1 =1

TO, BBIYUTASI OJHY U3 JPYTOil, MOJIyYaeM
n n n
0=v—v= Zaivi — Zﬁﬂh = Z(aiv — Biv) = Z(ai — Bi)v.
i=1 i=1 i=1 i=1
Tlo onpeaesieHuIo JTUHEHHOM HE3ABUCUMOCTH OTCIOA, CJIEYET, UTO
JJTsi BCEX | BBITIOJIHSETCsT paBeHCTBO oy — 3; = 0, T.e. oy = ;. O

Takum 06pazoM, KaxKIOMY IJEMEHTY BEKTOPHOI'O MPOCTPAH-
CTBa ¢ KOHEYHBIM 0a3MCOM OJHO3HAYHO COOTBETCTBYET HAOOP KO-
3¢ UIMEHTOR pa3/I0KeHNsT TI0 STOMY Da3UCy

v e (ar, ..., an).

Eciu BeBecTn monsgTne nzomMopdu3Ma BEKTOPHBIX MPOCTPAHCTB
AHAJIOTUYHO U30MOpdu3MaM rpymi u KoJjer (6uekius, coxpaHs-
OIAst OTIEPAIUN ), TO MOYKHO CKA3aTh, YTO PAJIOKEHUE 110 6asucy
3a/1a€T n30MOPGMU3M MEKy KOHEIHOMEPHBIM ITPOCTPAHCTBOM V
¥ KOOP/IMHATHBIM TpocTpaHcTBoM F™.

Teopema 3.19. Yucao snemenmos 6 aw0box deyxr 6a3ucar Korew-
HOMEPHOZO NPOCTPAHCTEN, 0OUHAKOSO.
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Hpyrumu ciaoBaMu, KOOpAWHATHBIE mpocTpaHcTBa F™ u F™
HEN30MOPMHBI TIPU 7 £ M.

ITo Teopeme 3.19 uwncyo sjiemMeHTOB B Ha3mce HE 3ABUCUT OT
BBIOOPa Oa3nca U HA3BIBAETCS PA3MEPHOCMYIO TIPOCTPAHCTBA.

Mer1 BeIBefeM Teopemy 3.19 u3 ciemyromeit JeMMBI, HCIOJIB3Y-
FOIIell TIOHATHE SKBUBAJIEHTHLIX CHCTEM BEKTOPOB. /IBe cucTeMbr
BEKTOPOB Y1, ...,y € V u z1,...,2, € V Haz0BeM sxeusasenm-
HOMU, €CNTA KaryKIbIi BEKTOp OJHOM W3 CHCTeM BBIParKaeTcs B
BUJIE JINHEHHOW KOMOWHAIINN BEKTOPOB U3 BTOPOil cucTeMbl. ZIcHO,
9TO 3TO AeWCTBUTENHHO OTHOIIEHWE 3KBUBAJIEHTHOCTH: TTOJCTa-
BUB B JIMHEHHYIO KOMOWHAIINEO BMECTO BEKTOPOB OJHOW CHCTEMBI
VX BBIPAKEHUsI B BUJIE JIMHEHHBIX KOMOUHAIIIT BEKTOPOB JIPYTroii
CHCTEMBI, MOYKHO PACKPBITH CKOOKMU, ITPUBECTH OJ0OHBIE U TTOJIY-
9UTh JTUHEHHY KOMOUMHAINIO BEKTOPOB BTOPOi cucteMbl. OTCrOIa
BBITEKAET TPAHZUTUBHOCTE. CHMMETPUYIHOCTD U pedIeKCHBHOCTH
OYEBUIHBLI U3 OTIPeJIENIEHNUSI.

Jlemma 3.20 (siemma o 3amene). ITyems yi, ...,y — cucmema
U3 AUHETHO HE3ABUCUMDIT GEKMOPOS U 6CE GEKMOPDL Y; GBIPAIHCA-
TOMCA KUK NUHETHDIE KOMOUHAUUY EEKTLOPOS CUCTIEMDL 21, . . -  Zm -
Tozda cyuecmeyem 3K6USAAEHTIHAA CUCTIEME 21, . . ., 2y, CUCTIE-
Ma, co0epIrCcaran yi,ya, ..., y1 U Kaxue-mo m — | 6exmopos us
CUCTNEMDL 21, . . ., 2.

CrencreueM 3TOi JIEMMBI sIBJISETCs HEPABEHCTBO [ < m.
K aBym 6azmcam jieMMmy O 3aM€HE MOXKHO TPUMEHSITH B JBE CTO-
poHbIl (TaK Kak JoOble BEKTOPHI BHIPAYKAIOTC B BUJE JIMHEHHOM
KOMOUHAIIY BEKTOPOB u3 Oaszuca, u Oa3McHbIE BEKTOPHI JIMHEITHO
nezasucumbl ). [Tosromy nosiyuaem fpa nepasercrsa l < m, m < [,
T.e. m = [. Ho 9T0 1 ecTh yTBEP:KIEHNE TEOPEMBI.

3HAYNUT, OCTAJIOCH JIOKA3aTh JIEMMY O 3aMeEHE.

JokazareapcTBO JIeMMBbI O 3aMeHe. DyjeM [10Ka3bIBaTh WH-

nykimeit mo .
Baza uaaykmum: [ = 1. VcioBue eMMBI 03HAYAET, UTO

Y1 — Z Qi 24, (33)
i=1

npudyeM He Bee Ko dunmentol pasubl 0 (HOsicHUM Ha BeaKuil
cydaii: cucTeMa U3 OJHOTO BeKTopa () AABJISIeTCs IO OTPe/IeIeHITIO
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JHeliHo 3apucumoii). Cuuraem 6e3 orpannyenus OGIIHOCTH, YTO
nepBhIil KodddurmenT «q He pasen 0. Torma

m m
-1 —1
—a121 = —y1+ E Qu;, T.e. Z1 =0y Y1+ E (—oy "oy)z.

i=2 i=2
(3.4)

CucreMbl 1,29, ...,2m U 21,29, ...,2m B cuiy (3.3) u (3.4)
9KBUBAJIEHTHBI.

Wuanyxrusseiii nepexos. [lycrs nemma jmokazana jyis [ < s.
PaccmoTpum TuHeliHO HE3aBUCUMYIO CUCTEMY Y1, . . ., Ys. [ie TOJI-
CHUCTeMA Y1, . - . , Ys—1 TAKKe JIMHeITHO HezaBucuMa. [loaromy, epe-
HYMEPOBAB BEKTOPHI B CUCTEME 21, . . ., 2y ), MOXKHO CUUTATH, UTO
CUCTEMBI Y1, .-y Ys—1, Zss-++s2m U Z1,..., 2y, SKBUBAJEHTHBL. HoO
TOTJIa

s—1 m
ys = Y ouvi+ Y i, (3.5)
=1 i=s

npudeM XOTsi ObI OJUH n3 KO3DDUIMEHTOB [F; OTJIUYEH OT HYJIS
(nHavue uz (3.5) mosyyasack Obl JIMHEHHAs 3aBUCHMOCTH MEKILY
BEKTOPAMHU CUCTEMBI Y1, . .., Ys). MoxKHO 6e3 orpanndenus obI-
HOCTH TIPEJIOJIOKUTE, 9T0 35 £ 0. Torma

s—1 m
2o =Bty + D (=B o)y + Y (=B Bz (3.6)
=1

i1=s+1
CHCTEMBI Y1, ..y Ys—1y Zsy oy Zm U Y1y oy Ysy Zstly -y Zm B CH-
ay (3.5) u (3.6) sKBUBaJIEHTHBI. SHAYNT, SKBUBAJEHTHBI U CHCTEMBI
Y153 Yss Bst1y- -5 Am U 21505 Bm- |

IIpumep 3.21. MuorowwieHsl cremeHn He Bbime d ¢ KOddhuim-
eHTaMt u3 1oJis F' 06pas3yroT InHeHOe TPOCTPAHCTBO HAJT ITOJIEM
F pazmepnoctu d + 1. OgeBumno, 4ro MHOTOUIeHH 1, =, 22, .. .,
z¢ obpazyror 6azuc B sroM mpocTpaHcTBe. HO MOMKHO yKazaTh
U Apyrue WHTepecHble OA3UCHI JIJisi TPOCTPAHCTBA MHOTOYIEHOB.
B wactHOCTH, eciiu B moJte F' 6oibiie d 9/1eMEHTOB, TO JjTst JTFOO0TO

nabopa ag, ..., U3 PA3IUIHBIX SJIEMEHTOB TIOJisi CYIECTBYIOT
TaKHe MHOTOWIEHH fo,. .., fq, 910 fi(a;) = 1 u fi(a;) = 0 npu
i # j. Muorounienst fo, ..., fq obpazyior 6azuc. [leficTBUTENBHO,

d .,
muorowrer f = Y . ,o;f; = 0 mpuHEMaeT B KayKIOH TOUKe g;
sHaYeHne «;. 1103TOMy JMHEHAs 3aBUCHMOCTD MEXKIY TaKUMH
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MHOTOUIeHaMHI &g fo+ aq f1+ -+ -+ aqgfqg = 0 o3Hagaer, 9TO Bee «;
paBHubI 0.
Brimmiem siBHO BBIpasKeHUsT JJIsT MHOTOYJIEHOB fj:

(z—a))(z —as)...(x —aq)

Jo = Tao —an)(ao —a) (a0 —aa)’

= (z —ag)(z —as) ... (x — aq)
(a1 —a0){ar — a2) .- (a1 — aq)’

P (z —ap)(z—ay1)...(x —ag—1)

(ad — ao)(ad — al) N (ad — a,dfl)

Kosddurnmentsr paznoxkenus: MmHOTOWIeHa [ 1Mo sTOMYy 6az3u-
Cy PaBHBI 3HAYEHHSAM MHOTOWIEHA B TOYKaX dp,...,0d, & CaMO
PazJIoXKeHre II0 3TOMY Oa3UCy HA3BIBACTCH UMHIMEPNOAAUUOHHOU
popmynoti Jlazpanoica:
d
f= Zf(a'i)fi . (3.7)
i=0
Kax cnencrBure, mosrygaeM, 4TO MHOTOYJICH CTEIIeHU d HaJ, I10-
JeM F' ONHO3HAYHO OIpefe/seTcd CBOUMH 3HAYEHUSMU, €CJIH
|F'| > d. B gactHOCTH, HaJ| JIOOBIM GECKOHEYHBIM TIOJIEM KOJIb-
1o byHKIUH, IpeAcTaBUMBIX MHOIOYIEHAMH, H30MOPGhHO KOJIBILY
MHOTOWIEHOB Ha/JT 9THUM II0JIEM, OIIpe/IeJIeHHOMY KaK B paszesie 2.2.

Bameuanue 3.22. MoxKHO /10Ka3aTh U 0OPATHOE: €CJIN B TI0JIE HE
6oJtee d 9JIEMEHTOB, TO HEKOTOPBIIT MHOTOUJIEH CTEIEHN HE BHIIIE
d ToxaectBenno pasen 0, cM. HUKe cieacTsre 3.36.

ITpumennm Ternepsb JUHENHHYIO aredpy K H3y9eHUI0 KOHETHBIX
TIOJIEH.

Jlemma 3.23. [loae xapaxmepucmuru p AGAAEMCA GERTMOPHVLM
npocmpancmeom nad nosem GE(p).

Onepariust cJI0KeHUs B [TOJI€ Ja€T OMEPAIUIO CJIOYKEHUsT B BEK-
TOpHOM TpocTpaHcTBe. Kak yrke mokazano, mojie F' xapakrepu-
CTHKU P COAEPZKUT MOAMNO/Ie KpaTHbIX 1, uzomopduoe GF(p). Do
[O3BOJISIET OIPEJEUTh YMHOKEHHE 3j1eMeHTOB F' («BEeKTOpoB» )
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Ha sseMeHTEl GF(p) («amcena») Kak yMHO:KeHHe B moje F. Axk-
CHOMBI BEKTOPHOTO MTPOCTPAHCTBA BBIMOJHSOTCS B CHITYy CBOWCTB
aprudMeTHIecKnX Oeparyii B moJe.

Caencreue 3.24. B xoneunom nose p" saeMenmos, p — npo-
cmoe, N — HAMYPANLHOE.

Teneps paccmorpum mnojie GF(p™), nocrpoeHHoe Kak KOJib-
110 BBIYETOB [0 MOJLYJIEO HEKOTOPOIO HEMPUBOAUMOIO MHOIOUJIEHA
f(z) crenenn n wag GF(p). MBI onmcau 3JI€MEHTHI 9TOTO TIOJIs
¢ MOMOIIBIO MHOTOYJIEHOB cTerneHu n — 1 ¢ koaddunnenramu us
GF(p): snement {ag + a1z + -+ a,_12" 1} nomsa GF(p™) coot-
BETCTBYET TOMY KJIACCY BBIYETOB, B KOTOPBI BXOAT MHOIOYJIEHEI,
JQIOIIye TIPU JefleHnn Ha f(x) 0cTaToK ag + a1z + - - -+ an 12" L.

Teopema 3.25. Iaemenmo {1}, {z}, ..., {2" 1} obpasyrom 6a-
suc GF(p™).

B uacrHocTu, GF(p™) — BEKTOPHOE IPOCTPAHCTBO Pa3MepPHO-
cru n Hag nosteM GF(p).

HoxkazareapcTBo. JIr060ii 0CTATOK MpeIcTaBUM B BHUJE JINHEI-
HO¥ KOMOMHAINY yKA3aHHBIX BEKTOPOB:

{ag+arz+ - +an_12" '} = ag{1}+ar{z} +- -+ an_1{z" '}
W obpatho, mycTh
bo{l} + bl{x} + -+ bnfl{mnil} =0.

T0 O3HAYAET, ITO MHOTOWIEH bo+-biz+- - -+by,_ 12" ! gemures Ha
muorouteH n-ii creneru f(z). TIOCKONBbKY pH yMHOXKEHUH HEHY-
JIEBLIX MHOTOYJICHOB HMX CTEIEHH CKJIAILIBAIOTCS, 9TO BO3MOXKHO
e opH bo + bix + -+ by, 12" = 0. 3maumT, cucrema {1},
{z}, ..., {z" 1} numeino mezaBmcHMa. O

3ameuanume 3.26. Pazymeercsi, mocTpoeHne Mmojisg ¢ MOMOIIBEO
BBEIYETOB IO MOJIYJIFO HEKOTOPOTO HENPUBOIMMOTO MHOTOYJIEHA, W
AaHAJIOTW JIOKAZAHHBIX B 3TOM Pa3esle TEOPEM CIIPABEIJIUBEI He
TOJILKO B CJIy9ae KOHEYHBIX noieii. Hanmpumep, BosbMem nose neii-
CTBUTEILHBIX YHCeJ W HeNpUBOAMMBIA Haj R MHOrOumen z° +
1. Ioctponm mome R/(x? 4 1), oHO ABIAETCA BEKTOPHBIM TIPO-
crparcTBoM Has R. Duementsr {1}, {z} obpazyror Gasuc sroro
MTPOCTPAHCTBA. JHAYAT, KAKIBIA 3JIEMEHT MOYKHO IIPEICTABUTH
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B Buge a{l} + b{z}. Jlerko HpOBEpUTH, YTO MOJyYEHHOE MOJIE
130MOPGHO T0JTI0 KOMITIEKCHBIX 4rcen C, oJH 13 BO3MOXKHBIX
mzomopduzMoB 3amaercs coorsercreueM 1 — 1, {z} — .

Jlemma 3.27. Ecau nose GF(p") codeporcum none GF(p*), mo
k deaum n.

JokazaTeabcTBO. AHAIOTUYHO JIOKA3ATENBCTBY JIEMMBI 3.23.
Eciu Fy C F5, 1o snemenTsl Fo MOKHO yMHOXKATH HA SJIEMEHTHI
w3 Fi, a Takxke ckaaApBaTh. [losromy F) siBisieTcsi BEKTOPHBIM
MMPOCTPAHCTBOM HaJ, mojeM F) pazmepHOCTH d. 3HAYNAT, B HEM
|F1|? snementor. Taxum obpazom p" = (pF)?, wro m ozmauaer
JeTUMOCTh 1 Ha k. O

3ameuanue 3.28. Cnpaseieo u obpainenne jemmbl 3.27. OHO
cresiyer u3 enuHCTBeHHOCTH 110J1si GF'(p™) (eM. Hinke paszen 3.8)
U CYIECTBOBAHUS HEITPUBOAMMOTO MHOTOYJIEHA, CTETIeHN k HaJT JTFO-
OBIM KOHEYHBIM T0JIeM (CM. BTOPOE J0KA3aTe/IbCTBO TeopeMbl 3.16

Ha c. 159).

3.5. KopHHu MHOro4JieHOB
HaJ KOHEYHBIM I10JIEM

Tenepn Gyem pemaTh ypaBHEHUS B KOHEYHOM T0J1€. PaccMoT-
pum nojie GF'(p™), a B uém — kakoi-uubyap siement 3, u 6yuem
HMHTEPECOBATHLCA MHOTOYJIEHAMH, I KOTOPBIX STOT 3JIEMEHT sB-
JIIeTCA KOPHEM.

Onpenesenne 3.29. MuorowieHn m () HA3BIBAETCH MUHUMAND-
ot yrwyueti as (3, ecan m(z) — HOPMEPOBAHHBIH') MHOTOUIEH
MHHHUMAJIBHOI CTelleHH, JJId KOTOPOro 3 SBJIAeTCsS KOPHeM.

Jlpyrumu cioBaMH, JIOJIZKHBI BEIIIOJTHATHCA TPU CBOHCTBA!

a) m(B) = 0;

6) f(B) # 0 npu f(z) #0, deg f(x) < degm(z);

B) K03 duiment npu crapimeii crenenu B m(z) pasen 1.

Dy HOPMHMPOBAHHOIO MHOrOYJIeHa crapmuil Kosdduuuent pasen 1. Bea-
KU MHOTOYJIEH MOXKHO HOPMHPOBATH, YMHOXKHB €r0 Ha OOPATHBIA K CTapIie-
My KO3(DDUIMEHTY, MPU STOM MHOMKECTBO KODHEH HE W3MEHAETCH.
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ITpumep 3.30. Ilycrs mosie mpencTaB/ieHO KaK KOJIBIO KJIACCOB
BBIYETOB 110 MOJYJ/IKO HEIPHUBOIUMOrO MHOrOWwIeHa a(z) = ag +
+aiz+ -+ + apz™. JIaa kmacca BeraeTos {z} mommHOM a,, ta(z)
SIBJIsIeTCS MUHUMAJIbHOH dyukimeii. [elicrurensio, {z} sBser-
csl ero KOpHeM:

ao{l} +a{z} + - +a{z}" = {ao + a1z + -+ a,z"} = {0},

T.e. {z} —Kopenb a(z), Ho Torma {7} ABNAETC KOpHeM 1 a,, la(z).
JlokazkeM MHHHMAJIBHOCTE. [IPemookuM, 4To CyIecTByeT MHO-
rouren by + biz + - -+ + bp_12™ 1, mIs KOTOPOTO

bo{l}+bi{z}+ - +by_1{z}" 1 =
= bo{1} +bi{z} + -+ by {21} = {0}
DTO paBeHCTBO 3a/laeT JINHEHHYIO 3aBucuMocTh Mexay {1}, {z},
{z?}, ... {z" '}, KoTopBIe 06pasyIoT 6as3uc MoJA KakK BeKTOPHOTO
npocrpancrsa Hag GF(p). ITosromy Bee b; = 0.

ITpuBeseM HECKOJIBKO MTPOCTHIX CBOMCTB MUHUMAJIBHBIX (DYHK-

.
VYrepxkaenue 3.31. m(z) — nenpusodumoili mrozousen.

HoxkazarenbcrBo. Ipegmonoxum, aro m(z) = mq(x) ma(z),
npudem deg m;(x) > 0, MOCKOJILKY MHOTOYJIEHBI HYJIEBOIl cTere-
HM — KOHCTAHTHI — OOPA3yIOT IPyMily 06pPaTHMBIX JIEMEHTOB B
KOJIbIIE MHOTOYJIEHOB HaJl ojieM. Ho m(3) = 0, mosromy xoTst 6b1
ofpH u3 MHOXKHUTENET My (3) min ma(3) TakKe IOIKEH PABHATHCS
HyJit0 (B TI0JI€ JlenuTesieil Hysist HeT). 3HAYUT, OJ(MH U3 COMHOXKI-
TeJell IMeeT KOPeHb [3, & €ro CTeleHb MeHbIle crereHn m(x). 9To
[POTHBOPEYUT MUHUMAJIBHOCTH (). O

VYrsepxkaenune 3.32. ITyemov m(z) — munumasvras Gyrkyus
ons B, u B maxorce aeanemes xoprem muozouaena f(x). Tozda
f(x) deaumen na m(z).

HoxkazaresnbcrBo. Paznemum f(x) Ha m(x) ¢ ocrarkom: f(z) =
= u(z)m(z) + v(z), degv < deg m. TlojcTaBisis B 9T0 PABEHCTBO

B, nomyaaem 0 = f(B8) = u(B)m(B)+v(B) = v(5). T.e. B apasercs

KOpHEM v(), 9TO NMPOTHBOPEYUT MUHUMAJIBHOCTH m(x). O

Caencreue 3.33. /Jan xaorcdozo 3 ecmv posHo 00na MUHUMAAL-
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HeticTBuTeIHHO, TyCTh MUHUMAJIBHBIX (hyHKIMI 1Be. OHNI B3a-
WMHO JEJSAT JAPYyT JIPyra, & 3HAYNAT, PA3INYAIOTCS Ha ODpaTUMBII
MHOXKHUTEIb (KOoHCTAaHTY). ITOoCKOJIbKY MuUHHMaJbHAs YHKIMUs
HOPMHUPOBaHA, 9T KOHCTAHTa paBHA 1, T.e. HyHKIUH COBIIAIAIOT.

VYrsepxkpaenue 3.34. Jlasn kaocdozo 3 € GF(p™) cywecmeyem
MUHUMAADHAA PYHKUUS U €€ CTENEHD HE NPESOCTOIUM T.

JokazareabcTBo. PaccMOTpuM clieayromnue 3JieMeHTh ToJist: 1,
B3, 3, ..., % ux n+ 1 mTykKa, a pazmeprocTh GF(p") Kak Bek-
TOPHOTO IpocTpancrea Hay GF(p) pasHa n. 3HaunT, STH d/IEMEH-
ThI JITHEHHO 3aBUCUMBI, T. €. CYIIECTBYIOT Takue Ko3hhUIHEHTHI
€Oy - - -5 Cy GTO

cotceiff+--+ef”=0.
CrenoBaresibHO, 3 — KOpPeHb MHOTOUIEHA Cco+C1Z+- - ~+¢px™. 3Ha-

9uT, MUHUMAJIBHOH hyHKIHEH qjist [ KaKoi-Hubyas OyaeT HopMu-
POBAHHBIN HEIIPUBOAUMBEIIT JEIUTEIbL 3TOr0 MHOTOUJIEHA. O

Teopema 3.35. Jlobot nenyaesoti sanemerm noas GF(p™) aean-
o
emcsa Koprem muozounerna P 1 — 1.

HokazarenabcTBo. Henysepbie sjieMeHTHI 10JId 0Opa3yiOT IPyTI-
My TI0 YMHOYKEHWIO, TOPSJIOK 3TOW rpynmsl pabeH p” — 1. [lopa-
JIOK JIEO0Oro 3j1eMeHTa (T. €. MOPSI0K IUKJINIEeCKON MOrpyIIb,
MOPOXKJEHHON ITUM 3JIEMEHTOM) 110 Teopeme Jlarpamka JeauT
MOPSi/IOK TPYTIEL. BO3bMEM TPOM3BOJILHBIN SJIEMEHT ¢, 0O03HAYINM
ero nops ok uepes k. Torga p™ —1 = kq, of = 1, orxyga nonygaem

apnfl—lzakq—lz(ak)q—lilq—lz(). O

CaencrBue 3.36. Bce aaemernmor noas GF(p™), ne uckarowasn
n
HYAA, ACGAAIOMCA KOPHAMU MHO204AEHG TP — .

HokazarenapcTBo. Brirecem x 3a ckobKy:
n n_
2P —x = T —z).

V paBOTO MHOKUTEJIsT KOPHAMHU Oy/IyT BCE HEHYJIEBbIE 3JIEMEHTHI,
a 'y sesoro — (. O

Teopema 3.37. Mnozousen " — 1 deaumca na ™ — 1 mozda u
MoAbKO Mo2da, k0206 N EAUMECA HA M.
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Joxkasareabcro. Ilycts n = mk. Crenaem 3ameHy nepemeH-
Heix: 27 = y. Torma 2” —1 = y* —1, a 2™ —1 = y — 1. JlemmocTs
OYeBMJIHA, TIOCKOJILKY 1 siBysierca KopaeM y* — 1.

IIpeamonoxkum, 910 n HE AenuTcs HA M, T.€. n = km + 7,
0 < 7 < m. 3amnmIieM TOXKIECTBO

_ 2" (™F — 1)(z™ — 1)

xm —1

+z"—1=

T mk
- w(xm —1)+2"—1.
zm —1
TTocnenaee BrIpaskeHUe 33/1aeT PeIYAbLTAT Jetenns " —1 va 2 —1
C OCTATKOM, MOCKOMBKY z™F —1 gemmTca na 2 — 1 10 JOKa3aHHOMY
Boeimre. Ocratok 7 — 1 # 0 B CHITy CIE/TAHHBIX TIPEIONOXKEHNI.

ITostomy B aTOM ciaydae z" — 1 He gemuTcea Ha =™ — 1. (]

OTa Teopema JIaeT HaM BO3MOXKHOCTH PACKJIA/BIBATH HEKOTO-
peie muOoTOwWIeHbl =" — 1. Hanmpuwmep, mycts MBI paboraem B Xa-
paxTepucture 2 (rme +1 = —1), pazmoxum z° + 1:

B 1=+ D@ + 2% +25 1234+ 1).
TTpOIOIZKUTE 9TO PA3JI0KEHNE TOMOTAET CJIEIYOIIast TeopeMa..

Teopema 3.38. Bce nenpusodumvie MHO20UAEHDL T-Ti CTMENEHU
n
nad GF(p) aeamomesn deaumensmu z? — x.

Hoxkazareapcro. Eciu n = 1, T0 Hy2KHO IPOBEPUTH, UTO Z — @,
rie a € GF(p), apnsiercs penurenem zP — x. DTO OUEBUIHO [IPH
a = 0. B 0CcTaJIbHBIX CIIy9asx Hy>KHO ITPOBEPHUTD, 9TO ¢ — KOPEHb
MHOrousleHa 2P~ 1 — 1, 4TO yiKe c/leJlaHO BhIMIE B Teopeme 3.35.

IIpu » > 1 crpoum 1o HENpUBOAMMOMY MHOTOUWIeHy f(z) cre-
nenn n noje GF(p™). Torma muorownen f(x) umeer B GF(p™)
KOpeHb {z} u, 6oJiee TOro, HOpMUPOBAHHBIA f(z) sB/gETCS MUHY-
MaJIbHO# (byHKIMeR Ji7ist {x}, TOCKOJIBbKY crereHn {z} o0pasyor
6azuc B GF'(p™). C apyroii cropousl, {x} siBjisercs KOpHEM ypaB-
merns 2P ' —1. Ilo yreeprk e 3.32 0 MEHIMATLHOMN by HKINI
muorounen zP ' — 1 genmres Ha f(x). O

Wcnonwayd 3Ty TeopeMmy, MBI MOYKEM 3aBEPINUTH Pa3/IOyKeHIe
15
e —1:

241 = (z+1) (@ fz+ 1) (@t 1) (@234 1) (@M 2P 2 f 2t 1),
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Teopema 3.39. Jobot nenpusodumoiii desumens MHOZOUNAEHG
n
2P 71 — 1 umeem cmenenn, ne npesocrodauyyio n.

JokasareabcTBo. [lycTh ¢ — HENPUBOIUMBIT MHOTOHJIEH CTe-
nern k, KOTophIit sBIstercsa mnesmreneM zP —z. KpaTHeie ¢ o6pa-
3YIOT MaKCHMAJbHBII HJieal B Koble GF(p)[x], mosTtomy KoIbIO
BBIYETOB 110 TOMY HJIeaJly siBjsieTcs nojeMm. ITojie MOXKHO pac-
CMaTpPUBATh KaK BEKTOpHOE mpocrpancTso Hay GF(p), Gazucom
9TOT0 MpOCTpaHcTBa siBjsiercs Habop crememeir {1}, {z}, ...,
{2F=1}. JTanee 6ymem obozmauars {x} = . Ilockombky zP" —
JIEJIUTCS HA 0, TO B KOJIbIIE BBIYETOB 10 MOJLYJIO HjeaJia (@) mo-
nyaaem o — o = 0.

JTio60oii 9/IeMEHT TOCTPOEHHOTO TI0JIsl €CTh JInHeliHast KOMOUHA~
1psi GA3UCHBIX 3JIEMEHTOB:

B=ag+aja+ -+ ap_ 1"t

Bossesiem u JIeByIO, U MPaBYIO YaCTH TOTO PABEHCTBA B CTEIEHb
P, TOJTyIUM

B = (a0 +aja+ - +ap_1at =
=af +af o -t (T =
—ap+aja+t---+ap a7t =p4.

Orcioma nosmygaem cooTHormerne 3 — /3 = 0, 3HaunT, 3 — KOPEeHb
ypasrerns #¥ — x = 0. Ho y sToro ypasrenns e Gosee gem p™
PABJIMYHBIX KOPHE, 8 B IOCTPOEHHOM HaMH roJie — p* smemenTos.
Kazxaprit sjileMeHT 1OJIs sIBIS€TCsi KOPHEM, CJIeI0BAaTENIbHO p'* >
>pF re n>k. O

Yreepxkaenune 3.40. [Tycmo nexomopuiti sanemenm 3 Konewnozo
noas umeem nopsdox £, a munumanvras gynryus m(z) smozo
anemerma umeem cmenens k. Tozda pF — 1 denumes na €, a ecau
r <k, mop" —1 ne deaumesn wa £.

HoxazareabpcrBo. [lo cytu 910 npsiMoe cliecTBUE TOJIBKO YTO
JOKA3aHHOHI TeOpeMBI.

TTo nenpuBoauMOMY MHOTOUJIEHY k-ii cTenenu m (x) MOXKHO Mo~
crpouts nojie u3 pk spementon. HenyieBsie s/1eMEHTEI 9TOTO HOJIH,
B TOM 9HCJE U 3, SABJIAIOTCS KOPHSIME YPaBHEHUS 2P = 0,
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re L1 = 0, ﬁpk*I = 1. DTO MOKA3BLIBAET MEPBYIO YACTh
YTBEpZKJIeHUSI.

Bropast yacTh JOKa3bIBAETCS OT MPOTUBHOTO. [Ipeamnomoxkum,
qaro p” — 1 pgemmrcs Ha ¢ u r < k. Torma [ — kopeHb ypas-
wernsa 2P — 1 = 0. Tax kak m(x) — MEUHEMATLHAA bYHKIES
s 3, To 2P’ — 1 gemmrca wa m(z) (yrBepmaenne 3.32). ITo-
JIy4aeTcsi, 9TO MbI HAIIUN HEITPUBOIUMBIN JIeIUTE b MHOTOUIEH
2P —1 cremenn k. Ho k > 7, 9T0 MPOTHBOPEUNT JOKA3AHHOMN BEIIIE
Teopeme 3.39. O

Crenyromast TeOpeMa HyKHA HaM JIJIsi TOTO, YTOOBI PACKJ/IbI-
BaTh MHOT'OYJIEHBI Ha MHOXKHUTEJIU.

Teopema 3.41. IIyem» 3 € GF(p"™) — xopenv nenpusodumo-

20 mnozounena p(x) emenenu n ¢ KoapPuyuenmamu us GF(p).
n—1

Tozda 3, BP, ..., P 68Ce PASAUMHDL U UCHEPNBIBAIOM CNUCOK

KOPHETE 9020 MHOZOUAEH.

T. e. 9T0OBI Oy YUTH BCE KOPHHU HEITPUBOINMOTO MHOTOYJIEHA,
JIOCTATOYHO HANTHU OJIUH U3 HUX U BO3BOJUTH €70 TIOC/IEI0BATETHFHO
B CTEIEHb P.

HokazarenpcTBo. Brauase jokaxkem, 910 ecin (3 — KOPEHb
p(z), 10 BP — TOXKE KOpEHb.
Kax 6puio moxasaHo Bemme, a’ = a s Beex a € GF(p).

Tosromy sist oboro mMuorownena f(z) ¢ koadduimenramu us
GF(p) BrINOSHsIETCS] PABEHCTBO

f@)f = f=h). (3.8)

JleficTBUTEIPHO, BO3BEIEHNE B CTENEHb p COXPAHAET OIepallin
CITOKEHUsI ¥ yMHOKeHusl (cM. BeIe pazzen 3.2). [Tosromy

(ao + a1z + - -+ apa®™)P = ag+a€xp+agx2p+~~+azxkp =
= ag + ai(aF) + az(2P)? + - - - + ag(2P)*.

Ecmu ¢(B) = 0, To u ¢(B)P = 0. U3 (3.8) moay4aem, 4ro u
¢(BP) = 0.

Wrak, Mb1 gokazam, 9to 3, BP, ..., ﬁp%l — KOPHHU MHOTO-
wrena p(z). Ocragock J0Ka3aTh, YTO OHH BCE PA3JINYHEBI, TOTJA
u3 jgeMMbl 3.7 Oy/ier ciieloBaTh, 9TO MBI HAILIA BCE KOPHH MHO-
roaeHa ¢(x).
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4 k
IIpenmnosnoxum, aro fP = BP | npudem 6e3 orpaHuyeHus ooI-

woctar ¢ < k. Mer 3maem, uro 37 = . C apyroii cTopoHEI,
TOCKOJIBKY
n k. n—k k p"*k ¢ p"*k n—k+2
e (o L (- L

10 3 — KopeHb ypapHernsa 2P —! —1 = 0. W3 Teopems 3.38

monydaeMm n—k+ £ > n, tak aro £ > k. Ipyrumu ciosamu, £ = k
¥ BCE BBHIMTUCAHHBIE BBITIE KOPHU Pa3/INIHEIL. O

IIpumep 3.42. Paccmorpum GF(2) 1 HENPUBOIUMBIN HAJL STUM
HOJIeM MHOTOY/IeH deTBepToii cremenn 4 +2° 1. Haiizem ero kop-
mn. JIjis sToro crponm pacimmpenne GF(2%) Kak KOIbIO BEMETOB
[0 MOJIYJIKO ujieaJsia, 06pasoBaHHOIO BCEMH KPATHBIMU 9TOIO MHO-
rounena. Oaun KopeHb nojydaem nemeenno: {z}. Tenepsb 1o
Teopeme 3.41 MOKHO BBITHCATE ocTasbhbe: {22}, {2t} = {z® +1},
{28} = {2 + 1} = {&® + 2% + 2}, rak xak {2°} = {a? + 2} =
={2taz+1}, &Y ={a* 4+ 22+ 2} = {2 + 1+ 2% + 2}

Takum obpazom, eciiu Mbl periaem ypashenue f(z) = 0, rae
/ — HenpUBOAMMBII MHOTOYJIEH, TO HYZKHO MOCTPOUTHL IO MJIEA-
ay (f) mose. Tlepsoiii KOpeHb ecthb cpady, 910 {z}. OcrajibHbe
MOJIyYatoTCs IpuMeHeHneM Teopembl 3.41. B obiem ciyw4ae s
pellleHns ypaBHEHUs Hy?KHO YMETh PACKJIaI6IBATHL MHOTOYJIEH Ha,
HENPUBOIUMBIE MHOZKUTEJIH.

3.6. MyapTunjankaTuBHad IPyNa MoJis

Ecau B nosie T'asya yopaTh Hys1€BOil 3jleMeHT, TO OCTaJIbHBIE
3JIEMEHTHI 110 YMHOYKEHHIO 00Pa3yoT IPYIILy, KOTOpas Ha3hIBAET-
¢l MYJIBTHINIMKATUBHOM rpynnoii mosis. OKa3bIiBaercs, 9To 9TO He
MIPOCTO KOMMYTATHBHAA I'PYIIIa, & MUKIMYecKas rpymma. pyru-
MU CJIOBaAMH, B Hell €cTh OPOXKAAOIINI 3JIEMEHT, U BCe OCTAJIbHBIE
MOJIy YaI0TCsA BO3BEJICHHEM B CTEIIeHb 3TOTO IOPOKJIAOIIErO.

IIpumep 3.43. Bozbmewm nosie GF(2) u ero pacimupenue yersep-
Toit cremern. Kak cka3aHO BeIIe (HO MOKa He JIOKA3aHO), PACIIH-
PEHME YeTBEePTO CTENeHN MOJKHO CTPOUTH ¢ IOMOIIIBIO JIFOOOTO 13
TpeX HENPUBOJAUMBIX MHOTOYJIEHOB. YJ00HEEe BCEro 9TO ¢JIeJIaTh,
ecn B3aATHL MHOTOuseH zt + x + 1. Byzmem 3a7aBaTh s/eMeHTHI
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CTENEeHb o 1, =, 2%, 2°

a=1(0, 1, 0, 0)

o= (0, 0, 1, 0)

o= (0, 0, 0, 1)

l+a=a* (1, 1, 0, 0)

ata®=a= (0, 1, 1, 0)

?+at=a= (0,0 1, 1)
adtatl=a+at=a"= (1, 1, 0, 1)

I+’ =a+1+a’+a=a= (1, 0, 1, 0)
a+a®=a’ (0, 1, 0, 1)

2 trlta=a’+at=a"= (1, 1, 1, 0)
ata?+at=all= (0, 1, 1, 1)
ltata’+ad =+l +at=a2= (1, 1, 1, 1)
I+’ +a®=a+a?+al+at=a®= (1, 0, 1, 1)
I+l =ata®+at=a% = (1, 0, 0, 1)
l=a+a*=a®= (1, 0, 0, 0)

Tabmma 3.1. MyastunamkaTuBHas rpynma noss GF(24).

pacmupenusi Habopamu KOIPDUIHEHTOB MHOTOUIEHA, KOTOPBIH
HOJTydaeTcs B OCTaTKe HpH JIeIeHuH Ha z* + z + 1, 3ammiceBas
WX B TOPS/KE BO3PACTAHUS CTETEHEN.

TTopoxkmarorum sIBJIIETCS JIEMEHT & = I, KOTOPHIl B CH-
JIy HAIero corjiamenus sanuceiBaercs Kak (0, 1,0, 0). TTocunraem
TOC/Ie/IOBATETLHOCTD CTereHeil «. Pe3ybraThl BEIYUCIEHN TpH-
BeZeHbl B Tabsmie 3.1.

WNwmes Takyro Tabuity, 0O49eHb MPOCTO MPOU3BOJUTEH yMHOXKE-
HUE:

(@ rzt+1) @ +az+1) =2
(17 1707 1) : (17 17 170) - (07 07 170)7

o ol — Q17 — o2

Teopema 3.44. Myavmunaurxamueras 2pynna 106020 KOHEWHO-
20 NOAA YUKAUMECKAA.

s nokazaTesbcTBa 9TOM TeOpeMbl HaM MOTpedyeTcst J0ToJI-
HUTEbHAS JIEMMa O KOHEYHBIX a0eJIeBBIX IPYIIIax.
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Jlemma 3.45. [Tycmv m — mMaxcumasvhoil nopadok snemernma 6
wonewnol abenesoti epynne G. Tozda nopadox awbozo ssemenma
G deaum m.

HoxkazareapcrBo. ['pynmna G no Teopeme 1.79 omHO3HAYHO pa3-
JIaraeTcs B MPAMYI0 CyMMY MPUMapPHBIX KOMIIOHEHT — ITUKJIITYe-
CKUX TPYIII, TOPSIKN KOTOPBIX SBJISFOTCS CTEMEHSIMH ITPOCTHIX
quce. JIjisg KaxKI0ro mpocToro Ae/IUTeNs p; TOPSIKa TPyl Hafi-
JleM TPUMapHYIo KOMIOHeHTy (a) = Cr, MaKCHMaJBHOTO IO-
paaxa pfi. OBozmaunm mpoussemenue uncena pt uepes M. Ilo
HOCTPOeHHIO 06010 € G Beimoansercs ' = e, T.e. MOPSIOK x
nesut M. C apyroit cTOpoOHBI, TPOU3BEIEHIE BCEX MTOPOKIAFONTNUX
BBIOPAHHBIX IPUMAPHBIX KOMIIOHEHT G149 ... UMeeT Mopsaaok M
MOCKOJIbKY HaMMeHbITee 00Iee KPATHOE B3ANMHO ITPOCTHIX YHCET
PaBHO TIPOU3BENEHNIO dTuX 4ncesi. [losTomy m = M. O

HokazareabcTBo Teopembr 3.44. [lycts m — MakcHMaIbHBII
TOPSJIOK 3JIEMEeHTa B MYJIbTUILIMKATUBHOMN TPYIITIe TOJIs.

ITo nokazammuoit BEIME JlemMme 3.45, KarKIIBII HEHYIeBOil 3Je-
MEHT IOJIs sIBJIfgeTcsl KOpHeM ypaBHeHus z”° = 1. Ho y mmoro-
qjileHa cTernenu m He 6ojiee m kopueil. [losTtomy m papen gucity
HEHY/IEBBIX 3JIeMeHTOB T10/19. Ho 3T0 1 03Ha9aeT, YTO MYyJILTUTLIN-
KaTUBHAs TPYIITIA TIOJIS IUKIMYecKasi: CyIecTBYeT TaKOH 3JTEMEHT,
YTO ero MOPSJIOK COBIAJAET ¢ MOPSJIKOM TPYINBI (M TOrJa Bee
9JIEMEHTHI MPYTIIIbLI SBJISIOTCS CTEEHIME TOTO 3JIEMEHTA). O

MyJIbTHIIMKATHBHAA TPYIIE, TPOCTOTO MOJIA XAPAKTEPUCTH-
ku p oboznauaerca GF(p)*. Ee nopoxkmaoliue sJIeMEHTHI nepeo-
06pasHvLmMU KoprAMUY no modyaro p. Halinem HanveHbIme mepso-
06pa3Hble KOPHH TI0 MOJIYJISM HEKOTOPBIX IMTPOCTBIX YUCEJ.

p=2. I'pynna GF(p)* cocTouT U3 OJIHOTO 3JIeMEeHTa 1, OH Ke
ABJIAETCS TIEPBOOOPA3ZHBIM KOPHEM.

p = 3. [leppoo6pasHbIi KOpeHsb 2 — eIUHCTBEHHDIH Hee HHIY-
HBIT asiemenT GF(p)*.

p = 5. [lockonsky (2)? = 4, mopsaok 2 pasen 4. JIpyrux pa-
PUAHTOB HET, IIOCKOJILKY MOPSAIOK SJIEMEHTa, — JIEJINTENE TOPAIKA
IPYIILL. 3HAYAT, 2 — IepBOOOPA3HLI KOPEHb.

p="7.CroBa (2)> =4 # 1. Hoy p—1 = 6 ecTb elme oun Jem-
rernb 3, a (2)° = 8 = 1. Ilosromy mopsmok 2 paser 3. IlockombKy
(3)2=9+#1, (3)® =27 # 1, 3 — nepBoo6Pa3HEIil KOPEHb.
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Brrancrenust MozkHO 1po1oskuTh. [ puBenem aHeboabImyo Tab-
JINILY TIEPBOOOPA3HBIX KOPHE.

MOJIYJTb P 315|711 (13[17119(23]29|31|37|41
ePBOOOPA3HBIIT
goperr mod p |2|2(3| 2| 2| 3| 2| 2| 2| 3| 2| 7

3.7. CyniecTBoBaHUE MOJISI U3
p" 21eMeHTOB

Temepb MOKHO BEPHYThCS K BOITPOCY O CYIIECTBOBAHNN KOHEY-
HOTO TIOJTS 338]AHHOTO pa3Mepa. B 9ToM paziesie MBI BCIOY TTOJTa-
raeMm g = p"*, T7ie p — mpocToe. MBI ToKazKeM CyIIeCTBOBAHNE TIOJIsT
U3 ¢ 3JEMEHTOB, OTKy/Ja OyleT cjenoBaTh u Teopema 3.16 o cy-
MEeCTBOBAHUN HETIPUBOIMMOTO MHOTOUJIEHS, CTETIEHH 1 HaJl, TIOJIEM
GF(p). Bosiee Toro, MBI 9TO cziesiaeM JiByMsi ciocobamu. Bragaste
JIOKaKeM CYIECTBOBAHUE TIOJsT U3 p” 3JIEMEHTOB, OTKY/Ia BhIBe-
JIEM CYTITECTBOBAHME HETPHUBOIMMOTO MHOTOYIEHA CTETEHN 7 HaJ
GF(p). 3areM MBI paccMOTPUM JIPYrOe pPACCyzKJEHHe, KOTOpOe
BHaYaJ€ YCTAHAB/INBAET CYIIECTBOBAHNE HEMPUBOJANMOTO MHOTO-
ujieHa crenenu n Hag GF(p), oTKya yKe clie/lyeT CyIecTBOBaHIe
1oJist U3 p™ 371eMeHTOB ((haKTOPKOJIBIA MO MOJLYJIIO HEIPUBOAUMO-
IO MHOTOYJIEHA, CTEIEHU 7).

Hadgmem ¢ TOTO, 9TO TIOCTPOUM TIOJI€ XaPAKTEPUCTUKHU P, HA/T
KOTOPBIM MHOTOUJIEH £ —x pa3/iaraeTcs Ha JTMHETHBIE MHOKATETH
(1. e. umeer g Kopueii). Byaem crpouTh 1enodky mosiei

FhCchk C...

o cJIeiyIoeMy UHIYKTUBHOMY npasuiy. [lojse Fy — 310 moJte
BeraeroB GF(p). Ilycrs none Fj yxe nocrpoeno. Eciu B paziio-
JKeHUn MHorowieHa ¢ — x Ha HEMPUBOIUMBIE MHOXKUTETH HaJ
F}, BcTpeTuicst HETPUBOAUMBIIT MHOXKUTETb fi, cTereHn OOJIbIeit,
4geM 1, T0 crpoum Hopoe nosie Fii1 = Filz]/(fr). B nporusrOoM
cJIly4ae TMOCTPOEHNE 3aKOHIEHO.

3aMeTuM, YTO B PaA3JOKeHHH MHOTO4YIeHa x? — x HaJj, [oJiemM
Fj+1 Gosbllle HETPUBOANMBIX MHOMKHUTENEH, UeM B Pa3/IOyKEHHN
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Ha nojieM Fy. 3HaunT, MOCTPOEHHAs! BHIIIE [EM0YKa KOHedHa, (10~
CKOJIBKY 9HCJIO HEMPUBOJANMBIX MHOYKUTEJIENl MHOTOUIEHA HE TIpe-
BocxoAuT ero crenenn). Ho Torma Haj mocjieHuM B 9TOM IeNoYKe
mojiem F),, muOrOWeH x4 — x pazjiaraercs Ha JIMHEIHbBIE MHOYKI-
TEJIH TI0 TTOCTPOEHUTO.

Kopuu muorowiena x? — z B moJie Fj,, 06pa3yroT HCKOMOE IO~
moJie u3 ¢" 3JEeMEHTOB.

Brauasie pazbepemcsi, moueMy 3TH KOPHU AEHCTBUTEBHO 00-
pasytot momnoje. Orobpazkenne x — ¢ gpasgeTcs n-ii nTepayein
aBroMopduzma Ppobennyca, KOTOPHIA OBLT OMICAH BHIIIE B Pa3-
gesie 3.2. Tlosromy (z + y)? = 29 + 39, (zy)? = 29y9. Orciona
MOJIy9a€eM 3aMKHYTOCTh MHOXKECTBa KOpHe#H mHorowrena z? — z
OTHOCHUTEIBHO CJIOXKEHUs U yMHOXKeHus. 0 u 1 TpuHa iJIezKaT MHO-
KECTBY KOpHEI 10 OYeBUIHBIM IpuydnHaM. Ho Torma MHOXKeCTBO
KOpHEH 3aMKHYTO U OTHOCHTEJILHO B3sITHsI ODPATHBIX KAK 10 CJIO-
KEHUIO, TAK U 110 YMHOXKEHUIO, TIOCKOJIBKY I0JI€ KOHETHO.

MozKeT i TaK CIy9uThCs, 9T0 y MEOTOWIeHa ¢ —x B oste F),,
Pa3IMYHBIX KOpHEH MenbIre, deM g7 [TocKoIbKY 9TOT MHOTOYIeH
paszjiaraercs Ha JIMHEHHbIE MHOYKUTE/IH, STO O3HAYAJIO OBl HAJIIMIIE
KPaTHBIX KOPHE, T.e. MuOXKUTE€el Buya (z — a)”, r > 1.

YUro6bI HCKJTFOYUTE TAKYEO BO3MOXKHOCTE, HAM TTOTPedyeTcs mc-
MOJIb30BATE TIOHATHE NPou36odHot MHOTOWIEHA HaJ mojem F.
IIpousBoaHast KOHCTAHTHI paBHa () IO OTIPEIEJIEHNTO, TPOU3BO/IHAS
2" ompefensercsa Kak nz” ! (34eck n 03HaYAET JIEMEHT TI0JIs KO-
saddurpentor F', koTophlii pasen cymme n eauauil 1moJist ). Kpome
TOTO, TOTPEdYEM JTMHEHHOCTH TTPOU3BOIHON: JJTst JIFOOBIX <, § € F|
f, g € F[z] a0 03Ha4aeT BHINOJIHEHIE PABEHCTBA

(af + Bg) = of + By,

rIe MTpHUXOM 0bo3HadeHa mpousBoaHast. [lo muHeiiHOCT MOXKHO
OTIPe/IEJIUTH TTPOUBBOIHYO JJIs JTFOOOTO MHOTOYJIEHA, 3HAS TPOU3-
BOJIHBIE OJHOYJIEHOB M KOHCTAHT.

VYrsepxkpaenue 3.46 (dbopmyna Jleiibuuua). Jdas aobox
mrozounenos f, g ewnoaneno (fg) = f'g+ fq'.

HoxazareapcrBo. Ecin onuna u3 coMmHOXKUTENEH paBeH 1, TO
(f-1Y=f =f -1+ f -1 (upousposHasi KOHCTAHTHI — HYJIb).
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s MmoromoB z", zF umeem

(mn . 2:k)l _ (n+ k) . 2:nJrkfl _ nmnflmk +k$n$k71 _
_ (xn)lmk 4 2:n(xk)l.
B OCTAJIBHBIX CJTy9adX (bOpMyIIa, BBITIOJTHAETCA B CUJTY JIMHEITHOCTHI
MPOMBBOIHOIA. O

Yreepxpaenane 3.47. IIyemo f u [/ esaummno npocmuw. Tozda f
HE UMEEM KPAMHLL KopHer.

Joxkazaresabcrso. IIpeanonoxnm nporusroe: f = gh. Torma
no dopmyne Jleibuua ' = 2¢9’gh + ¢°h/. Bnaunt, g sBaserTca
obmmm gesmreneM f u f/. Tlpumm K TpOTUBOpPETHIO. O

BeIapc/inM pou3BOIHY IO HAIIEro MHOrowIeHa x4 —
(2 —z) =gz 1 —1=—-1.

B mocnenpem papenctBe MBI yusn, uto ¢ = p” = 0 B moJse xa-
pakTepucTuku p. Temepb 3 yTBep:KAeHUd 3.47 MOJyvIaeM, HUTO
y muorowiena z? — x maj mojiem F), KpaTHBIX KOpHe Her. 3Ha-
90T, TOCTPOEHHOE HAMU T10JI€ KOPHEIT 9TOr0 MHOTOYJIEHA, COIEPIKUT
POBHO ¢ = p" 3JIEMEHTOB.

IlepBoe nokasarenabcTBO Teopembr 3.16. UTobBI 1OKA3ATH Cy-
MEeCTBOBAHNE HEMPUBOINMOrO MHOTOYJIEHA, CTEIIEHN 7 HaJ, OJIEM
GF(p), paccmorpum nojie GF(p"™) uz p™ anementos. Mynbru-
UIMKATUBHAS TPYNIA 3TOTO O MUKJINYecKas 1Mo Teopeme 3.44,
3HAYUT, eCTh TaKoil ajiement o € GF(p™), crenenu KOTOPOro coB-
MAIAFOT CO BCEMU HEHYJIEBLIMU 3JIEMEHTAMH TIOJIS.

ITo yreepkaenuto 3.31 MunumasbHast dyHxius m(e) — Henpu-
BOJMMEBIT MHOTOWIEH. JloKakem, 4TO ee cremenb paBHa n. O60-
snadnM d = degm(«). Bee cremenn o (T.e. Bce 9/I€MEHTHI OIS )
HPUHAJIEKAT d-MEepHOMY IOIIPOCTPAHCTBY ¢ GazmcoM 1, «, o,
a?, ..., a% ! B xoropom p? smementos. 3Haunt, d = n. O
Kak ofemano B Ha4gaJe 3TOTO pas3jiena, JOKAsKeM TElephb Cy-
MEeCTBOBAHNE HEMPUBOINMOrO MHOTOYJIEHA, CTEIIEHN 7 HaJ, OJIEM
GF(p), ve onupasicb Ha CyNIECTBOBAHUE IOJIsT U3 P JIEMEHTOB.
DTO paccyzKIeHNne TaeT HE3aBUCUMBIA crocob JOKA3aTENbCTRA, Cy-
MECTBOBAHUS TIOJIST U3 P’ 3JIEMEHTOB.
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Bynem nokazeiBaTh CyliecTBOBaHHE HOPMUPOBAHHOIO (cTap-
mwuii Koaddunuenr 1) venpusogumoro Muoroysena. s Hopmu-
POBaHHBIX MHOTOUJIEHOB BBHITIOJTHSIETCST QHAJIOT OCHOBHOIT T€OpeMBbI
apudMeTHKN: KaryKIblii HOPMUPOBAHHBINT MHOTOUJIEH OJIHO3ZHAYHO
paszjiaraercs Ha TPOU3BEJIEHNE CTENEeHel HENMPUBONMBIX MHOTO-
aieHoB. JlelicTBUTENBHO, Pa3/I0yKeHNe B eBKJINIOBOM KOJIBIIE O
HOBHAYHO ¢ TOYHOCTBIO JI0 Y MHOYKEHHUSI Ha, JIeJIUTE/N eJUHUIB] (06~
paTuMbIe 3JIeMEHTH). B cjydae KOJIbIa MHOTOY/IEHOB HA/I II0JIEM
06paTUMBIE 3/IEMEHTHI — 3TO KOHCTAHThI ( MHOTrOU/IeHbI cTeren ().
Bribop crapirero kosd duimenta ycTpaHseT TpOU3BOJI B BEIOOPE
COMHOZKHUTEJICH.

Mg BRIBEIEM CYIIIECTBOBAHIE HEITPUBOINMBIX HOPMUPOBAHHBIX
MHOTOYJIEHOB cTerenn n HaJ nojeM GF(p) us pexyppenrnoii dhop-
MYJIBL JIJTST 9UCTI d,, HEMPUBOJANMBIX HOPMHPOBAHHBIX MHOTOYJIE-
HOB CTEIEHU 7.

Jlemma 3.48. Zmd =p".

m|n

Hokazareapcro. Kakmomy HENpUBOANMOMY HOPMUPOBAHHOMY
MHOTOYJIEHY COMOCTaBUM (POPMAJBHYIO TIEPEMEHHYIO [y, TIE 1 —
CTereHb MHOTOUIeHa, ¢ = 1, .. ., d,. [lockombKy Besikuit HOpMUpPO-
BaHHBII MHOTOJIEH OJTHOZHAYHO PACKJIA/IFIBAETCS B IIPOU3BEJIEHIE
cTerieHell HEMPUBOAUMBIX HOPMUPOBAHHBIX, TO MPOU3BOJIBLHOMY
HOPMUPOBAHHOMY MHOTOYJIEHY CTEIeHH 73 OJIHO3ZHAYHO COTIOCTAB-
JIeH MOHOM

r
s1 sy _
iy -+ filn,, Tpuuem E Ny Sy = M.
j=1
TTosTomy Bce HOpMUPOBaHHBIE MHOTOYIEHBI TEPEIUCTIAIOTCS (POP-
MaJIbHBIM OECKOHEYHBIM ITPOU3BEIEHUEM

TL(SA) = S fi (3.9)
k=0

i,mn
B mocieseM BBIpaskKeHUH MbI PACKPBLIM CKOOKU U TIEPEeICcaIn
GecKOHEeYHOE TPOM3BeJieHNe B Buie HOPMaJbHOTO psizia. Papen-
crBO (3.9) — 210 ApYroil crnocob cKazaTh, Y4TO KaxKIABI HOPMU-
POBaHHBIN MHOTOYJIEH OJHOZHAYHO PAZJIaraeTcsl B MIPOUZBEIEHNe
HEIIPUBOIUMBIX HOPMHUPOBAHHBIX.



158 I'maBa 3. Koneunsre noia nan nossa Lanya

Tereps crenaem 3aMeHy MepeMeHHBIX fi, = t", KOTOpas Jiejia-
€T BCe MHOTOYJIEHBI OJIHOM CTeIeHr «OIMHAKOBBIMUY . [IpuBegenue
no/Io0HBIX B MpaBoii dacTu paseHcrsa (3.9) macr psj oT mnepe-
venHo t. Kosddurnment mpu ¢ B 9TOM psjie paBeH 9uCIy HOP-
MUPOBAHHBIX MHOTOYJIEHOB CTEIEHH 7, KOTOpoe pasHO p™. Jleii-
CTBUTEJILHO, HOPMUPOBAHHBII MHOTOYJIEH CTEIEHHU 7 OJHOZHAYHO
zajaercs ceoumu kKoaddurpentamu ag, . .., d,—1 (Tak KaK crap-
muii Koaddunuenrt pasen 1).

Yro npouzoiiser ¢ JIeBoil 4acThio paBeHcTBa, (3.9) mocie 3ame-
HBI TIepeMeHHBIX ! Bee HenpuBouMble MHOTOUJIEHBI CTEIIEHN 7 T~
JIyT OJIMHAKOBBIA MHOXKUTEb (CyMMy GECKOHEeYHOl reoMerpude-
cKoit iporpeccun co 3Hamenaresem t"). ITosromy paBeHcTso (3.9)
MTPEBPAIAETCS B

11 (it"k) ant" (3.10)
n k=0

ITpumenum bopmyny mjisi cyMMbl OECKOHEYHON TeoMeTpude-
CKOIl mporpeccun K JieBoil u mpaBoii dyacrtsam pasencrsa (3.10).
ITosysanMm paBeHCTBO

1 1
— 11
1;[ (1 —tn)dn 1 —pt’ (3.11)

KOTOPO€ U O3HAYaeT, B CYIIHOCTH, HCKOMOE PEKYPPEHTHOE COOT-
svotreHre. UToOBI 9TO yBUJIETH, TTPOJIOTAPUMMUPYEM €r0, TMOTOM
npoud dpepeHImpyeM 1o ¢, OC/Ie 9er0 CHOBA BOCIIOIB3YEMCS CY M-
MO¥l TeOMeTPHYecKOil porpeccuu. BoJiee 1oapobHO:

> dyIn(1 =) =In(1 - pt),
" 1 P
Zd T—¢ 1 —pt’
Zd nt"— ltnk Zszrlts
an gkt — Z pote. (3.12)

PaBencrso Koa(b(bHuHeHTOB IIPU OJIMHAKOBEIX CTEIeHAX ¢ B JIEBOH
u npaBoii gactu (3.12) u ecTh yTBEpPXKIEHNE JIEMMBI. (]



3.8.  EamHCTBEHHOCTH MOJA U3 P 3JIEMEHTOB 159

3amvmeuanue 3.49. EauHcTBEeHHOE, YTO HYZKHO OT I0JIst KO3hdu-
[UEHTOB B 9TOM JIOKA3aTEIhCTBE — 3TO YHCIO IeMeHTOB. Tak
9TO YTBEPKIEHUE JIEMMBI CITPABEIJINBO U [IPU P, PABHOM CTEIIEHH
MPOCTOTO.

Bropoe pokazareabcrBo Teopembr 3.16. 3amerum, 4TO U3
sevmmbl 3.48 ciemyer mepapeHcTBO nd, < p". Temeps ocrajoch
C/IeJIATh MTPOCTYIO OIEHKY:
n—1
ndy =p"— Y kdpzpt = ph=p"—
kln,k<n k=0

7
pt—1
— >0
p—1
Mer giokazanu, uro d, > 0. Ho 310 03Hawaer, 4TO CylmecTByeT
X0Ts1 OB OJIUH HENPUBOJAUMBIHl MHOTOUJIEH CTEIIeHH 7. (]

Bameuanue 3.50. U3 memmbr 3.48 BEITEKAET, 9TO TIPH 12 — OO Be-
Junna d,, sKBuBajienTHa p” /n. Takum obpazom, npumepHo, 1/n
YaCTh BCEX MHOTOYJIEHOB CTENEHM 7. HAJ, TIOJIEM M3 P 3JIEMEHTOB
HENPUBOIIMA..

3.8. EamHCTBEHHOCTH MHOJISI U3
p" 21eMeHTOB

B sTom pazzene MBI JI0KazKeM BTOPYIO YacThb TeopeMbl 3.15:
JIEOOBIE JIBA, TIOJISE ¢ OJMHAKOBBIM UHCIOM 3JIEMEHTOB HU30MOpd-
wvel. JlokazarenbcTBO OyIeT MCHoib30BaTh Teopemy 3.38, yTBEp-
JKJIAFOIIYTO, YUTO BCE HEMPUBOAUMBIE MHOTOUJIEHBI CTETIEHU 7 HaJl
nonem GF(p) apnsiorca gemurensvu MEorouesa 2P —z u cres-
crBre 3.36, KOTOpPOe YTBep:KJAaeT O CYTH, YTO Ha/JI ToJieM u3 p'
9JTeMEHTOB MHOTOWIEH 2P — 2 pasaraercs Ha, JIMHEHbe MHOK-
TEJTH.

Wz mepBoro noxazarenbcTBa TeopeMbl 3.16, TTpUBEIEHHOTO B
MPEIBIIYINEM pa3/eie, MOYKHO MOHATh, 9TO JII0D0e KOHETHOE TT0JIe
SIBJIIETCS KOJIBIOM BBIYETOB KOJIbIa MHOrOWIeHOB GF(p)[z] mo
MOJIYJTFO HEKOTOPOTO HENpUBOAUMOro MuorodseHa. Cdhopmymupy-
€M 3TO yTBEP:KJIEHUE SIBHO.

Teopema 3.51. [Tycmv m — MUHUMAAOHGA GYHKUUA SAEMEH-
ma o € GF(p™) u d — ee emenenv. Tozda nose GF(p)[x]/(m)
usomopgdro nodnomo GF (p?), noposcderromy cmenenamu o
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HokazarenapcTBo. CreneHn « NPUHAIERKAT d-MEPHOMY TIPO-
crpaHcTBy ¢ 6azucom 1, o, o, . .., a?" !, koropoe sBseTCa OO
Jiem 110J1st GF'(p™), MOCKOIBKY 3aMKHYTO OTHOCHTEIHHO CJIOZKEHUST
¥ yMHOXKeHHs U coaepkutT 0 m 1.

Hcrombrit m3oMopdusM ¢ oTobpaskaeT Berder {zF} B of:

@: {zF} — aF, (3.13)

Ha OcTajibHBEIX ssementax GI'(p)[z]/(m) ero moxuo moomnpese-
JIUTH TIO JIHHEHHOCTH:

d—1 d—1
p: (Zak{xk}) — Zakak. (3.14)
k=0 k=0

Wz (3.14) sicro, 4o oToGparkeHue ¢ B3aUMHO OJHOZHAYHO M sIB-
JIT€TCs TOMOMOP(MHU3MOM &IUTHBHBIX IPYII PACCMATPHBAEMBIX

nojieii. Ocrasocs nposepurs, uro ¢({fHg}) = o({fHe({g}).
Paznenum fg ma m c ocrarkom: fg = gm + r. Torma

e({fHe({g}) = fla)g(a) = qle)m(a) + r(a) = r(a) = ¢({r}),
a B GF(p)[z]/(m) mbl umeem papercro {f}{g} = {r}. Urax,
MMOCTPOEHHOE 0TOOparkeHne — M30MOPMU3M TOJTEN. O

Pacemorpum Temepb ABa MOJST ¢ OJUHAKOBBIM KOJHYECTBOM
sementoB ' = GF(p)/(f)u G = GF(p)/(g), KoTOpBIE 1O TIpE/IHI-
JyIeil TeopeMe MOYKHO CYUTATHh KOJBIAMH BBIYETOB IO MOJLY-
JIEO HEITPUBOJIUMBIX MHOTOYJIEHOB f 1 g cooTBercrBeHHO. CTerneHn
9TUX MHOTOUIEHOB OJINHAKOBA, ODOZHAYKM €e 7.

IMockombKy B nojte G MHOTOUWIEH P — 2 pa3/iaraercd Ha Jn-
HelHbIe MHOYKUTEJIH, €r0 MHOXKUTE/b f UMEET B 3TOM TI0JIe KOPEHb
a. V3 HenpuBoguMocTh f CJIeyeT, 9To OH SIBJISIETCS] MUHUMAJTBHOT
dbyuruueii . [To Teopeme 3.51 ybexkmaemcs, 910 HAIN JIBa TIOJIs
M30MOPQHEL.

3.9. HHukaudyecKkne MoANPOCTPAHCTBA

B npuioxkenusix Kk Teopun KOAUPOBAHUsT MBI OyJIEM HCIIOJIB30-
BaThb KOJILIO MHOTOUIEHOB Hal G F'(p) 10 MO0 [JIABHOIO Ujiea-
JIa, OPOXKIEHHOTO HEKOTOPBIM (He 00s13aTe/IbHO HEIPUBOUMBIM )
muorouierom f. [lpuBesem HEKOTOpPBIE CBOMCTBA ITOTO KOJIBIIA.
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CrHavaJia JOKaXKeM JIB€ TEOPEMBI O TOM, KaK yCTPOEHBI UIEA B
B KOJIBIIE KJIACCOB BBIYETOB KOJIbIA MHOTOUIEHOB Hajd GF(p) mo
MOJIYJTEO TJIABHOT'O HJIEAJIa, TIOPOXKIEHHOTO HEKOTOPBIM MHOTOY e~
woMm f. Eciin f HempuBO MM, TO KOJIBIO BEIYETOB SIBJISIETCS TIOJIEM,
9TOT CJIy4ail MBI y2K€ PACCMOTPEJIH B MPELIAYIIEM PA3JIeIe.

3aMeruM, 9TO, KaK U PaHbINE, BEIYETHI 00PA3yIOT BEKTOPHOE
npocrpanctso Hag GF(p) muorouneHos cremnenu ue Boime deg f.

Teopema 3.52. [lyemv @ — nenpusodumvili HOPMUPOSAHHBIL
MmHozouner, xKomoputi deaum f. Tozda cosoxynmocmov ecex 6vi-
wemos, KpamHur ¢, obpasyem udeas 8 KoAbUE KAUCCO8 BbLHEMOs
no modyao f u p — eduHcmeeHHT HOPMUPOSAHHIT MHOZOUAEH
MUHUMAALHOT CMENEHL 6 IMOM UJEde.

HoxkazareapcrBo. [Ipoeepum, 4T0 910 Haeas:

{o} Ao} +{u} - {o} ={v+u} -{e},
{u} -{v} - {e} = {uwv} - {s}

TTockoBKY Pa3sHOCTH 3JIEMEHTOB WJI€AJIa, MTPUHAJIEIKUT e~
ajy, a crapiire KO3h)UIMEeHTE HOPMUPOBAHHBIX MHOTOYIEHOB
PaBHBEI 1, 0CTAJIOCH JI0KA3aTh, 9TO B 9TOM H/I€aJI€ HET MHOTOYIEHOB
crerrenn MenbIte deg ¢. Jlokaxkem, uro 000 HEHYJIEBOIT MHOTO-
9JIEH CTENEHN MeHbIle deg ¢ He CPABHUM TI0 MOJIYJIEO [ HU ¢ KAKUM
KpaTHBIM . [Tockoabky f = wp, TO MHOTOYJIEH, CPABHUMBII C
KPaTHBIM ¢ [0 MOAYJIO f uMeer B up —v f = (u—vw)p, creneHnb
TAKOT'O0 MHOTOYJIEHA, HE MEHBIIE, YeM CTEIEHb (. |

Teopema 3.53. Paccmompunm udean (), nopoorcdenmoiii o — ne-
npueodumvim Hopmuposarrvm desumenem f. IHycmo cmenens f
pasna n, a cmenensv ¢ pasna k. Tozda udean (p) — sexmoproe
npocMParcmeo pasmeprocmu n — k.

JokazarenabcTBO. YTBEpKIEHIE TEOPEMBI OYIET CIeI0BaTh U3
TOTO, 4To JIE00OIT d/1eMeHT HJieasia () MOKHO NPEJCTABUTEL B BHIE

{(ag Farz+ -+ an_p_12" ), (3.15)

DJIE g, . .., dp—k—1 — IPOU3BOJIbHBIE djieMeHThl GF'(p).

Crenens MHOTOWTeHa (ag + a1z + -+ + ap_p_ 12" F 1y me
Gousbiie n — 1, mosTomy Bee BBIYeThl B (3.15) pazmuansl. Ilycrs
{u} = {v}H{y}, a vy nemurcs va f ¢ ocraTkom 7. Torga

vp =uf +r=uwp+r,
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r.e.r = (v—uw)yp. Hosromy {u} = {r} u MbI goKazamM, 9o (3.15)
OIIMCHIBAET BCE JIEMEHTHI nyieana (). O

Teneps M3y4nM KOJBIO BLIYETOB IO MOJYJIIO MHOTOYJIEHA,
" — 1.

Beemem moHATHE MUKINYECKOTO TOMITPOCTPAHCTBA. 1lycTh B
7-MEPHOM BEKTOPHOM NPOCTPaHCTBE HaJj nojeMm F dukcumpoan
HEKOTOPHIi 6aznc. Torma 3To MpOCTPaHCTBO MOXKHO OTOKIECTBUTD
¢ KOOPJMHATHLIM IMTPOCTPAHCTBOM F'™, TOYKM KOTOPOTO — ymopsi-
JIoYeHHbIe HabopHI (ag, . . ., ap_1) deMentoB F' gunet n. TTomnpo-
CTPAHCTBO KOOPAMHATHOIO TIPOCTPAHCTBA F" HAa3LIBAETCH UUKAU-
yeckum, eciau Bmecre ¢ Habopom (ag,...,dp—1) OHO COJEPIKUT
[UKJIMYECKUH CIABUD 9TOTO HAbOPa, T.€. (an_1,a0,. .., an—2).

B xombIte KmaccoB BEMETOB MO MOAYJIIO MHOTO4YIeHa x'° — 1,
PaccMATPUBAEMOM KAK BEKTOPHOE IPOCTPAHCTBO HaJ, MOJEM
GF(p), ectb 6azuc {1}, {z}, ..., {z" '}, Huxmraeckuit capur
KOOPAMHAT B 3TOM 06asmce PaBHOCHJIEH yMHOXKEHUIO Ha z. Jleii-
CTBUTEHHO,

{agtaizt--+ay_12" '} {2} = {apzt a1z’ +- - Fan_12"} =

={a, 1 taoxr +arz® +-- +a, 22" 1Y}

Teopema 3.54. B xoavue KAaccos 6vi4emos no modysio MHo20-
unena ' — 1 nodnpocmparcmeo ABAAEMCA UYUKAULECKUM M020a,
U MoavKo mozda, k0zda 0HO UJEan.

HoxkazaresnbcrBo. Eciii mognpocTpaHcTBO — HJIEaI, TO OHO 3a-
MKHYTO OTHOCHTEJILHO YMHOKEHHsI Ha {Z}, a yMHOXKeHHe Ha {z}
U €CTh IUKJINYECKUil CIBHUT.

B Apyryro cTopoHy, MyCTh 9J€MEHT ¥ IPUHAJJIEXKHUT [IHKIIIYe-

ckomy miogmpoctpanctsy I. Torma v - {z}, v - {2%}, ... — muxmm-
YecKHe CIBHIH, T.e. Takxke npunajyexar /. Suauut, v - {u} € 1
yisi ioboro MuOTO4YIeHa, w. [losromy I — uneadt. O

Paznioxkum muorowien z — 1 wa menpusogumbie nag GF(p)
MHOZKUTEJIH:

" —1 = fi () f? (). .. f&=(x).

TTo xuTaiickoii Teopeme 06 OCTATKAX KOJIBIO KJIACCOB BRIYETOB TI0
MOyIE0 MHOTOUWIEHa =" — 1 m30MOpdHO TpsiMOil cymMMe KoJIerr
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KJIACCOB BBIYETOB II0 MOZYMK MHOrowrenos f;*(z). MHorma ta-
KO€e pa3zJjiozKeHHe OKa3bIBaeTcs mojie3HbiM. [losromy paccmoTpum
3a/a49y paszioxenus " — | Ha HENPUBOAUMBIE MHOYKUTEJIN.

Mser nokazaju B paszene 3.7, 9T0 Jirobo MHOTOUIEH ¢ KO-
dunmenramu uz GF(p) paziaraercs B HEKOTOPOM KOHEYHOM I0JI€
XapaKTEePUCTUKH p Ha JiuHelinbie Muoxkureu. [lycrs GF'(q) — no-
Jle XapaKTEePUCTUKH P, B KOTOPOM MHOTO4YIeH x'* — 1 pazjaraercs
Ha JInHEWHbIE MHOKUTEN. [IOCKOIBKY B TOJTE XapaKTEPUCTUKH P
BBITIOJIHAETCS paBeHcTBo =P — 1 = (xF — 1)P, marepecen ciywait,
KOTJIa 72 B3aHMHO IIPOCTO ¢ p. B aToM ciaydae y MHOTOWIeHa 2™ — 1
KPaTHBIX KOPHEH HET, TaK KaK OH B3aUMHO MIPOCT CO CBOEN Mpou3-
BOJHOM nz™ L.

PapenctBo 2" = 1 03HaUaET, UTO MOPAJIOK IJIEMEHT, T B MYJTb-
TUIIUKATUBHON rpyme nois GF(q) penur n. My/IbTUILTUKATUB-
Hasl TPYIIa KOHEYHOTO ToJis IuK/nydHa (Teopema 3.44). Kopuu
ypasrenus " —1 = 0 06pazyoT NOArPYIILy 3TOH Ipynis! (FPyIIa
KOPHEli U3 eJIMHUIIBI CTENEHN 72), U 9Ta TOJIPYIINa TAKKe UK/ e
ckasi. Fe mopoxkgaroriie 3J1eMeHThI HA3bIBAIOTCS NPUMUMUSHDIMU
KOPHAMU CTNENEH T.

Tloarpymma mopsaka n B IUKJINYECKON TPYIIIE CYIIECTBYET
TOTI@ W TOJBKO TOT[A, KOTAA 70 JEIUT IMOPSIOK MUKJIMIeCKON
rpynmnbl. TakuM 06pa3oM, MBI TIOJIydaeM HEOOXOIMMOE U J0CTa-
TOYHOE yCJI0BUe TOro, uro noje GF(q) cogepxkur rpyuiy KopHeil
W3 eVHUIIBI CTEMEHN 71: 1 JOJIKHO OBITh AejureieM g — 1.

YUrobbI BEPHY THCH OT paz/ioxkenus =" — 1 Ha JIMHEHbIE MHOYKI-
requ B ojie GF(q) K paz/iokeHuo Ha HEIPUBOAUMBIE MHOXKUTEJIH
B nojie GF(p), Hy?KHO NMOHATH, KAKUE KOPHU U3 €IUHUILI OyIyT
BXOJIUTHh B HENPUBOAUMEIH Jesuress f(z). Kak Mbl yike ycrano-
Buiu (Teopema 3.41), ecyin ypasuenue f(z) = 0 umeer kopeub 3,
TO U [P, ﬁp2 u T. 1. Takzke 6ynayr kopusmu f(z). Takum obpazom,
KOJIMYE€CTBO U CTEMEHN HENPUBONMBIX AeiuTeseil ' — 1 MOXKHO
HaliTH, pasbuB BBIYETHI 110 MOJYJIIO 7 Ha OpOUTHI OTOOpPaXKEHUS
t +— pt mod n.

ITpumep 3.55. PaccmoTpumM emme pa3 pazjiozKeHHe MHOTOYJIEHA
2% —1 magmonem GF(2). OTHOCHTETHHO YMHOIKEHHST Ha, 2 BETIeTHI
0 MOAYJIIO 15 pazbuBaroTCs Ha TaKue OPOUTHI:

{0}, {1,2,4,8},{3,6,12,9}, {5,10}, {7,14,13,11}.
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[Mostomy z'® — 1 paznaraercs B MpOM3BEJICHHE OJHOTO HEIIPUBO-
JUMOTO MHOTOYJIEHA CTENEeHH |, OJIHOTO HENMPUBOJNMOIO MHOTO-
9JIEHA CTEMeHN 2 U TPeX HENMPUBONMBIX MHOTOYJIEHOB CcTereHn 4
(cM. paznoxkenve Ha c. 148).

Ipumep 3.56. PaccMoTpuM pasjiozkeHHe MHOrodjieHa 2o — 1
Has nosieM GF(2). OTHOCHTENBHO YMHOXKEHUS HA 2 BBIYETHI 110
MOJYJTEO 23 pa3buBarOTCs Ha TPU OPOUTHI:

{0}, {1,2,4,8,16,9,18,13,3,6,12},
{5,10,20,17,11,22, 21,19, 15, 7, 14}.

TTosTomy 222 —1 pazaraercs B IPOU3BEIEHNe OJHOTO HEITPUBOIH-
MOT'O MHOTO'JIEH CTeNeH:u | U ABYX HENMPUBOJUMBIX MHOTOYIEHOB
cremenn 11.

3.10. 3agaun

3.1. Jlokazarh, YTO MHHUMAJILHOE TIOJIIOJE JIFOOOTO TIOJIsT Xa-
pakTepuctuku ) M30MOPQHO MO0 PAIMOHAIBLHBIX YHCE]T.

3.2. JIokazaTh, YTO MUHUMAJIBHOE TIOIIOJIE JII0OOTO OIS Xa-
pakTepuctuku p uzomopduo noywo GF(p).

3.3. Pemuts ypasHenue 4z = 1 B mose Z/(101).

3.4. Haiitu 737! B nose Z/(103).

3.5. Pemnuts cucremy ypaBHEHHIT

r+2z=1,
y+2z=2,
20+ 2=1

B II0JIe BEIYETOB II0 MOJIYJIIO 3 M IO MOZIYJIIO 5.
3.6. Pemnts cucreMy ypaBHEHHIT

3x+y+2z2=1,
r+2y+3z=1,
dr+3y+2z2=1

B II0JIe BEIYETOB II0 MOJIYJIIO O M IO MOJIYJIIO 7.

3.7. HeHyneBoﬁ BBIYET @ HA3BIBACTCA KBaJAPAaTHYIHBIM BBIYE-

TOM IO MOJYJIIO P, €CJIN YPpaBHEHUE 272 — a UMEEeT pelieHne B 11oJjie

Z/(p). B mpoTHBHOM ciiy4ae BbIYET HA3BIBAETCS KBAPATHIHBIM
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HeBbIYeTOM. Uero GoJibIie: KBaIpaTHUYHBIX BBIYETOB MJIN KBa/J[pa-
TUYHBIX HEBBIYETOB?

3.8. JlokazaTh, UTO a SABJIAETCA KBAIPATHIHBIM BBEIYETOM IIO
HEYETHOMY IIPOCTOMY MOJYJIIO P TOL[a W TOJBKO TOTJA, KOTAA
a?=1/2 =1 (mod p).

3.9. HaiiTn npouzBefieHHe BceX KB3IPATHYHBIX BEIYETOB IIO
Moymio 71.

3.10. Haiita cymMmMy BcexX KBaJPaTHIHBIX BEIYETOB IO MOIYIIIO
67.
3.11. (Teopema Bubcona.) TokazaTs, 4To

(p—1)!= -1 (mod p)

JJIST TIPOCTOTO P.
3.12. Jlokazarb, uro B nojie GF(p) BBINIOIHAIOTCS PABEHCTBA:

p—1 1 (p—1)/2 1
a)ZEZO(P>2)§ 6 > ﬁZO(P>3)~
k=1 k=1
3.13. Haiiru 12096 4 22006 1 32006 4 ... 4 162906 1o momysmro 17.
3.14. CkosbKO pelreHuii nmveer ypaBHEHUE z> = a B mMOTE

GF(2")?

3.15. [Ing xakux u3 unces n = 2,3,4,5,6,7 cymmecTByeT 10J1e
w3 1 3JeMEeHTOB?

3.16. B mose F' BrmosraeHo pasenctso 5 = 21. Bepwo i, dro
B nojie F' BeITIOTHEHO paBeHcTBO 7 = 157

3.17. Mozkuo siu B oJjie u3 64 s71eMeHTOB HaiTH mo/irosie u3 16
371eMeHTOB?

3.18. JlokaszaTk, 4TO mOJIe U3 p° SJIEMEHTOB, IJie p — IIPOCTOe
9UCJI0, UMEET €UHCTBEHHOE COOCTBEHHOE ITOJIIOJIE.

3.19*.a) Jlokasarb, 4T0o ecau MHorowreHsl f(z) u g(z) ¢ ue-
JIbIMU KO3D PUIMEHTAMI B3aUMHO ITPOCTHI HAJT [TOJIEM BBIYETOB TI0
MMPOCTOMY MOJIYJIIO P, PUYEM XOTs ObI O[WH U3 cTApIuX KO3 hu-
[UEHTOB HE JIEJINTCS HA P, TO 9TU MHOTOYJIEHBI B3AUMHO ITPOCTHI
Ha/JI, [T0JIEM PAIMOHAJBLHBIX YHCE]T.

6) TTokazaTh Ha IpUMEpPe, YTO Jyist JIEOOOTO IIPOCTOrO YUC/Ia P
0OpaTHOE YTBEPKIEHNE HE BEPHO.

3.20. Jlokaszarb, uro MHOrO4IeHb! f(z) u g(z) ¢ neasivMu Koadh-
dunpeHTaMU TOTIA ¥ TOJBKO TOT/Ia B3AUMHO MPOCTHI HAJ, TIOJIEM
PaIMOHAJBHBIX YHCEJI, KOTJ@ OHHM B3aMMHO IIPOCTHI HAJI TOJIEM
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BBEIYETOB 10 MOJIYJIIO P, TAE p — JIE0O0E MMPOCTOE YNCIIO, HCKIIIOYAs,
OBITH MOZKET, KOHEYHOE MHOYKECTBO TAKUX HUHCEJL.

3.21%*. Jlokazarb, yro ecyiu Muorowien f(z) ¢ measiMu Koadh-
dpunEenTaMu MPUBOAMM HAJ, TIOJIEM PAIMOHAJBLHBIX YHCEN, TO OH
MIPUBOAMM HAJ, TTOJIEM BBIYETOB TI0 JIOOOMY IIPOCTOMY MOJIYJIIO P,
He fessmeMy crapmmii Kosddumnpent. [Ipusectn npumep MHOTrO-
YJIeHa, TPUBOINMOrO HaJI MOJIEM PAIMOHAIBHBIX YHCE]T, HO HETPH-
BOJIMMOTO Ha/I TTIOJIEM BEIYETOB 10 MOYJIO P, TJIE P JEJIAT CTAPIINIA
K03 HUIIMEHT.

3.22*, CymecTBYIOT MHOTOYJIEHB] C HEJbLIMA KO3 UITnenTaMn,
HENPUBOIUMBIE HAJT [TOJIEM PAITMOHAIBHBIX YUCEN, HO TIPUBOIAMBIE
HAJI, TTIOJIEM BBEIYETOB TI0 JIFOOOMY ITPOCTOMY MOAYJIO p. JIoKa3aTh,
9T0 TaKnuM 6y/IeT, Hampumep, MEoTouteH f(x) = x4 — 1022 +1. D10
MHOTOYIEH HAVMEHBINEA CTeneHn ¢ IeJbiMA Koddg puipentamu,
UMERIIUI KOPeHb & = \/5 + \/§

3.23. Muorounen f(z) = > +-ax+b, a,b € GF(5), Henpusoaum
Hajg GF(5). Bepro s, uro f(z) menpusogum way GF(125)7

3.24. Jlokazarb, yto n! geaur

" = D" —p)@" —p*) ... (p" —p" ).

3.25. Pemurs ypasnenue P — x = 0 B mosie GF(p™).

3.26. Pemmuts ypaBHeHNe 5z — 7 = 0 B moJte u3 169 snemeHTOB.

3.27. Pemmts ypasuenue z° + z + 4 = 0 B nojie GF(121).

3.28. CkoubKO pemrenuii umeer ypapHenne x> —z’ —1 =0 B
nosie GF(24)?

3.29. Ilpouseognast MHOrO4IeHa [ #£ 0 Haj [oJieM XapaKTepu-
CcTUKH p ToXkAecTBeHHO paBHa (. JIoKazaTh, YTO 9TOT MHOTOUJIEH
TTPUBOJIUMBIIi.

3.30. J[lokazaTs, yTo MHOTOWIEeH f Ha i mojiem F' xapakrepuctu-
KU p, KOTOPBIA B3aUMHO ITPOCT CO CBOEH MpOM3BOAHON [, Henpu-
BOJINM TOTJ@ U TOJIBKO TOT/a, KOTJa ypaBHeHue rf = z mveer B
kouibrie F[z]/(f) poBHO p pemeHwit.

3.31. Mycrs (f,f') = 1 u v» = v B xouenie Flz]/(f), v ¢
{0,1,...,p—1}. (Bmecs p — xapakrepucTrKa 110/ K03 duimen-
toB F'.) Jlokazarhb, 94TO TOT/A JIJIsl HEKOTOPOTO a € F' MHOrowieHb
v —a ¥ f UMET HeTPUBUAJIBHBIN OOIHUil JIe/IUTe b,

3.32. Jlokaszarb, uro Jyiobas dbyukius f: GF(p") — GF(p™)
MOZKET OBITH MPEJICTAB/IEHA MHOTOYJIEHOM.
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3.33. dpaserca mu z? + 1 HEMTPUBOJUMBIM MHOTOYJIEHOM HaJT
nostlem GF(3)?

3.34. Muorounen z°+z° + 2241 pazioxKuTh Ha HEIPUBOIUMEIE
MHOYKUTEN Ha/l TTOJIEM BBIYETOB TI0 MOYJIFO 2.

3.35. Muorounen x> + 222 4 42 + 1 pa3/IOKUTh Ha HEIPHBOIH-
MBbIe MHOYKUTETN HaJl TTOJIEM BBIYETOB TI0 MOJYJIFO 5.

3.36. Muorounen 24 4 22 4 2 +2 paz/IoKuTh Ha HEIPUBOAUMEIE
MHOYKUTEN Ha/l TTOJIEM BBIYETOB TI0 MOY/IIO 3.

3.37. Muorounen z* + 322 + 222 + 2 + 4 pa3/I0XKUTEL Ha HEIpU-
BOJIAMBIE MHOYKUTEJTN HaJ, ITOJIEM BBIYETOB TI0 MOJIYJTIO 5.

3.38. PaznoxKuth Ha HENPHUBOJUMBIE MHOXKHTEJN HAJ IOJIEM
BBIYETOB TI0 MOJIYJIFO 2 BCe HOPMHUPOBaHHBIE MHOTOUIEHBI BTOPON
CTeIeHn OT .

3.39. PaznoxKuTh Ha HENPHUBOJIUMBIE MHOXKHTEJN HAJ IOJIEM
BBIYETOB J0 MOJYJIIO 2 BCe HOPMUPOBAHHBIE MHOTOYJIEHBI TPEThEN
CTeIeHn OT .

3.40. HaiiTu Bce HOPpMUPOBaHHBIE MHOTOYJIEHBI BTOPO CTeTIe-
HU OT Z, HEMPUBOAUMEIE Ha/JI TTOJIEM BBIYETOB TI0 MOJIY/IIO 3.

3.41. HaiiTu Bce HOpMUPOBaHHBIE MHOTOJIEHBI TPEThEN CTeTIe-
HU OT Z, HEMPUBOAUMEIE Ha/JI TTOJIEM BBIYETOB TI0 MOJIY/IIO 3.

3.42. a) llposeputs, urto F' = GF(7)[z]/(2?> + = — 1) aBnsercs
nojieM. 6) Beipazure obparueiii Kk 1 —z B8 F' B 6azuce 1, z.

3.43. HaiiTy OpAI0K 37eMenTa « + x> B MyJIbTHILTAKATHBHOM
rpymme

a) noms GF(2)[z]/(z* + = +1);
6) monsg GF(2)[z]/(z* + 23 + 1).
3.44. HaiiTn KOJM9YeCTBO HEMPUBOAUMBIX MHOTOUJIEHOB
a) crenenu 7 HaJ nojem GF(2);
6) crenernn 6 Haj mosem GF(5);
B) crerenn 24 Haj osem GF(3).

3.45. Yemy paBHO NIpOH3BeJeHHE BCeX HEHYJIEBHIX SJIEMEHTOB
noa GF(26)?

3.46. Yemy paBHa cymMa Bcex sjemenTos moss GF(37)?

3.47. Mmuorounen f € GF(13)[x] ceapmoil crenenun paszmara-
ercs Haj GI'(13) Ha HENpHBOJMMBIE MHOYKUTEJH CTENeH: 3 1 4.
B kakux nossix GF'(13™) muorousen f paziaraercs Ha JUHEHbIE
MHOYKUTEJTN ]

3.48. Haiitu HanMeHbIlTee TI0/Ie XapPaKTEPUCTUKH 2, B KOTOPOM

MHOTOYJIEH 19 _ 1 Ppaz3Jjiaraercd Ha JIMHEHHBIE MHOYKUTEJIN.
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3.49. Ilocrpouts nzoMOpdU3M MEKIY TMOJITMU
F(Nz]/(z* +z —1) u GF(7)[z]/(z* + 1).

3.50. Jlokaszarb, uro rpymma apromopduzmos mojs GF(p™) —
IMKJINIECKAs, & €€ TIOPOKIAIOMNM sBJsgeTcsa apTomMopdusm Dpo-

Gennyca.
3.51. KoHeuHas NMpoeKTHBHAA IIJIOCKOCTD MOPSJIKA, 12 — 3TO Ta-
KO€ ceMelicTBO OAMHOKECTB L1, ..., Ly («IpsMBIX» ) KOHEUHOTO

MHOZKECTBA, «TOUY€EK» P, 9TO BBIMOJIHAIOTCS CJIEAYIONINE CBOHCTBA:
® Uepe3 KaXK/YIO TOUKY MPOXOJUT 7 + | mpsimast;
® KayKjasl TpaMasi COTMEPKUT n + | TOUKY;

e uepes JIoObIE [IBe PA3INYHbIE TOYKH IIPOXOAUT POBHO OIHA
apsMasi;

e JIf0OBIE JIBE PA3JINYHBIE TIPSIMBIE TIEPECEKAIOTCS POBHO TI0 OJ1-
HOII TOUYKe.

TTocTpouTh KOHEYHYIO NPOEKTUBHYIO IIJIOCKOCTH TOPSJIKA ¢,
[Jie ¢ — CTEIeHb IIPOCTOrO YHCIIA.

3.52. Ilycte p — mpocroe HedeTHoe [mcyio. Omupenennm Jist
ssleMeHTa a ToJist BeraeToB GF (p™) cumeson Jleorcandpa x(a) Kak
0, ectn @ = 0, KaK +1, eciu ypaBHEHNe z° = a UMeeT PeIeHne B
noste GF(p™), u kak —1 B nporusHOM citydae. Jlokasars

2) x(@)x(b) = x(ab);

6) ec p™ =1 (mod 4), 0o x(—1) = 1; ecim p™ = —1 (mod 4),
o x(—1) =

B) Zaecp(pm) x(a) =0;

r) ans ao6oro b # 0 BBIIOIHEHO ), pmy X(a)x(a +b) =
=-—1.

3.53*. Marpuna Anamvapa H mopsiika n cOCTOUT W3 3JIEMEHTOB

+1 u yaoBieTBOpsaeT yCIOBHIO
HHT = nI, roe I — equHUYHAS MATPHUI.

TTocTpours marpuiyy Amamapa mopsinka n = p™ + 1, toe p —
TPOCTOeE, & N AeUTC Ha, 4.



I'naBa 4

Konapl, ncnpas/gioriyie onmoKn

4.1. OcHoBHasI 3aJIa4a TeOPUN
KOJANPOBAaHUS

Ilycts ects HAbOP coobrienunit S;, 1 < 4 < n, KOTOpPbIE HYXK-
HO TIEpesIaBaTh MO KaHajy cBsasu. Coobinenus 6ymemM KOAUPOBATH
HYJISIMU U €[JUHUIAMH, T. €. KayKI0MY COODITEHHIO OYIeM COTIOCTaB-
JIITH €ro KOJI — CJIOBO u3 HyJsieil u emunul (6unaprbiii Habop),
KOTOPBIiT OOBLIYHO HA3LIBAETCS K0J06btM CA060M. MBI OrpaHIYINM-
csl TOJIBKO CJIy4daeM, KOTJia BCe COODIEHNsT KOJUPYIOTCS CJIOBAMU
OIMHAKOBOIT JUIMHBI. DymeM cauTarh, 910 owubrku npu nepedaye
MOTYT TOJIBKO U3MEHSATH 3HAYEeHIsT HEKOTOPHIX OutoB. Boobie ro-
BOPsI, 9TO HE €IMHCTBEHHBII BI/I OMMOOK. BO3MOXKHEI, HAIpUMED,
BBITIQIEHNS U BCTABKN — KaKOMW-TO M3 OUTOB MOKET He JOUTH 10
MPUEMHNKa, W, HA000POT, M3-38 ITOMEX MOXKET IIPOM30UTH JIOXK-
HOe cpabaThIBaHUE MPUEMHHUKA U TOJIYIUTCS OUT, KOTOPOTO HIU-
KTO He MochLiaj. MBI TaKHe CUTYaIlii paccMaTPUBATL HE OyJIeM.

3a/1a9a COCTOUT B TOM, UTOOBI ITOCTPOUTEH KO MHUHUMAJILHOI
JUIAHBI, TIPY TIepeaate ¢ MOMOIIBI0 KOTOPOTO COODINEHHE MOYKET
OBITH OJTHO3HAYHO BOCCTAHOBJIEHO IIPH YCJOBUH, YTO MPOU3OIILIO
He HoJtee r OMMOOK.

Bouee ynobuo paccmaTpuBaTh APYTryO 33039y JaHBI 1 — JJTH-
Ha KOJIa, 77 — MaKCHMAaJIbHO JIOMyCcTUMOe Yncjo omubok. Tpeby-
erTcsT HAfTH MaKCHUMAJIbHOE 9HC/IO cOOBIeHnii k, KOTOpoe MOYKHO
nepenaThk. PermmB 3a/1a4dy Tpo MaKCHMAJIBHOE YHCJIO COODITEHMIA,
HETPYIHO TOJIyYUTH PEIeHHe U PelleHne IPebIIyIneil 3a/1a9mu
PO KOJ MUHUMAJILHOM JJIHHEL.
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MpbI TIpUOJIMKEHHO DEIIUM 3Ty 33729y JJIsi POU3BOJILHBIX 7
u r. Tounoe perenne Gymer HaHO JUIb JJid ciaydas n = 27 — 1
ur =1, arakxke ;g n = 23, r = 3 (cm. pazzgen 4.5). Beegem
paccmoarue MeXK Ty OuHapHBIME HabOpaMu

i=1

rme & = (aq,...,0n), B = (B1,-..,0n), i, B € {0,1}. (Do
PacCTOSHUE YaCTO HABBIBAETCS Mempukoli Xommunza.)

Tosopsi monpocry, p(a, B) — 9TO YHCJIO KOOPIAUHAT, [0 KOTO-
PBIM Pas/IMIAIOTCs HAGOPHI & 1 3.

Beeziewm erre o100 onpesiesienne: Hopma ||¥|| — 310 ducno eau-
HUYHBIX KOOPAUHAT B 7.

YuraTero npeaiaraeTcs CaMOCTOATENBHO TPOBEPUTE CIIPABEI-
JIMBOCTD CJIEIYIOIIETO TIPOCTOTO YTBEPIKICHUS.

Vrsepxaenne 4.1. p(&,3) = ||a @ J||, 20e
adp= ((a1+ﬁ1) mod 2,..., (a, + ) mod2).

Hpumep 4.2. &= (101011), 3 = (000110), p(&,B) =4, & @ =
= (101101), ||a® 3| = 4.

Bénpimas gacTs Teopun KOAUPOBAHNS TOCTPOEHA HA TaK HA3BI-
BAaEeMBIX PYIIOBBIX KOJAX, T.€. KOJaX, 00pa3yomux rpymny (ux
TaKKe HA3LIBAIOT AUHElHbMU Kodamu). JIpYrUMU ¢JIOBaAMU, MHO-
JKeCTBO KOJIOBEIX CJTOB {&, . .., G4} 06pazyeT IpyIIy OTHOCHTETb-
HO OmepaIyi &: s JIOOBIX KOJOBEIX CJIOB &, &7 BHINOJHSETCS
&taald = at, 1 <t < q (I0cTaTOYHO MPOBEPUTD 3TO yTREPZK/IeHNe,
TaK KakK Ha/jim4ane 06paTHOrO 3/1eCh OYEBUIHO — ITO CaM JIEMEHT).

Teopema 4.3. I[Ipednosoorcum, 4mo mo. umeem 2pynnosoti Kod
{al,...,a%} ommocumenvro onepayuu © (3decv u danee pac-
CMAMPUBAIOMCA ZPYNNLL TNOABKO OMHOCUMENHO onepayul, D).
s MUHUMAADHOZO PACCTNOAHUA MEHCY PASAULHDLMU KODOSDLMAU
CAOBAMU GOINOAHAEMES COOMHOUEHUE:

min (&', &%) = min [la"].
1] &t#£0
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Hokazaresabcrio. p(af,&?) = ||&° & &7 = ||a*|, npuuem
&% #(0,...,0) npu & # &. Orciofa NoydaeM ONeHKy

min p(a%, &%) > min [la"].
&t£0

i#]
lcro, uro sTa onenka gocruraerca: Habop (0, ..., 0) obasaTenpHO
NIPUHAJIEKAT TPYTIIOBOMY KoAy, a ||&*] = ||&* @ 0] = p(a*,0).

Ilycts mepenapaJiock coobienme

&i - (aliy cee ani)7

a TIOJIy4eHO cOooDIeHme

B = (Biis- -, Bni)-
MbI TIpenooKmm, 910 9ucio omubok He Gobure 7. Iosromy
pla, B < r. d

Onpenenenne 4.4. MuHUMAIBLHOE PACCTOSTHIE MEXK/TY KOIOBBI-
Mu crmoBaMu Koja C Ha3BIBAETCS %0006vim paccmosruem C.

CopokymmHocTh Takux 3¢, uro p(at, ') < r HazoBeM wapom
Xommunrza Sy (&) ¢ 1eHTPOM B &' U pajiuycoM 7.

Vrpepxkaenne 4.5. Muoowcecmeo {&, ..., &%} obpasyem %0d c
uenpasaeruem ownbox, ecau Sy(&4) NS, (a7) = @ npu i # j.

HokasaTenbcrso. Ecin mpu mepemate coobImeHns & cOemaHo
He Gosee r ommboK, To Habop octamercs B mape S,(&'). Ecim
IAPHI He TIEPECEKAIOTCST, TO MBI MOYKEM OJIHOZHAYHO BOCCTAHOBUTD
[EHTP I1apa 1o JIEFOO0H TOYKe U3 ITOrO IMIapa. O

OTcroma cefyeT, 9T0 y KOJa, UCIPABJISIONIErO 7 OMNOOK, KO-
JIOBO€ PacCTOsSTHUE He MeHbIre 21 + 1.

Wrak, 9T00B MOCTPOUTH KOJ MAKCHUMAJIBLHOTO pa3Mepa, Hc-
MPABJIAONINIT 7 OMMOOK, HY2KHO BJIOXKUTH B MHOXKECTBO BCEX OU-
HapHbix Habopos E™ (6yaes xy6) MakcHUMAJIbHOE YHCJIO HEIEpe-
CEKAIOTTUXCS MapoB XIMMUHTA pajuyca r. B caydae n = 2™ — 1,
7 = 1 MOXKHO TaK PACIOJIOKHUTE IMIaPbl, YTOOBI OHU TIOKPHIBAJIN
kKy6 E™ u He mepecekasinchk. ZIcHO, 9TO TaKOW KO, MMEET CaMbIil
6osprioil pasmep. MHTepeceH BOMpoOc, MpU KAKUX JAPYTUX 72 U T
MOKHO paszbuenne E™ Ha mapsl paguyca r. OKa3bIBaeTCs, TAKOE
BO3MOYKHO JWIThL elle TIpU OJIHON mape n U = n = 23, r = 3
(em. pazzen 4.5).
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Teopema 4.6 (teopema Xammunra). IIpu 2r < n makcumans-
Hoe wucno coobuwenutl k narodumea 6 caedyrowur npedesax

Al Al

BEIGEIE A N G E G F o

HokazareabpcrBo. [logcunraem, CKOIBKO TOYEK TOMAIAET B IIaP
pajiiyca 7 — 3TO caM IIEHTP, BCe TOYKU C OJHOI M3MEHEeHHOH KO-

opauHaTO (KOTOPYIO MOXKHO BHIGpAThH (TIL) criocobamu ), Bee TOYKU

¢ JIBYMsl U3MEHEHHBIMU KOOPIUHATAME (KOTOPHIE MOXKHO BHIGpPAThH
(Z) criocobamMu), . . ., BCe TOYKU C 77 M3MEHEHHBIMU KOOP/UHATAMU
(MX MOYKHO BBIOPATDH (:f) criocobamn). Tak Kak 1mapsl He Tepece-
KAFOTCsI, TIOJIyIaeM BEPXHIOK OIEHKY.

JIjist OLEHKH CHHU3Y MOCTPOUM MPHMEpP Koja (HEerpyroBoro).
BepeM IIPOM3BOJILHYIO TOUKY &' M CTPOMM BOKDYT Hee IIap pa-
muyca 2r. B kadecTBe creyromieil To9ku GepeM MpOu3BOJIBHYO
TOYKY BHE 3TOTO IMapa &~ M CTPOMM CHOB3 OKOJIO Hee Iap pa-
muyca 2r. Tperbro TOUKy BhIOEpEM BHE ITHX ABYX mapos. /lasee
aHAJIOTUYHO. 3aMeThbTE, YTO KAaKJIBIi HOBBHIN Map 3aHUMAET HE

boJtee, vem
" + " +...+ "
0 1 o 2r

TOYEK. BHa‘{I/IT, YHCJIO TaKHX IIapOB 6y,ueT HE MEHbIIIe
o
n n ny °
G+ )+ + )
O“IeBI/I,H‘HO, YTO IMapbl paJuyca 7 ¢ TEHTPaMU B IMOCTPOEHHBIX

TOYKAX HE MEPECEKAIOTCsS, TaK KaK B MOCTPOEHUH UCIIOIB30BAJINCH
mapsl pajinyca 2r. O

Teneps pazbepem cityuait n = 2" — 1, r = 1.
ITokazkem, 9To
2n
n+1’
T. €. IPU TAKUX 3HATEHUSIX ITAPAMETPOB BEPXHsIs OIIEHKA, B TEOpeMe
X35MMUHIa JOCTUTAETCS.

Buadase mocTponm Ko, & TOTOM OTIpeIe/TNM ero KOJIOBOE Pac-
CTOsTHHE.
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Paccmorpum Takyro Tabsmity:

100... ... ...000 | 1100...000
010... ... ...000 ] 1010...000
001... ... ...000] 1001...000
000... ... ...100]1111...101
000... ... ...010]1111...110
000... ... ...001]1111...111

CrpaBa BBITUCHIBAIOTCA Bee ODUMHAPHBIE HAOOPHI JUTUHBI 1M, CO-
AepxKariue boJjee oaHoi eanHNYHON KoopanHaThkl. CeBa — emu-
HUYHAs MaTpUna pasMepa (2™ —(m+1))x (2™ —(m+1)). Paccmo-
puM MHOXKecTBO HabopoB (OHO HazbiBaercs kodom Xommunza),
KOTOPBIE TIOJTy9aIOTCsT TIPU CYMMUPOBAHUK CTPOYEK STOM TabIHIIBI
BCEMH BO3MOYKHBEIME criocobamu. B stom muozkecTpe 227 —(m+1)
HAGOPOB (PE3yJIbTATEI CJIOKEHUST PA3JINYHBL JJIsl JIEO6Or0 MHOMKE-
CTBA CTPOYEK ). 3aMETUM, UTO

22"“7(m+1) _ 22m71 on

2m p4 1

Haiinem mummmambhoe p(Gl, &7). Jlerko Bumjers, 9to p = 3,
TaK KaK HOPMa, JIIOG0ro HEHyJIEBOTO HAb0Pa, IMOJIYyYaeMOTO CyMMU-
POBaHHEM CTPOYeK TAOJIMIIEI, He MEHbIIE TPEX: €CIH CyMMHpPYeM
He MeHee TPeX CTPOYEK, TO B JIeBOil JacTH OyJeT He MeHee Tpex
€IMHMUIL; €CJI CyMMHUPYEM JIBe CTPOYKH, TO B JIEBOil JacTH OymeT
JIBE €JMHUIIbI, & B IpaBoil (HaGopbl pasHbie) — xoTsd Obl OJHA;
B J0B0#l cTpoYKe TabIHIBI TaKKe COOCPYKUTCA He MeHee TPex
€JIMHMIIL,

Pa3 paccTosHus MeK1y KOJOBLIMU HaOOpaMH He MEHBIIIE TPeEX,
maphl pajuyca 1 ¢ IeHTpaMy B 3THX HaOOPaX He MepeceKaoTCs.

ITpumep 4.7. CocraBum Tabauiy /i KO3 XIMMUHT JJTHHBI 7:

11010({0]1])0]|1
0]1]0|0]1]1]0
ojoj1rjofoj1]1
0jo0jo0|1(|1]1]1

Ck1a/IbIBa€M CTPOYKHU TTPOU3BOJIBHBIM 00Pa30M U moJrydaem 16
BO3MOXKHBIX KOMOUHAI. MIMI MOXKHO 3aKOAUPOBATHL 16 coobie-
Huii, Hanpumep, Bce 10 mudp u 3naku oneparuii. [1pu nepenade ¢
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MOMOIIBIO KOJIa XIMMUHIA, MOYKHO HUCIIPABUTH OJHY OIMHOKY, BO3-
HUKAIOIIYIO IIPU Ilepeaade.

4.2. HHukaundecKnue KoJbl

OpHOit M3 caMBIX BayKHBIX KOHCTPYKIIUH KOJIOB sIBJISTFOTCS IIUK-
JIIecKue KOMBI.

Onpenenecane 4.8. Kox C HazBIBaETCA YUKAUMECKUM, ECITH OH
MHBAPUAHTEH OTHOCUTENLHO IUKJINIECKUX CABUTOB: U3 TOTO, UTO
unabop (ao,...,@,—1) npuaaiexkur C, cieayer, 9TO U BCAKUil
HAGOP (Qus, Qs g1,y - oy Qpo1,0Q0, ..., as_1) npuHagexur C.

ITo Teopeme 3.54 nuKINYecKue JIMHEHHBIE KOJBI COBITAJIAIOT C
uneanamu B Kogble Faoz]/(z™ — 1). TTosToMy HOCTPOUTE IHKJIH-
9ecKUil KOJT MOXKHO TaK: BO3bMEM MHOTOUWIEH z'° — 1, BhIOEpeM
HEKOTOPBIi JleinTesib () 3T0ro MHOIOYJIEHA U B KOJIbIE BhIYe-
TOB 10 MOJY/IIO " — 1 paccMOTpUM HJIeaJ1, MOPOXKIeHHbIH ¢(x).
OxkaseiBaercsi, 9To Ipu yAadHOM BbiGope ¢(z) ko3dbduimenTe!
MHOTOYJIEHOB, ITPUHAJIEXKAINX ITOMY Ueasy, OyaIyT JaBaTh XO-
poIuii Kof.

JlaBaiiTe paccMOTPHUM TPOCTOH TTpUMED.

ITpumep 4.9. Ilycrs n = 7. Banurmiem pa3/ioKeHrne Ha HETIPUBO-
JMbIe MHOZKUTEJIH:

2 —1=010+z)1+22+22)1+z+2°).

B kadecTBe ¢ BO3bMeEM TOCTIETHNNT MHOYKUTED. ¥ MHOXKAas €ro Ha
CTEIEHN Z TOIy9InM OA3UC B MOITPOCTPAHCTBE, KOTOPOE SIBJISETCS
KOJIOM:

(1101000) @
(0110100) -z
(0011010) @z
(0001101) @z

MOoKHO MMPOBEPUTD, YTO KOJOBOE PACCTOSTHHUE IS 9TOTO KOJIa, PaB-
HO 3.

B camom nente, ymMHOXKEHIE Ha, Z B KOJIBIIE BEIYETOB 10 MOJLYJTEO
27 — 1 IPUBOIUT K IUK/IMYECKOMY CABUrY Kosddurmentos. Ecm
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ecTb Habop KO3 DUIINEHTOB ¢ ABYMsI €IMHUIIAMU, TO PACCTOSHUE
MeXKJIly eJuHUIaMU B Habope He GoJibiie 2 (ubo B OfHY CTOPOHY,
Jubo B apyryio). Ho Torga ecth Takoil nuk/mgeckuii ¢BUr 3Toro
Habopa, y KOTOPOrO eJUHUIILI MOMENAIoTcs B MyaJieil (JieBoii
[OJIOBHHE ). 3HAYUT, STO JTUOO MHOTOUJIEH CTEIEHU He BBIIIE 2, 9ero
He MOxKeT OBITh 1O Teopeme 3.52, mu6o muorounen 1+ z°. Ho
1+2% =2 mod (1+ 2+ 2°), nostomy B OCTEHEM CITyHqae MBI GBI
MOJIy9WJI BCE KOJIBIO BbIUETOB. Takum 00paz3oM, MUHUMAJIBHOE
YHCI0 eAuHuI (PABHOE KOJOBOMY PACCTOSHUIO) JIJIsl 3TOTO KOZQ
paBHO 3.

Bompoc 0 ko1oBOM paccTosiHUN TPOU3BOJILHOTO TTUKITIECKOTO
Koj1a 6e3naaekHo TpyaeH. Ho ecTh HECKOTBKO BaXKHBIX KOHCTPYK-
U MUKJINYeCKAX KOJIOB ¢ XOPOIMMMHU TapameTpamu. /laiee Mbr
TPUBO/IUM HECKOJIBKO IIPHUMEPOB.

4.3. Koapt BUX

B arom pazzene 6yaeM paccMaTpuBaTh KOJBI, HMEMOIUe JIJTH-
Hy n = 2F — 1. OnmceiBaeMblii HEZKe cOCO6 CTOCOD TIOCTPOEHHST
«XOPOIIIEro» KOJId, MCIPABJISIONIEr0 «MHOIO» OMIMOOK, MPUJLYMaH
Boyzowm, Hoynaxypn u XokpunremoMm. [TosTomy KOARI, KOTOPEIE MBI
oJIyanuM, HazeBatoTca BbYX-komamn.

PaccmoTpnm Takoe yTodHeHNe OIHCAHHON BBINIE cXeMBI. Bo3b-
MeM KaKOV-HHOY/Ib HENpPUBOJUMBIH MHOTOWJIEH ¥ IIOCTPOUM II0
Hemy moJie. HeHysieBble a1eMeHTHI 1100151, KaK OBbLIO [TOKa3aHO BhI-
e, o6pazyoT NUKIHYECKYIO IPYIILY 110 YMHOKeHHo. Bribepem
TOPOKIAIOMINI 3JIEMEHT 3TOH TPYNIEI ¢ H PACCMOTPHUM CTeleHH
a, o?, ..., &, rae r — WEC/I0 OMMOO0K, KOTOPEIE HY’KHO yMeTh
HCIIPaBIIATE. 1 Temeph B Pa3JIoXKEeHNN COOTBETCTBYIOMIETO MHOTO-
wieHa z" — 1 BeIOepeM TaKue HENPHBOUMbIE MHOXKUTEJHN, YTOOBI
KasKJlasi U3 yKa3aHHBIX CTeleHeil Oblia KOPHEM OJIHOIO U3 HHUX.
OkazpIBaercs, 4YTO 9TO TapaHTHPYET UCIIPABJIEHIE T OMNOOK.

Ipumep 4.10. Bozsmem z'° — 1. IIpemnosoxkum, 4To HYKeH

KOJI, UCIIPABJISIONINI TPH OMMOKH. 3HAYUT, HY?KHO HAWTH MHO-
TO4JIeHbI, KOPHAMH KOTOPBIX SBJSIOTCS IEepBBIE IIeCTh cTerneHei
TOPOKJAIONIETO JIeMeHTa ¢. Kcim MHOTOU/IEH UMeeT KOPeHb «,

TO 110 Teopeme 3.41 MOYKHO yKazaTh BCe €ro KOpHHI: o, o, o, of.
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AHaJIOrMYHO, €C/IH Y MHOTOY/ICHa, €CTh KOPeHb (>, TO y Hero 6yayT
kopHu o, af, o'?, . Hakowmer, eciii y MHOrOUJIEHa €CTh KOPEHb
5 10

o, TO Y HEero TaKxKe eCTh KOPeHb o .

TlepemMHOXKUB TpU MHOTOYJIEHA, MTOJOOPAHHBIX MO YKA3aHHBIM
MHOZKECTBaM KOpHEil, moayanm MHOrodieH 10-it crenenn. 3Ha9uT,
WA IO MOJIYJIED STOTO MHOTOYJIEHA, AT IsITh CTEIeHel cBoOo-
npt. [TocTpoennstit kKof, 6yAeT 5-MepHBIM TPOCTPAHCTBOM.

Tenepr poBesiem 3TU paccyKieHus B 6ojiee 0OIeM BUJIE.

Haumem ¢ mpocroii 9acTn — MOCTpOeHus KO/a, 8 3aTeM yiKe
OymemM NOKa3bIBATH, YTO OH JIEWCTBUTE/IHHO HCIPABJISET OIMMHOKM.

Wrak, nomaraem n = 2F — 1. 3 pazioKeHns Ha MHOYKUTEIH
MHOTO4YIeHa ™ — 1

2" —1=pi(z) ... op(z) ... @plx) (4.1)
BBIOEPEM T€ COMHOXKUTEH, KOPHU KOTOPBIX COZEPYKAT CTEeHH
a0, 0, o, (4.2)

TlepemuorKast BEIOpaHHBIE COMHOYKUTEH, TIOJIY9a€M UCKOMBII MHO-
TOYJICH (o, TIOPOXKIAIMUNA Hieas, KOTOPBIH U JacT HaM XOPOIIHii
koz. KakoBa crenens ¢?

Ecnn kakoii-To MHOTOY/IEH NMEET KOPEHb v, 3HAYUUT, OH TAKIKe
uMeeT KopeHb . M BoOGIIe, ec/i MHOTOUJIEH UMeeT KOpeHb o,
TO OH MMeeT Takxke H KopeHb a”®. Taxum o6pazoM, HaM HOTpe-
byerca He HoJiee 7 MITYK MHOTOYJIEHOB, MOTOMY YTO KaKJIBI 13
BBIOUPAEMBIX MHOTOYW/IEHOB MMEET 10 KpaiiHeil Mepe [Ba KOPHSI.
A crenenn HenpuBoauMOTo Aesureis 2" — 1 we 6osbiie k (Hamom-
HIM, 9TO ObIT0 BEIGpano n = 2F — 1), Tlosromy obmmas cremens
MMPOU3BEIEHNs BCEX BHIOPAHHBIX MHOTOYJIEHOB He OobIne 7k, rie
k=logy(n+ 1), rk = rlogy(n +1).

Wrak, nneas, MOpOXKIEHHBIN ¢, OyIeT UMETh PA3MEPHOCTH 7
MUHYC CTeMeHb MMOPOKIAFONIETO TTOJIMHOMA, 3HAYUT TOYEK B ITOM
ueasie OyIeT He MEHBIE, YeM

2”L
(n+1)"

Ha camom meste sTa OTleHKa HETOYHAS: B HEH YUUTHIBAIOTCS TOJTBKO
110 JIBa KOPHS U3 KasKJIOTO MHOTOYJIEHA, & UX MOYKET OBITH OOJIBIIIE.

Jokarkem, 94TO paccTOSHIE MEXKJTy TOYKAMHU KOJIa HE MEHbIIIE,

geMm 27 + 1. 3aMeTuM, 9TO BCe MHOTOUJIEHBI, BXOSAIINE B HAII KO/I,

on—r logy(n+1)
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KpaTHBI . [TosToOMy KazKApIii KOJOBEI MHOTOUJIEH MMEET KOPHU
o, &, ..., &’ 3BHauuT, HAM JOCTATOYHO JOKA3AThH CJIeIyIOIee

yTBEpZKICHUE.

Jlemma 4.11. Ecau ¥(a®) =0 npu 1 < s < 2r, mo y ¢ ne menee
21 + 1 nenyaesozo Kospduryuernma.

HoxkaszaresnbcrBo. Paccmorpum muorowien ¥(z) = ag + a1z +
+ - ap_ 12", ynoBmerBopsIommit 3ToMy yeaoBmo. Ero koad-
bUIIEHTR JAIOT peIeHne CIeAYIOmel CUCTeMBI JIUHEINHBIX YpaB-
HEHUIA:

1 o a? .. a1 ag 0
1 (@) (*)? ... (o) ap | _ |0 @3)
la%(a%)z(a%)nil o O
Ecyu nabop a = (ag, . .., ap—1) — pelieHue 3TOil CUcTeMbl, TO,

KaK HeTPY/IHO BUJIETH, MeXIy |al cronbramu marpurpr cucre-
MBI (4.3) ecThb NuHEHAS 3aBUCUMOCTD. [109TOMY 1151 JIOKA3aTE b~
crBa JeMMbl 4.11 10CTaTO9HO MOKA3aTh, YTO JIIOOBIE 27 CTOJIOIOB
3TOI MATPHUIBLI JIMHEHHO HE3aBHUCHUMBIL.

Teopus perennst TMHEHHBIX ypaBHEHNH Ha/l KOHEYHBIM TTOJIEM
HAYEeM He OTJIUYIaeTcsd OT MPUBLIYHON TEOPHUN peleHust TNHETHBIX
ypaBHeHuil Ha i noJjieM sieficreuresibupix dncen R. (Ha camom me-
Jile, OHa BOBCe HE 3aBUCHT OT TOTO, HaJ| KAKUM TIOJIEM MBI PelraeM
cucTeMy JIMHEHHBIX ypaBHeHuil.) B uacTHOCTH, JinHElHAS 3aBU-
CHMOCTBH MEXKJIy CTOJIOT[aMU KBaJIPATHON MATPHUIL PABHOCHIBHA
0OpaIlleHNTO B HYJIb OMPEJIEIUTE s STOW MATPUIIHL.

JlaBaiite BoiGepem u3 marpuipl cucrembl (4.3) croabipt jq,

72, -« -y Jor. llomydanM KBaJIpaTHYIO MaTPUILY
adl aJ2 L ad2r
(a2 )jl (Q,? )j2 o (Q,? )j27‘
(a2r)J1 (a2r)gz (a2r)gzr

Brinecem 13 Bcex 3/1eMEHTOB CTOJIONA t OOt MHOXKHUTEb Jt .
TTomyunm, 9To OmpesileMTeNb HaIeld MATPUIILI ¢ TOYHOCTHIO JIO
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HEHYJIeBOTO MHOKHUTe s ot 79277 Ti2r papen

1 1 . 1
adl a2 L ad2r
v (adr)? (a?2)2 . (ad2r)? |, (4.4)

(ajl)erl (ajz)ZTfl (ajzr)2r71

DTO XOPOIIO U3BECTHHIH onpeaennTens Bangepmonaa. Berancos-
€Tcsl OH HaJl KOHEYHBIM I[I0JIEM TOYHO TaK 7K€, KaK M HaJl IPUBBIY-
veIM R:
V=] (@ — o).
t1 <tz

B namem ciiydae onpesennTesib OTINYMEH OT HyJIs: HATIOMHHEM,
9TO MBI B3SIIM B KA9YeCTBE (¢ IOPOKIAMOIMINI 9JIeMEHT MyJIbTH-
[IJIMKATHBHOW IPYIIBI [I0JIsI, TIO9TOMY BCE CTEIleHH (¢ BIUIOTH [0
(n — 1)-it paznu4HbL d

Wrak, mbr nqokazasm jemmy 4.11. 3Ha9uT, MOCTPOEHHBIN HAMA
KOJI, IefiCTBUTEIHHO UCIIPABJsieT 7 OMUO0K (paccTosHue MeKILy
KOJIOBBIMH CJIOBaMHU HE MeHbIe 27 + 1).

4.4. KBaJpaTu4HO-BbIYeTHbIE KOJbI

KBaapaTuaHO-BBIYETHBIE KOABL JAIOT eIlle OQUH IIPUMeP XOPOo-
ITUX OTUKJIMYECKUX KOJIOB.

B sTomMm pazzene mpeamonsaraeM, 9T0 JJIMHA KOJA IPOCTOE YHC-
JIO, KOTOpOe JlaeT ocTaToK +1 ot jenmenus wHa 8. JInmuHy KOma B
sTOM pazzene OymeMm obo3Ha4uaTh depe3 p = 8m £ 1. Hamomuum
(eM. ¢. 164), 9ro HeHyJIEBOI BBIUET @ HA3BIBAETCS KBAJIPATHIHBIM
BBIMETOM TI0 MOJIYJIIO P, €CJTH yPaBHeHHe T = a NMeeT pelleHue
B mosie Z/(p). MHOKeCTBO KBaAPATHYHBIX BEIYETOB MO MOJLYJIEO 7
0003HaYNM depe3 (Jp, 8 MHOKECTBO KBa/IPATHIHBIX HEBBIIETOB —
gepes V.

Ecm 22 = a, y? = b B mose Z/(p), To (zy~1)? = ab~ . Tlo-
3TOMY KBaIPaTUYHBIE BEIYETHI 110 MOJIYJ/IIO P 00Pa3yIoT NOATPYIIILY
MyJIBTHIUTHKATHBHON Tpynne! moss Z/(p).

2

Yreepxaenne 4.12. [Tycmo g — newemmoe npocmoe wucao. To-
20a 2 € Qg mozda u moavko mozda, kozda g = £1 (mod 8).
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Hoxkazaresnscrso (o [21]). Wcnonb3yem pesyibrar 3aga4n 3.8:
2 gBIsAETCA KBAJPATHYHBIM BBIYETOM IO HEYETHOMY ITPOCTOMY
MOJYJIIO ¢ TOTAa U TOMBKO Torma, xorma 204~ D/2 = 1 (mod ).
Jlioboe nojie xapakrepucTuku g cogepxur noamnojge GF(q), no-
3TOMY yCJIOBHE MOYKHO TIPOBEPATH B JIIOOOM TAKOM IIOJIE.

Pacemorpum pacmupenue F' nosss GF(q), KoTopoe coiepKur
rpyniy KopHeil 8- crenenn uz exununpbl (cMm. pazzgen 3.9). O6o-
3HAYKMM Y€pe3 ¢ MPUMHUTHBHBIA KOPEeHb 8-ii CTENeHn N3 eQuHuIpbL.
B nosie F'y 2 ecrs KBaJpaTHEIL KopeHb. A umenHo, % = 2, rie
B=a+a . B camom gerne,

(ata )P =24+a+a?=2+a2(a*+1)=2

(a* = —1 Tax KaK o — NPUMHUTHBHBIH KOPEHb BOCHMOH CTETIeHH ).

Tenepb HaM HYYKHO BBIYHCIATH (41 = 2(4-1)/2, Ilycts ¢ =
=8m =+ 1. Torma

— +1 1
ﬁq:a‘I+a 9 — o +CM$ :ﬁ7

nosromy 471 = 1.
IIycts ¢ = 8m £ 5. Torma

Bl=aol+a%=a"4+a™ =_p,

nostomy 341 = —1. O

Bozbmenm nosie F' xapakTepucTuku 2, KOTOPOE COJIEPIKUT IPYTI-
1y KOpHeil crenenu p. [IpuMuTHBHEBIN KOpPEHB CTEreHn p 0D03Ha-
9uM Uepe3 w. PaccMOTpUM MHOTOYIEHBI

f@) = [l@-v), g@)=[]@-w)

i€Qyp iEN,

B cunmy yreepxkaenus 4.12 ecim p = 8m = 1, To 2 gaBnsiercs
KBaJIPATHYHBLIM BBEIYETOM TI0 MOJIYJIO p. Y MHOYKEHHE Ha KBaJpa-
TUYHBINA BBIYET MTEPEBOJIUT MHOKECTBO KBAJAPATHIHLIX BEIYETOB B
cebst 1 MHOZKECTBO KBAAPATHIHLIX HEBLIUETOB B cebs. BeroMunas
CTPYKTYPY Pas3ioKeHus r" — 1 Ha HENPUBOIMMBIE MHOZKHUTEJIN,
onmcaHHyIo B pazzese 3.9, noaydaem, uro f(z) u g(z) apiasiorcs
MHOTOWIeHamMu Hag, nosleM GF'(2). Takum obpaszom, way GI'(2)
MMEEM Pa3JIOZKEHNE

" —1=(z - 1)f(z)g(x). (4.5)
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Onpenenenne 4.13. Kesadpamuwro-6vuemHnoimu kK00amu HA3BI-
BatoTCs nzeatbl Koabia GF(2) /(2™ —1), mopoxaennse f(z), g(x),

(z =1)f(z), (z = 1)g(=).

Kon, nopoxpaennstii f(z), 6ynem 0603Ha9aTh (), & KOJI, MOPOXK-
Jennblit g(z), 6ynem obozHadars N.

Teopema 4.14. Kodosoe paccmosnue d xodos () u N ydosaemeo-
paem nepaserncmesy d° = p. Ecau p = 8m — 1, mo ewnoanaemca
bosee cunvroe nepasencmeo d> —d 41> p.

HoxazareabpcrBo. [Ipexne Bcero ybequmcesi, 9T0 KOJIOBBIE Pac-
crosinust kKojoB Q u N omunakossl. [Tycrs ¢(z) € @, a a — KBajpa-
TUYHBI HEeBBIYET 0 Moayito p. Torma &(x) = ¢(z®) Gyner npuHa -
sexxkath N. Bepuo u obpatHoe. HT0OB MPOBEPUTH 3TH yTBEPIKIE-
HHs, JOCTATOYHO IIPOBEPUTH, YTO BO3BEICHHUE B CTEIEHb ¢ MEHSET
Mecramu kopuu ypastenuii f(xz) = 0 u g(z) = 0. [elicrBure/in-
HO, KBAJPATUYHLIE BLIYETHI OOPA3yIOT IPYIILY IO yMHOMKEHHIO.
ITosTOoMY IPOU3BEICHNE KBAIPATHIHOTO HEBLIUETA Ha, KBA,IPATHY-
HBIi BEIYET ABJIAETCA KBAIPATHYHBIM HEBLIYETOM, 4, TPOU3BEICHIE
KB3IPATUYHOTO HEBBIYETa, HA, KBAJAPATHYIHBIA HEBBIYET SABJIACTCS
KBAPATUIHBIM BEIYETOM.

Pacemorpum npouzsesenue c(x)é(x). OHO AenuTcs Ha B3aMHO
npocthie MHOTOUIeHB! f(2) u g(z), a 3HAYUT, U HA UX IPOU3BEIE-
HEEe

P —1

=l+azta’t - faP b
r—1

F()gle) =
Ecyiu muorousien c(z) copepxkur d HenyaeBbix K03bdUIHEHTOR,
TO CTOJIbKO K€ HEeHYJIEBbIX KO3 MUIMEHTOB cOEpKUT (), a ux
TpOW3BeIeHNe COZIEPKUT He 60Tee d” HeHy/TeBBIX Ko3hhuIIeHTos.
BuaunT, p < d°.

B cayuaae p = 8m — 1 olleHKY MOXKHO yCHJIHTB, €CJIN BBIOPATh
a = —1. D10 geiicTBUTENHLHO HeBRIYeT, Tak Kak (—1)Em—1-1/2 —
= —1 (cm. zamaay 3.8). [Ipu Taxom BEGOpe &(x) = c(z1). To-
ria w3 d° mpoussefenmit, B cymme matomux c(z)é(z), d mTyx
JIAFOT BKJIa B cBOGOAHBIN wieH. [1o9ToMy KOJTHHYecTBO BOZMOYKHBIX
HeHyJ/eBbIX Koabdumentos B c(z)é(z) ne 6ompme d> —d + 1. O
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4.5. CosepureHHblit koa I'oses

B srom paznenie mMbr mocTpoum coeepieHHbI Ko [ostes, T.e.
KoJ1, comepzkammii 2'% cioB aymEBI 23, KOTOPEIT WCIpaBiser 3
omubku (KOJOBOE pPACCTOSTHUE PABHO 7). BbIYMC/IEHHEM MOXKHO
HaiiTu o6beM 23-MepHOro mapa pajuyca 3 B F23:

() ) (5)

[Tostomy B Gymes Ky6 E*® MoKHO BIOKHTH He 6omee 212 mapos
pajnyca 3. Tak 4To mocTpoeHHbIH Ko 6yier pazbuBath OyiieB KyO
E?3 na mapsr paauyca 3. (IlosroMy oH U HazBIBaeTCs COBEpPIIEH-
HBIM. )

QaKTUYECKH MBI y7Ke TIOCTPONIIN TaKo# Ko Obo3HaunM yepes
G23 KBaJpaTHUYIHO-BBIYETHBIN KOJI IpU p = 23, KOTOPHBIH B 000-
ZHAYEHUSX MPEJIBIIYIIero pase/ia MopokiIeH MHorowieHoM f(x).

Teopema 4.15. Koauuecmeo xodoswx cros 6 Gos pasro 22, a
K00060€ pacemosnue pasHo 7.

JokaszaTeabcTBo. KBagpaTHIHBIX BLIYETOB, KOTOPHIE OOpasy-
FOT MOAIPYIITY MHAEKCA 2 MyJIbTUILIMKATHBHON IPYIIIBI [I0JIs BbI-
ueroB GF'(23) cTo/IbKO Ke, CKOJILKO U KBAIPATHIHBIX HEBHIYETOB
(cMesKHBII KJTace 1Mo 9TOi MoArpyIe), crenedb MHOrouwIeHa f(x)
npu p = 23 pasua 11. 3uauur, pasmepuocts uzeana (f(z)) pas-
Ha 12 u on comepxxut 22 s1ementos.

Wz Teopewmsbr 4.14 cnenyer, uro d > 6, Tak Kak 23 =8 -3 — 1.

Temepb s0KazKeM, 9TO eCIM BeC MHOTOWIEHa W3 Koja lonest
4yeTeH, TO OH JeauTcs Ha 4. DTO 03HAYAET, B YACTHOCTHU, YTO B
kojzie Toytes wer cioB Beca 6. [losromy d > 7. Ho u3 rpanumpr
Xommunra cienyer, uto d < 7. Takum obpazom d = 7.

Iycth c(x) — MHOrOWIeH YeTHOrO Beca w. Torma ¢(1) = 0, . e.
(z—1) | c(z), otkyma cremyer, uto c(x)é(z) =08 GF(2)/ (2?2 —1),
rae ¢(z) = c(z™ ).

Wz pasenctpa ¢(z)e(z) = 0 mosydaem paBeHCTBa JyUist KO-
dbunuenTos ¢; MHOTOUIEHA c(Z), PACCMATPUBAEMBIX KaK IEJble
gucna: s v =0, ..., 22 umeem

E cic; = 2a,, a; — leJible YHUCIa.
i—j=r mod 23
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MeHsist MECTAMH i U §, TIOJIyYaeM PABEHCTBA a, = ao3_, Tpu 7 #£ 0.
TTosTomy

22 22 11
ww—1) = chicj = 22% = 42(17,
r=1 r=1

i=0 j#£i
T. €. U3 YeTHOCTU W CHeJyeT, YTO w AeNUTcs Ha 4. O

Mg mokazanu cymecTBoBaHme Koa ['ojiesi, HO He peIbaBUIN
ero sigHO. HamoMHuuM, 910 KOHCTPYKIUST KB APaTUIHO-BEIYETHOTO
KOZa BKJIFOUaeT B cebs MpOM3BeIeHIe MOHOMOB BIIg, £ —w' 10 BeeM
KBaJPaTUYIHBIM HEBBIYETAM, TJI€ W — IMPUMUTUBHBII KOpeHb cTe-
nenn 23. Beruncnenne kosdduimentos Muorowiena f(z) Herno-
CPEJICTBEHHO U3 3TOTO OINpeesieHusT BecbMa MydnTebHo. Ho mpo-
BEPUTH IOJIy9Y€HHBI OTBET JOBOJIBHO JierKO. OKa3BIBA€TCS, 9TO
HaJt osiem GF'(2)

2B 1= -1D)" +2°+2" +2° +2° + 2+ 1)x
x (@' 20+ a2 rat 42+ 1) (4.6)

IIpoBepuTs 970 paBEeHCTBO MOYKHO MIPSAMBIM BBIYUCIEHIEM. B mpu-
BOJIMIMO# HUKe TabJINIle MBI TIEPEMHOYKAEM JIBA TOCTETHUX MHO-
KUTEJIsI, YKA3bIBas TOJIBKO MOKA3aTE M MOHOMOB MHOTOUJIEHOB U
ux KO3 PUIMEHTHI U OITycKast 0003HAYEHNE TTIEPEMEHHO

2221201918 17161514 131211109876543210

000O0O0OOO0OO0OO0OO0OO0OI1 01011100011
0000O0OO0OO0OO0OO0O1O0O1O01110001100
0000O0OO0OO0O101O0111000110000
0000O0OO0O1O0O1O01110001100000
0000O0O1O01O011100011000000
010101110001 10000000000
10101110001 100000000000
111111111111 11111111111

Wz pasencrsa (4.6) u npumvepa 3.56 cieayer, 9T0 MHOKHUTEIH
11-it crenenn, koropele BxoaaT B (4.6), u ectb MHOrO4WIeHH! f(x)
u g(z) uz npeapaymero pasjena. Kak ObUI0 MOKA3aHO BBINE B
reopeme 4.14, uneaner (f(z)) u (¢(x)) umeror oguHAKOBOE KOIO-
Boe paccrosguue. [losTomy 060 M3 HUX MOYKHO BBIOPATH JJist
TIOCTPOEHUsT COBEPIIIEHHOTO KOJIa pa3MepHOCTH 12 JynHBI 23, nc-
MPABJISOIIETO 3 OMIHUOKIH.
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Wrak, xox ['ostest 0bpazyror mHeiiHbIE KOMOUHAIINN CTPOK, KO-
TOPBIE TIOJIYYAIOTCA IIUKJINYeCKUMH CABUTAMH U3 CTPOKHU

00000000000101011100011.

4.6. Koapl Puga — CosnomMmoHa

o cux mop MBI paccMaTPUBAJIA JBOUYHBIE KOJIBI: COODIEHNS
KOJINPOBAJIHCH MTOc/Ien0BaTe bHOCTsIMA O 11 1. DTOT cry4aii Hanbo-
Jiee MHTepeceH B IPAKTUYEeCKUX ITPUJIOKEHNAX, TaK KaK JBOUYHASA
cHcTeMa TMUPOKO TIPUMeEHSeTCsT B KOMIbIoTepax. Ho B mpuHImme
HUYTO He MeIlaeT PacCMaTPHUBAThL KOJbI, KOTOPHBIE HCIIOJIB3YIOT
JTsi KOTUPOBAHUsT OOJIbITIEe KOJIMIECTBO CUMBOJIOB. Kcin ucmoib-
3yeTcs ¢ CHMBOJIOB, TO TOBOPAT O ¢-MYHOM KOJE.

Ha MHOKecTBe ¢-UYHBIX CIOB JIJTUHBI 7 MOXKHO BBECTU METPUKY
X9MMUHTa: PaCCTOSHIE MEKIIY JIByMS ¢-WIHBIMUA CJIOBAMU PaBHO
KOJIMYECTBY IMO3UINI, B KOTOPBIX CJI0Ba COAEPIKaT Pa3Hble CUMBO-
sibl. OCHOBHAS 33/1a9a TEOPUN KOJUPOBAHUS 1epedOpMyIHPYETCs
JJIS g-U9HBIX KOJIOB JOCJIOBHO.

Ecmu ¢ — cremnenn mpocToro Wmnciia, TO TOHSITHE JTUHEHHOTO
KOJIa U BCE C HUM CBSI3aHHBIE OIPEesIeHrsi MOXKHO Tepedopmy-
JMPOBATh U JJIsi ¢-UYHBIX KOJIOB, €CJIN CHHUTaTh, YTO CHMBOJIBI
MPUHAJJIEXKAT MOJII0 U3 ¢ djaemenToB. OOIue pe3ysibTaThl, KOTO-
pble TIpUBEEHBI BRI I JIBOMYHBIX KOJIOB, COXPAHAIOTCA U B
CIy9ae ¢-W9HBIX KOJIOB, HHOTA ¢ HEOOBIMTUMN N3MEHEHUSIMH.

Hampumep, Teopema XsMMWHTa MMeeT €CTECTBEHHBIA aHAJIOT
JJIsi g-W9HBIX KOJO0B. Hy?KHO TOJIBKO TTPABUJIBHO COCYUTATH OOBEM
N-MEpPHOTO Iapa pPajguyca 7.

Teopema 4.16 (g-uunas reopema Xammuura). IIpu 2r < n
MAKCUMANBHOE “UCA0 coobutenuts k daa q-unnoix k0006 daurbt 1
HATOOUMCA 6 CAEIYIOWUT NPedesar

q <k< q

SUola— i) T T Tiela -1

JlokazaTembCTBO aHAJOTHYHO JIOKA3aTEeIbCTBY TeopeMbl 4.6.
Hy:KHO TOMBKO 3aMETUTD, YTO KOJTUIECTBO TOUYEK Ha PACCTOSHUN %

OT aHHoi paBHO (¢—1)¢ (7;) (BBI6UpPaeM i o3UIUil U3 12, B KOTOPBIX

7 7



184 I'mapa 4. Konpl, ncopasgrornie OMuOKI

CHUMBOJIBI PABJIMIAIOTCS, I KAXKJI0H Takoil mosunmm ectb g — 1
BapUaHT BLIOOPA CUMBOJIA).

Mpg1 yrKe YyIOMUHAJM, YTO 3HAYEHUs] HECOBIAIAIOIIINX MHOTO-
4TIeHOB HEOOJIBINON CTEmeHn JIOJIKHBI Pa3IMYaThCs BO MHOTHX
Toukax. Ho 1o u ecth ycmoBue ucnpasienns ommbok! Kogpr Pu-
na — Cosomona crposTcs ciieayrorum obpazom. [lycrs g — cre-
neHn mpocroro uncia, F'= GF(q) — noje uz ¢ a/1eMeHTOB. HEOT-
punarensroe ancno. Komom Puga — Conomona Ry (X, r) HazoBeM
-W9HBIN KOJ JUIMHBI 72, KOTOPBIA COCTOUT W3 HADOPOB 3HAYEHUH
MHOTOYJIEHOB CTEIIEHU HE BHIE g B TOYKAX MHOXKECTBA

X=A{z,...,z,} C I

Jpyruvu cioBamu, Kaxkaomy muorowieny f € Flz], deg f < g,
COTIOCTABJIEHO KOJOBOE CIIOBO

(f(x1)7 [RR) f(xn))

Bo Bcex maapHEHANIX PacCMOTPEHHAX MBI IIPeATIoIaraeM, ITo
n>g.

MHOrO4IeHEI CTereHny He BhIIe g o6pasyloT BeKTOPHOe IIpo-
cTpaHcTBO HaJ mojeM F pasmepHoctu g + 1. Ilostomy B Kome
Puya — Conomona ¢97! Touex.

Teopema 4.17. Kodosoe paccmosarnue das koda Puda — Coaomona
pasHo

d=n—g. (4.7)
HokazarenapcTBo. [1ocKOIBKY MHOTOYJIEHBI CTEIIEHN HE BBIIIIE ¢,
COBIIQIAIONINE B g + 1 TOYKe, 33Jaf0T OJHY U Ty Ke (PYHKIIUO,
mojiydaem OmneHKy d > n — g. llocTpouM MHOTOYJIEH CTeneHu g,
UMEOIUN g KOPHEi:

(z—z1) ... (@—z2) ... - (z —zg).

3HAYNT, KOJOBOE PACCTOsTHUE HE TIPEBOCXOIUT 7 — g. O

JJ1st TUHETHBIX KOJIOB CIIpaBe JTUBa CIeYIOIIast ITPOCTast OTeH-
Ka KOJIOBOTO PACCTOSTHUS.

Teopema 4.18 (rpanuna Cuunrirona). ITyems ¢ — cmenens
npocmozo wucaa, a C — aunelinntl g-uwnoll kod daunst n ¢ Ko-
dosvim pacecmosmuem d, codepocawyuti ¢ croe. Tozda

n—k>d-1.
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JokazareabcTBo. C sSBJISIETCS] BEKTOPHBIM ITPOCTPAHCTBOM Pas-
meprocTH k HaJt ojiem F' us ¢ snemenTos. [IpocTpancTBo pazmep-
noctu k umeer 6azuc (by, ..., by) u3 k 31eMEHTOB, IOITOMY MOYKHO
3a7aTh F-nuHeitHoe oTOGparKeHHe IpoCTpaHcTBa i FF — [
obpazom koToporo bymer C:

w: (0,...,0,1,0...,0) — b;.

~
i — 1 myneit caesa ot 1

Marpuia orobpakeHusi @ UMeeT pasMep n X k U TOJIHBIA paHT.
TToxazkeM, 9TO MOXKHO HAWTH TaKoe HeHyJIeBOe KOJOBOE CJIOBO,
y KoToporo k — 1 Hyseii. Bribepem st 9TOr0 HEBBIPOXKIEHHYIO
OIMATPUILY pa3Mepa k X k, MycThb €e CTPOKU COOTBETCTBYIOT I10-
SUNASM B CJIOBE C HOMEPAMH %1, 42, ..., tk. DYJIEM UCKaTh TaKON
uw € FF aro o(u)y =1, p(u)i, =0, ..., ¢(u);, = 0. Homyaaem
CHCTEeMY JIMHEIHBIX YPaBHCHUN, MATPULA KOTOPOH HEBBIPOZK/ICHA.
3uauuT, perierue v Toil cucremnl cymecrsyer. Torma ¢(u) u ecrhb
HMCKOMOE KOJIOBOE CJIOBO ¢ k — 1 Hysisimu.

Mer nokazam, yto d <n—(k—1)=n—k+ 1. d

Kax crnenyer uz teopembr 4.17, na xomax Puma — Comomona
rpanuiia CUHIITOHA JIOCTUTAETCs, T. €. HEPABEHCTBO B Hell 0bpa-
maercs B paBeHCTBO. B sTom cmbicsie koapl Puma — Cosiomona
onruMma ibHEL. OJIHAKO ¢ TOYKM 3PEHHs OIEHKH B TEopeMe XIoM-
MUHT3 JIEJI0 OOCTOUT MHAYE.

IIpumep 4.19. Ilycts 7 = 4 (1.e. Mbl 6epem 3HAYEHHUST MHOIO-
YJIEHOB B YeThIpex Toukax 1ojis), g = 1. Koz o6pazyror snavenus
JINHEWHBIX MHOTOYJIEHOB, KOJOBOE PACCTOSHUE 3, T. €. KOJI UCITPaB-
Jisier omuy omubKy. Hamumrem rpanuity XoMMuHTa, JIJIsT TAKUX T1a-
paMeTpoB:

q* 2 q*

<< —F—.
T14(g—Dnt6g—12 7 STrag—1)

ITpu Gonbminx ¢ Ymc/io KOAOBBIX cjioB B Koje Puma — Comomona
6/Ke K HIZKHEH T'DAHUIE, 9eM K BEPXHE.

IIpumep 4.20. Ilycrs n = ¢ (1.e. Mbl Gepem 3HAYEHUS MHOIO-
4JIEHOB BO Beex Toukax nojisi), g = 1. Kog ofpazytor 3Hauenus
JINHEHHBIX MHOTOYJIEHOB, KOJIOBOE paccrosHane ¢ — 1. Tak Kak

2(q—3)/24+1<q—-1<2(q—-1)/2+1,
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Takoil Koz, uctipapssger (¢ — 3)/2 ommubok. Harmmiem orneHku w3
TEOpEeMBI X3MMUHTA JIJTsl 9TUX 3HAYEHUIT TTAPaMeTPOB:
q" <i< q
—3 ) X X —3y/2 - .
Yo =) S g - 1)

ITpu 6osbIX ¢ HUKHSIS OIEHKA OJIM3Ka K KOHCTAHTE

(1-25e 1) 1~125,

7

MOIITHOCTh KOJIa HaMHOTO OoJibiie. Ho MOIMHOCTE KOZa HAMHOTO
MeHbITle BEpXHeH OIeHKN U3 TeopeMbl XaMmuHTa. [lokakem, dTo
oTHOIIeHne ¢° K BepXHeil OIleHKe B TeopeMe XIMMUHTA CTPeMUTC
K 0 mpu g — oo. Umeem

PSS - (1) <im0 )

i=0

NG
< ot (1 _ _) 91 < 8q~(1-3)/24(a-3)/2 _

q
(g—3)/2
4
=38 (—) — 0.
q

4.7. Koabl Puga — Mauaaepa

ITpuBenem erme oHY OIEHKY JJIsT KOJOBOTO PACCTOSTHUS.

Teopema 4.21 (rpanuna Ilnorkuna). Kodosoe paccmosnue d
2106020 q-umr020 Koda daumvl n, codepacauiezo qF Kodoswia croe,
YJ0BAEMBOPAET, HEPABEHCNEY

ng™(q—1)
(" —1)q

HokazarenapcTBo. MUHNMAIBEHOE PACCTOSHUE MEXKJY KOJIOBBHI-
MH CJIOBaMH He IIPEBOCXOJUT CPeJHEr0 PacCTOSHUS:

1
d< PP Y Z p(z,y).

) z#yeC

(4.8)

OueHnM, KaKOW BKJIJ B CyMMY BHOCHT KasKJias MO3UIMS B KO-
HoBOM cjioBe. JIjist 9TOTO HYKHO OIEHUTH KOJIMYECTBO IAP CJIOB,
pazangaommxcsa B mozuimn 4. ObosHaunM depe3 [ MHOZKECTBO
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CHMBOJIOB KOZI, a JIJIst KaXKJIOro i 4epe3 fq ; — KOIMYECTBO KOZO-
BLIX CJIOB, y KOTOPBIX B nozumui i crout a € F. Torma sicno, uTo
> acr fai = ¢F, a KOMHUECTBO AP CJIOB, PASIHYAIIUXC B i
MOBHIAH, PABHO

2
Z fa,ifb,i: Zfa,i _Zfii:qzk_z.f(ii'

a#beF acF acF acF

ITpu 3agaaHON cyMMe YHce cyMMa KB3/IPaTOB 3TUX UNCENT JIOCTH-
raeT MUHUMYMa, KOT/Ia Bce Yncya paBHBL. [losToMy BRI KasKa0M
TIO3UIUN He TTPEBOCXOIAT

kN 2 2k
q q q—1 _
qzk_q_(_) — P — — l(q—l).
q q q

Orcro/ia oIyvaeM HCKOMYIO OIEHKY

g — 1) = ng*q—1) ng*q—1)
g (g* - 1) gk -1 (¢* —1)q

O

Ecnu g siBngercss creneHbio MpocToro uncia, rparuta [LnoT-
KHHa JIOCTUraeTcs Ha kogax Puna — MaJjuiepa nepBoro mopsijika.
Bozpmem n = ¢" — 1. Torma cioBy AAUHBI 77 MOXKHO OJTHOZHATHO
comocrauth byskmuo F™\ {0} — F. Kod Puda — Maanrepa
nepeozo nopadka 0OPa3yIOT TaKWe CJI0BA, KOTOPBIM COOTBETCTBY-
foT JimHeiiHbe opHOopoaHble dyHKImN u (. KoamyecTBo Kom0OBBIX
CJIOB TakzKe paBHO ¢ (nuHeiinas ogHopoaHas dOYHKIUS 33/1aeTCs
m kodddunmentamu). TTockobky o0bast orynanas ot () JuHed-
Has OMHOpOJHAs (DYHKINS MPUHUMAET HYJEBOE 3HAYEHNE POBHO
B ¢™ ! Tourax, KOZOBOE paccTosiHue i Koma Puma — Maszepa
HepBOro MopsaKa paBHO d = ¢™ — ¢ . I'panuna Ilnorkuna B
9TOM CJIyYae UMEET BIJT

(@"=1)q"(q—=1) .. .1
(g™ —1)q T
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1.1. Oreer: ma. YKazaHue: pe3ysibTaT OMEPAIUH * — 3TO
obpaTHOE K cyMMe OOPaTHBIX

1 1 1
+_

Txy T oy
1.2. Otser: onepanus zxy = (1+2zy)(z+y) Ha MHOKECTBE
LEJLIX Yuces1 Z.
1.4. JlokakeM, 9TO BCAKUIT TPABBIil OOPATHBIN SABJISETCS Jie-
BEIM OOPATHBIM: BO3EMEM PABEHCTBO T | 1

ero ciipapa Ha (z~ 1)1, momyqaem 27! -z = e.

‘rexr = :1:71, YMHOZKIM

JloKazKeM, 9TO BCAKAS MPaBasd €IUHNILQ ABJISCTCS JICBOH eau-
HUIIEH: ex = zax lz =ze = .

Tenephb JIerko IpoBepseTcs eJIUHCTBEHHOCTh eJUHHILI U 0b-
PATHOTO.

Ilycts €, €/ — nBe eqununpr. Torma e = e - €’ =€/,

IlycTh zy = 72 = €. IIOCKOIBKY ¥, 2 ABJIAIOTCS TAKZKE JIEBBIMH
0BPaTHBIMHU, HMEEM: ¥y = Y& = YTz — €z = Z.

1.5. 1) ma; 2) na; 3) ma; 4) ma; 5) wer; 6) wer; 7) Her; 8) s1a;

9) mer; 10) ma; 11) ma; 12) wer; 13) ma; 14) ma; 15) ma; 16) mga;
17) uer; 18) nma; 19) mer; 20) nma; 21) ma; 22) ma; 23) na; 24) na;
25) mer 26) na; 27) ma; 28) ma; 29) ma; 30) ma; 31) ma; 32) wmer;
33) wer; 34) na; 35) wer; 36) ma; 37) wer; 38) ga.

1.9. Ilpsimoe BBIYHCI/IEHTE:
ab = aeb = a(ab)?b = a(abab)b = a’bab® = ba.

1.10. Vxkasanwue. ITeppriii criocob: mokazars, 910 |a| = 1 s
Joboro a u3 manHOU rpymnnel G nopsaka n. Ilpu n > 1 B3aTh B
G snement b = cos(¢) +isin(¢) ¢ HAUMEHBIINM TOJIOKUTETEHBIM
apryMeHTOM % ¥ MpoBepuTh, uto G' = {1,b,b%, ... b" 1}
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Bropoii crocob: mose3ysck Teopemoii Jlarpamika, mokazarh,
gro o = 1 ms goboro a € G.

1.11. a) Ozma rpynma — IUKIUYECKas MPYIIA TPEThero mo-
PAKa C dJIeMeHTaMu {e, a, a’} u Tabmmmeit

B Hpe,[[CTa,BIIeHI/II/I HepeCTaHOBKaMI/I MOZKHO IIOJIOZKUTH:
e=(1)2)3), a=(123), a? = (132)

(e — enunuIA).

JlokazaTenbCcTBO € TUHCTBEHHOCTH CM. Ha C. 15.

6) CymectByroT fpe rpymisl nopsiaka 4. ITo Teopeme Jlarpan-
K2 TIOPSIJIKU 9JIEMEHTOB JIOJIZKHBI JIEJTUTH 4.

IlepBasi BO3MOXKHOCTB: CYIIECTBYET 3JIEMEHT TOpsaka 4. 1o
[UKJIMYECKasi TPYIIa YeTBEPTOTO MOPsJIKa ¢ djemeHTamu {e, a,
a’, a®} u Tabmeit

€ a G,2 G,3
a G,2 G,3 €
G,2 G,3 € a
G,3 € a G,2

B IIpeacTaBJICHUHN II€PEeCTaHOBKaMHU MOXKHO IIOJIOZKHUTB:
e=(1)(2)(3)4), a=(1234), a® = (13)(24), a® = (1432)

(e — enqunuIa.)

Bropasi BO3MOKHOCTD: BCE HEEIUHUIHBIE 3/IEMEHTHI NMEIOT 110~
pagok 2. TTosromy rpymma kommyTrarusHa (3azada 1.9). Ecau
B34Th JIFOOBIE B3 HEeIMHUYHBIX dJIEMEHTa a, b, TO YeTBepTHIil dJ1e-
MeHT OyzeT ux npouseenenuem: ¢ = ab. [1o srum ganubIM TabsIIa
YMHOZKEHHUsI BOCCTaHABJINBAETCs OJHOBHAYHO:

e a b ab
ab

b ab e a
ab b a
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B npeacrasiennn mepecTaHOBKaMH MOXKHO TTOJIOYKHATH:
e=(12)(3)(4), a=(12)(34), b= (13)(24), ¢ = (14)(23).

(e — enquuuIa).

OTa TpyIna Ha3kBaeTcs YeTBepHSH rpymmoit Kieitna V.

B) CyIiecrByIOT JiBe TPyIIIbI TOPsIKa 6: IUK/IHYecKas IPYIIIa
Cps u TpyIIIna MepecTaHOBOK TPEX 3JIEMEHTOB S3.

1.13. a) Vkazanue. I[Ipoeeputs papercrso (1i) o (15) o (1i) =
— (ij).

6) Vkazanue. [IpoBepurh, 4TO MpPOU3BEIEHNUE JIBYX TPAHCIIO-
SUIUH CJIETY oMM 00Paz0M BBIPAYKAETCs Yepes TPOMHBIE TUKJIBL:

(ik) o (ig) = (igk), (ij) o (kl) = (ilk) o (ijk).

B) Pemenue. ITycts G — moarpymnma 3HaKOIEpEMEeHHOH MPYIIIBI
Ay, TOPOZK IeHHAsT MHOYKECTBOM YKa3aHHBIX TPOIHBIX IIUKJIOB, U 1,
j, k — paznuunble yncna, 6osbinue aByX (npu n = 3 yTBEpIK IEHNE
OYEBUJIHO, a TIPH 7 = 4 JaHHOE HUIKE JIOKA3aTeJhCTBO YIPOIa-
ercst). Bmecre ¢ mukioM (12i) rpynma G comepKuT 0OpaTHBII
sseMeHT (i21), mostomy G COmEP:KUT

(j21) 0 (12i) 0 (125) = (1i5), (125) 0 (i21) o (21) = (2i7).

IIpu n = 4 rpynma G yKe coIep:KUT Bce TpOitHbIE UKL [lpn
n > 4 0Ha COJIEPIKUT

(k21) o (1i§) o (12k) = (ijk).

Buaunt, G COMEPXKUT BCE TPOIHbIE IUKJ/IBI U [0 MYHKTY 6) COBIIa-
maer ¢ Ay,.

1.14. Otser: 2.

Ilpu > 3 rpymnma S, He KOMMYyTaTHBHA U IIOTOMY HE SIBJIs-
ercs IEKIngecKoi. OcTalioch yKas3aTh JiBa JIeMeHTa, MOPOXK/Ia-
ormx Sy,. Jloraxkewm, uto a = (01) u b = (012...(n — 1)) mo-
POXKJIAIOT BCIO MPYIIILY TIEPECTAHOBOK (3/1€Ch YI0OHO 3aHY MEPOBATh
sJIeMeHTHl MHOXKecTBa dnciamu or 0 o n — 1). Tlockonbky Sy,
nopozkaercss Tpancnosunusayu (cM. npumep 1.39 wa ¢. 39), mia
JI0Ka3aTeIbCTBA JOCTATOYHO BBIPA3UTh JIFOOYIO TPAHCIIOBHUIIAIO Ye-
pe3 aub.

CHavaJjia pacCMOTPHM TPAHCIO3UINUA COCEJIHUX JJIEMEHTOB
(i (i+1)). Tax kax nepecranopka b* mepesoaut i B (i + k) mod n,
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IUI TTepecTaHOBKH blab ! momydaem:
. bt a b
t— 00— 1—i+4+1,
. bt [
z+1|—>1|i>()|—>z7
. b . a b
ecmu k#£i,i+1, o k—k—ir—k—ir—k.

Buauut, (i (i + 1)) = blab™.
Yro6el BEIPa3UTh JIFOOYIO TPAHCIIOZUIUIO Yepe3 TPAHCIIOZHIHN
COCEJTHIX, HY?KHO HHJYKTHBHO NMPUMEHSTH PABEHCTBO

(ik) = (5k) o (7) o (3k).
Ipeanosiozkum, uro Bee Tpancnozuimu uaa (i (i + 7)) BoIpazKa-

FOTCsI Yepe3 TPAHCIO3UIMN cocequux mpu j < k. Torma mmeem
BBEIPasKeHue

GE+E)=((k—1)k)o(i(k—1)o((k—1)k)

s rpancnosunuu (i (i 4 k), OTKya MO MHAYKIUH 3aKJII0YaeM,
YTO BCAKAS TPAHCIOZHUIINS BLIPAZKAETCS 9€PE3 TPAHCIOZUINN CO-
CEJTHUX.

1.19. a) Pacemorpum noarpymny H nopsizka d = n/k, nopox-
nennyio amementoM a®. Oma comepxut e, a®, a®f, ..., ald—Dk
Ecmu (a®)? = e, T0 sd KpatHO 1, a s kKpatHO k. [TosTomy mo-
PSJIKH IOATPYIILL, TIOPOXKIEHHBIX sjiemertamu G\ H, orimaatorces
ot d. Ho Besikast morpynina muKJIMIecKOi TPYIITLL — IUKJIMIECKA T
(reopema 1.27 na c. 30). 3uaunr, H — equnHcTBEHHAs IOPYIINa
nopsifiKa d.

6) Cueyer u3 a): 000t ssieMeHT nopsika d rpynmnsl G mo-
POXKIa€eT MOArPyYIILY TOpska d, KOTopas coBmajaer ¢ H.

1.23. Vkazanue a) Paccmorpers (ab)?” u (ab)?P®, rne p — mo-
psasiok ab. 6) Pacemorpers (ab)P, riae p — nopsiJiok ab, 1 OKazaTh,
qaro a? = b P =e.

[Ipuvep 1. Jlas smementos a # e, b = a~ ' yciosme (1°)
BBITIOJIHEHO, 8 (2°) — Her. YTBep:K/eHue 0) He BBINOJHEHO, Tak
KaK TOPAJKA @ U b paBHBI MKy cobOil U HE PaBHBI €IMHHUILE, 4
MOPSAIOK ab = € paBeH eIMHHIIE.

Tpumep 2. Daements! a = (12)(3), b = (123) cummerpudeckoit
TPYIIBL S3 UMET B3aWMHO IMPOCTHIE TOPSAKH 2 U 3. YCIOBUE
(1°) me BmmosHEHO, Tak Kak ab = (23), ba = (13), a ycnoBue



192 OrBeTsl, yKa3aHusd, peIeHns

(2°) BeImONIHEHO. YTBepiKJeHUe 0) HE BBIIOJHEHO: @ HOPSJIKa 2,
b mopsinka 3, ab mopsiaka 2.

B) OBe wacTu papeHcTBa a® = b" BO3BeCTH B CTeIeHb s, PaB-
HYIO TIOPSAKY b.

r) [pumep 3. B nukinveckoii rpynmne Cg ¢ MOPOKIAIONIUM @

SJIEMEHTHI a, a°, a’ UMeIOT TOPSJIOK 8, HO aa® = a* mopsaxa 2,

aa® = a® nopsaxa 4.

1.26. O6ozHa9nM Yepes p(n) KOIMIECTBO TIOPOXKJAFOIINX dJTe-
MEHTOB IUKJIn4ecKoil rpymmsl Cy,. (D10 uncio conajaer ¢ byHK-
peii Ditiepa — KOJUUECTBOM HATYPAJIBLHBIX YUCE]l, MEHBIIHUX 70 U
B3AUMHO IIPOCTBIX ¢ 7. Bripouem, 31oT GakT B pelieHnd HUKaK He
HCHOJIB3YETCs. )

Kazkapiii ssiement a € C,, nopoxaaer noarpymy {(a) nopska
d(a). B 1uk/m4eckoii rpyIine ecrb pOBHO OJ[HA MIOJIPYIIIA OPsiJI-
ka d (3amaga 1.19), mosromy

n=3"(d) ()
d|n

(cneBa — Bce BJIEMEHTHI IPYIIIILL, & CIIPaBa — OHU Ke, HO pa3buThbie
HA MHOYKECTBA MOPOXKIAIONIUX JIEMEHTOB MOAIPYIIII).

Paccmorpum snement nopsaka d. OH TOPOXKIAET MOATPYII-
Iy Mopsiaka d, 3JIEMEHTHl KOTOpPO# MafoT d pelleHuil ypaBHeHMsI
z¢ = e. JIpyrux permeHnii o yCcaoBmio 6bITh He MOKeT (110 TeopeMe
Jlarpanzka d JIeJIT NOpsiIOK IPyYIIIGL). 3HAUUT, Jiis JF060r0 J1e/u-
TeJis d OPsiJiIKa TPYIIIEL 72 OO BOODIIE HET SJIEMEHTOB MOPsJIKa d,
6o ectb poBHO (d) snemenToB nopsigka d. IlepBwiii ciydaii
HEBO3MOZKEH, TaK KaK MHa4Ye HApyIUIOCch Obl paBeHcTBO (*). ITo-
9TOMY B TPYIIE €CTh 3JIEMEHTHI TOpsijiKa d Jijist JEoOoro mesiu-
TeJis », B TOM 4YHCIe U Jjisi camMoro n. Ho »To u ozHadaer, 4To
IPYIIa — IUKJIAIeCKast.

1.27. Tlopsaok Jro60ro sjeMeHTa TPYIIbl JEJUT MOPSI0K
PPYIIBL 72, & MOPSJIOK TMOPOYKJIAIONIErO 3JIEMEHTa ITUKIHIECKO
IPYIIIBI CTPOro paseH n. [103ToMy TIoKazaTe b IUKJIMIecKO rpy -
MBI COBTAJIAET C TIOPSIIKOM.

B obrmem city4ae mokazarTelib 7 He MPEeBOCXOJIUT TOPSIJIKa TPYII-
el n. PaceMorpum Jleurests ducia r BUaa p®, rie p — MpocToe.
DTO 03HAYAET, YTO B IPYIIIE €CTh JIEMEHT Topsiaka p®k, T.e. p®
JeJIUT TOpsiIok rpynmnbl. Ho Torma u v AeiuT MopsiioK TPYIIbI
(31ech UCIOIB30BaHA OCHOBHAS TEOpeMa apudMETHKH ).
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Ecmu r < n, TO KOMUYECTBO pelleHnil ypaBHeHust 7 = € COB-
MaJIaeT ¢ MOPSIKOM TpyIIbl U 6oJibine, yeM r. Takas TpyIia He
SIBJISIETCST [IUKJITYECKOI.

1.28. 2) u 3) gs 1); 4) u 11) mua 10); 1), 2), 3), 13), 14) gz
8); 15) st 16); 20) u 21) most 18); 20) most 21); 24) most 23); 29)
u 30) gy 31); 34) s 36).

1.30. Deckoneunasi UKINIeCcKas TPYIITa, Bee MUKINIECKHE
IPYIIIBI TPOCTHIX MOPSIAKOB U eIMHUYHAS PPYIIA.

1.31. a) Cs = (a), (a?), {a®), {e);

6) Coq = <a’>7 <a’2>7 <a’3>7 <a’4>7 <a’6>7 <a’8>7 <a12>7 (6);

B) V ={e,a,b,c=ab}, (a), (b), (c), {e);

I') IpUMeHsisl 3allUCh [IEPECTAHOBOK B IUKJIAX, MOJYYUM MOJI-
TPYIIIBL:

S, ((123)), (12)(3)), (13)(2)), (1)(3));

J1) HOpMaJIbHBIME JlesnrenasiMu OyayT Ss, ((123)), (e).

e) Vkazanue. Pazjio:keHne Ha I[HKJIBI TIEPECTAHOBKH U3 Ay MO-
JKeT COJIEPXKATH JIUIIb [UKJIBL JTUHEL 1 (TOXK/IeCTBEHHAS IEPeCcTa-
HOBKA), J(Ba [UKJIA JTUHEL 2 (OPSJIOK 2) WIH OJUH [UKJI JJIHHBI
3 (nopsnok 3). [Tosromy A4 He uMeeT IUKJIMYECKON MOJAIPYIIIIBI
[IECTOrO TIOPSIJIKA, & BCE €€ 3JIEMEHTHI BTOPOTO MOPSIIKA [TepecTa-
HOBOYHBI. 3HAUUT, A4 He uMeer moarpyisl, uzomopdnoit Ss. Ho
Jiobast TPYIIa IIeCTOTO TOPSIKa JTUOO SIBJISIETCS UKJINYECKOIl,
6o m3omopdra Ss (3amava 1.11 B)).

1.32. Bribepem B G sniement a # e, zarem b ¢ {a, e}, 3arem
c ¢ {e,a,b,ab}. Torma ocranbubiMu 31eMenTaMu rpynisl G 6ymayT
ab, ac, be, abe. Tpynma G abenesa (3amaga 1.9). Ouna umeer cje-
nyromue 16 nogrpynm: {e}, {e,a}, {e,b}, {e,c}, {e,ab}, {e,ac},
{e,be}, {e,abc}, {e, a,b,ab}, {e, a,c,ac}, {e, b, c, be}, {e, a,be, abe},
{e, b, ac, abc}, {e,c,ab,abc}, {e,ab,ac,bc}, {e, a, b, ¢, ab, ac, be,
abc} = G.

1.33. B ajuTuBHOI 3ammcu Bce OATPYIIILI UMEROT Buf, Gg =
= (a), Gy = (pa), Gy = <p2a>, vony, G = (pkila,), Gr =
= (p*a) = (0). OHn 06pazyIOT YOBIBAIONIYIO MENOUKY TIOATPYIIT
COOTBETCTBEHHO ITOPAIKOB pk, pkil, pkfz, ..., p, L

Vkazanune. VcnonszoBats 3a7a4dy 1.19 6) mwin mokasars, 9To
moarpymma {(na), rae 0 < n < pF, cormagaer ¢ moarpymmoit (p™a),
rae n=p"t, 0 < m < k u t He genmrcs Ha p.

1.41. VYkazanwe. Ilycre K — MHOMKECTBO BCEX 3JIEMEHTOB
rpymmnel G, wHe npunagexamux H, u a € K. Ilokazarse, uro,
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YMHOYKasl a Ha BCe 3jieMeHTh u3 H, moJjiydnm Bee sjieMeHTh K.
BriBecTu oTCIO/A, YTO, YMHOYXKAS @ HA BCE dJIeMEHTHI u3 K, moJiy-
unM Bce saeMenTsl u3 H. B wacraocrn, o’ npunamiexur H.

1.42. TlpumepoMm MOXKeT CIyKHUTh UYeTBepHas rpymma V ¢
sjleMeHTaMu e, a,b, ¢ = ab (ecm. orser zamaun 1.11). Ona umeer
TPHU [UKJINYECKHE TOJIPYIIILI BTOPOro nopsiaka: {a), (b) u (c).

Vkazanue. /okazaThb, UTO TIPU BO3BEJEHWH B KBaJpaT BCEX
TPOMHBIX IUKJIOB MBI TIOJIyYUM CHOBA BCE TPOWHBIE IIUKJIBI, U HC-
oJIb30BaTh 3aaun 1.13 u 1.41.

1.48. T'omomopdu3M OAHOZHAYUHO OMpeesteTcs 0OpaszoM Imo-
POXKIAOIIEro djieMeHTa «. Huke yKa3aHBl BO3MOMKHBIE OOpPa3bI
9TOTO 3JIEMEHTA: a) JIEODOI JIEMEHT IPYIIIBL; YUCI0 TOMOMOpdhU3-
MOB paBHO n; 6) e, b3, b5, b7, b1, b15; B) €, b, b2, B3, b, b°; 1) e,
b°, b9 1) e.

1.49. Paccmorpum romoMopduzm ¢: QT — Z7T. Ilpeamoo-
xuM, uto 0 #£ 2 € Kerp, a y ¢ Ker . Hekoropbie nerysiesbie
KpaTHBIE JIFOOBIX JIBYX PAIMOHAJIBHBIX YUCENT, OTJIUIHBIX OT (), cOB-
najaror: eciu x = p/q, y = r/s, 10 qrz = pr = spy. [losromy
p(spy) = 0 u npuxogum K nporuBopednto (B Z' Her ssemen-
TOB KOHEYHOIO MOPSJIKa). 3HauuT, Jubo sJpo ¢ HyJieBoe, aubo
cosmamaer ¢ Q. B mociemmem cirygae roMmoMopdhusM IepeBOIuT
BCe panuoHaJibHbIe uncia B 0. [lepBrrii caydail HeBO3MOKEH, Tak
KaK TOMOMOP(hH3M ¢ HYJIEBLIM SIpOM 33JaerT m3omopdmsm QT
¢ HEKOTOPOIl MOArpyIIoi HECKOHEYHOH UKJINYIECKOIl TPYIIIHI, a
Bce Takue rpymnsl — ukiaudeckue. ([pymma QT we sBisiercs
IUKAMYecKoi — uncesio 1/(2¢) He npuHAJIEKUT TIOrPYIIe, M0
POKIEHHOI p/q.)

1.53. a) Vkazauue. Kaxgomy Bpamenuto rerpasapa ABCD
COOTBETCTBYET MEPECTAHOBKA €ro Bepiind. KoMmozumym AByxX Bpa-
[IEHUiT COOTBETCTBYET KOMIIOZHIIMSI COOTBETCTBYIOIMIUX TIEPECTa-
HOBOK. J/IBYM paz/iMuHbIM BpAIIEHUSIM @ U b COOTBETCTBYIOT JIBE
Pa3/IMYHbIE MEPECTAHOBKM, TaK KaK WHAYe HETOXKIECTBEHHOMY
BpameHno ab~ ! cooTBeTCTBOBAJA OBl TOYKIECTBEHHAs IIEPecTa-
HOBKa, COXPAHSIONAasi BCe BEPINUHBI Ha MecTe. B rpymme Terpa-
sapa 12 snementos (npumep 1.28) u ona nzomopdHa moArpyIie
(mBeHaaTOrO MOpsi/iKa) cuMMerpudeckoil rpymmer Sy. lasiee,
MOZKHO JINOO TIPOBEPHUTH, YTO BCE MEPECTAHOBKHU, COOTBETCTBYIO-
1€ BPAIEHUsIM TEeTPadIpa, YeTHBIE, JTUOO HCIOJIB30BATH 33/1a-
qy 1.42.
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6) Pemenne. I'pynne ky6a u okTasapa uzoMopdHbL (CM. TIpu-
mep 1.34). Kaxgomy Bpainenuio Kyba COOTBETCTBYET IepecTa-
HOBKa €ro dYeThIpex JaumaroHajeil. Kommozmimm BpalineHuii coot-
BETCTBYeT KOMIIO3UINS COOTBETCTBYIOIINX TEPECTAHOBOK. Bcero
ppamenuii Kyba 24 (mpumep 1.28). DT0 TOXKIECTBEHHOE Bpalle-
HEE, BOCEMb BPaIlleHuii BOKPYT AuaroHaJeil ua yriiet 27/3 u 47 /3,
MIECTh BPAIIEHNIT BOKPYT OCell, MPOXOSAIINX 9epe3 CEPEINHY TpOo-
THBOIIOJIO}KHBIX pebep, Ha yroJl M, U JEBSATh BPAIEHHUI BOKPYT
oceif, TPOXOLAIIIX YePe3 IEHTPHI MPOTUBOIOJIOKHBIX TDaHEil, Ha
yrabl 7/4, 27 /4, 3n/4. Henocpencrsennoii npoBepkoii y6ex 1a-
eMcsl, 9TO TOJIbKO TPU TOXKIECTBEHHOM BPAIIEHUN BCE YEThIPE
JMarOHAJIN OCTATCs Ha MecTe. OTCIO/Ia 3aKJTF09aeM, KaK B IIYHKTE
a), 4ro rpymmna Kyba uzoMopdHa IpyIile IepecTaHOBOK YeThIPEX
9JIEMEHTOB, UMEOIIE MOPsiIoK 24, T.€. CUMMETPUYECKOl TIpyTi-
I1e S4.

B) Pemenue. I'pynms jgogekasapa U UKOCA3Ipa U30MOPQHBI
(mpumep 1.34). s xaxkgoro pebpa HKOca3pa HMEeTcsi OJHO
MMPOTUBOIIOJIOKHOE TapaJiieibHOe eMy pebpo U 1Be Taphbl Iep-
MEHINKY/ISPHBIX eMy pebep: pébpa OMHOI Maphl HAYMHAKOTCS B
BEPINMHAX T'PaHel, MPUMBIKAINX K JaHHOMY pebpy, a pébpa
Jpyroii maphl MPUHAJIEYKAT TPAHIM, UMEOIUM BEPITHHAMI KOH-
el maHHOTO pebpa. Pebpa oaHOl n3 3THX Tap mapaJsulesibHBL, &
Pa3HBIX Map — MEPHEHIUKYIIPHBI MexKTy coboit. Takum obpa-
30M, Bce 30 pebep JeadaTcd Ha MATH CHCTEM IO IIECTh B KaXKJIOH
cucreme. Pebpa ommoil cucreMbl ubO MapaJsiiebHbI, JUO0 Tep-
MEHINKY/ISIPHBI, 8 PEOpa pa3HBIX CHUCTEM HE TAPAJIIEbHBI U HE
neprieHauKy/aapabl. C KaxKI0ii cucreMoil pebep cBsizaH OKTadp,
BEPIIINHAMHI KOTOPOT'O CJIy’KaT Cepe/InHbI pebep JTaHHOI CHCTEeMBL.
DTUM OIpeesIeHbl I Th OKTadPOB, BITMCAHHBIX B NKOCadIp. Kax-
JOMY BPAIIEHUIO HKOCAIIPa COOTBETCTBYET IEPECTAHOBKA, IISITH
YKAZaHHBIX cucTeM pebep (WM COOTBETCTBYIONIUX UM OKTAI-
pos). Kowmmnozuimu AByX BpalleHuil cOOTBETCTBYET KOMIIO3UIIUS
COOTBETCTBYIONIUX [IEPECTAHOBOK. Bpatennii ukocasapa 60 (pu-
Mep 1.28). D10 TOKIECTBEHHOE BpalieHue; 24 BpalleHusi BOKPYT
KaXKJIOH W3 IecTtu Oceil, MPOXOIAIIIX YEPE3 MPOTUBOMOJIOKHEIE
BepmuHbl, Ha yribl 27/5, 47/5, 67/5 u 8xn/5; 20 Bpamenunii
BOKPYT KaKJOH W3 JlecaTH Oceil, MpOXOJSIuX Yepe3 IEHTPHI
[IPOTHBOIIOJIOKHBIX TpaHeii, Ha yribl 27/3 u 4w/3; 15 Bpame-
HUII BOKPYI KazKJOH W3 NATHAAUATH Oceil, MpPOXOAdAINX dYepes
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CepeNHBI TPOTHBOTIOJIOXKHBIX pebep, Ha yros 7. Hemocpeacreen-
HO¥ TTPOBEPKOil yOeK JaeMcst, 9TO JJIst KayKI0T0 HETOXKIECTBEHHO-
o BpallleHus Haiimercs pebpo, MmepeBofsIeecs: JAHHBIM Bpalle-
HUEM B Jpyroe pebpo, He MapaJuleJIbHOE U HE MEPIEeHINKY/ISTPHOE
nauaHOMy pebpy. [losToMy TONBKO TOXKIECTBEHHOMY BPAIEHUIO
COOTBETCTBYET TOXKIECTBEHHAs IOJICTAHOBKA crucreMm pebep. Or-
CIOZla, KaK B IIyHKTE a), 3aKJ/I0YaeM, YTO TPYIIa HKOCadIpa
m3omopdHa nmoArpyIe nopsiaka 60 cuMMeTpudeckoi rpymmsr Ss.
ITo zagade 1.42 sTa moarpymnma cOBMaJaeT CO 3HAKOTIEPEMEHHOMN
rpymmoit As.

1.60. TTockOMBbKY COMPSIKEHHBIN C TTPOU3BEIEHUEM SIBISETCS
TPOU3BEIEHNEM COTIPSIZKEHHBIX ¢ MHOXKUTE/ISTMHU:

—1 _ —1 —1 —1
glatay...an)g " = (garg™ )(gazg ") ...(gang "),
TO CONPSI?KEHHBII ¢ KOMMYTaTOPY @, b MOCpencTBOM 3JIEMEHTa g
Ly gbg 1. To Tem
Ke HpI/I‘{I/IHaM COHpH)KeHHI)Iﬁ C HpOI/I3Be,[[eHI/IeM KOMMyTaTOpOB AB-

ABJIAETCH KOMMYTAaTOPOM COIPSKEHHBIX gag

JIfgeTcs Mpou3BeJeHneM KOMMYTaTOPOB.

1.61. Jlokaxkem, 49TO JiE0Dasi YeTHAsI MMEPECTAHOBKA SIBJISET-
¢l KOMIIOBUIIUEH JIBYX COIPsI?KEHHBIX MHBOJIIONNI (TIepecTaHOBOK
nopsizika 2). Orcioa Gyser cjieloBaTh yTBEPKIEHUE 338491, TaK
KaK 00paTHas K WHBOJIFOIUN COBIIAJAET C HEM.

Ncnonszyem paBeHCTBa
(135 ... (142k)2k (2k —2) ... 2) =
- [(23)(45)...(%(1 +2k))] o [(1 2)(34)...((2k — 1)2k)] ,
(*)
(135 ... (2k—1)2k(2k—2) ...2) =
- [(2 3)(45)...((2k — 2) (2k — 1))] o [(1 2)(34)...((2k — 1) 2k)] ,
()
(124 ...2k(2k—1)(2k—3) ...3) =
- [(1 2)(34)...((2k — 1) 2k)] o [(2 3)(45)...((2k — 2) (2k — 1))] .
(% %)

PasencTBo (%) BBIpakaeT UK/ HEYETHOW JIMHBI B BUJE IIPO-
U3BEJIEHUs] MHBOJIIOLHUI OHOrO IUKJ/IOBOrO TUla (C/IeJ0BATENBHO,
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COTIPsIZKEHHBIX ). PaBencTsa (%) U (* * x) BBIPAKAIOT IUKJI Y€THOM
JUIMHBI B BUJE TTPOU3BEIEHNsT HHBOJIFOINI, B KOTOPBIX YUCJIO TTHK-
JIOB AMHEI 2 pa3numdaercd Ha 1. IlosTomy mapy IHUKJIOB 9eTHOMH
JUITMHBI MOKHO TIPEJICTABUTH B BUJE ITPOU3BEIEHUsT COMPSKEHHBIX
WHBOJIFOITHIA.

1.62. VYkazanue. Haubosiee ecTecTBeHHBII IPUMED IPEIOCTAB-
JisiioT cBoboHbIe Tpynnbl padra > 2. (Oupenesenue u cBoiicTBa
¢BOOOJIHBIX Tpymm ¢M. B [15, 17].)

1.64. B rpynne S3 moarpymma {e, (12)(3)} umeer unjexc 3,
HO He coziepRuT neMenTa (13)(2) mopsinka 2.

1.69. Vkazanus. a) [IpuMeHuTs KpUTEpHil CONPSIZKEHHOCTH,
onucanublil B mpumepe 1.46. 6) TTokazaTh, 9TO KazKIAbIil CMEXKHBIH
KJIACC COMEPZKUT TOYHO OJIHY TIOJICTAHOBKY, OCTABJISIOINIYO Ha, Me-
cTe 9nciio 4.

1.70. Ecnu B paziokennn JAHHOI TEPECTAHOBKY 0 HA HE3ABU-
CHUMBIE IUKJIBI BCTpedaeTcs k; IUKJIOB JUIMHBL 1, ¢ = 1,2, ..., m,
MpUYeM YITEHBI BCE IUKJIBI, BKJIFOYAs U IUKJIBL JJIMHBL 1, TO 9uC-
JIO TIEPECTAHOBOK, KOMMYTUPYIOIIUX C TEPECTAHOBKONU O, PAaBHO
[T, (k:)!nk. Cuamras 0! = 1, mowHO MCKOMOe UmCIO 3ammcaTh
nraadve. [IycTh j; — 49MC/IO TUKJIOB JTUHBI ¢, BXOJSIINX B Pasyio-
JKeHUe TIePecTaHOBKU o, TAe ¢ = 1,2, ..., n, U eC/Ii TUKJIOB JJINHEI
1 B Pa3/JIOyKeHNN HeT, TO mojoxkuM j; = 0. Torma mckoMmoe 4ncio
paeHo []1 (4:)li%.

Vkazanue. [lukijbpl oHONW M TOHM Ke JJIMHBI 7, BXOJAIINE B
pa3/ioyKeHne o, TIPHU COTMPSI?KEHUH TIEPECTAHOBKOI &, KOMMYTHPY-
FOITEH ¢ ¢, MOTYT JIIh TIEPECTABJIATHLCT MEXKIY CODOM, Tpuyem
MEPBOE YUCJIO KAKOTO-THOO IUKJIa MOXKET MepeiiTu B JIF0D0e Uncio
JIEODOTO TIUKJTA TOM K€ JIJIMHBI, BXOJSIIETO B PA3JIOYKEHNE TIepecTa-
HOBKU 0.

1.71. Vkasanue. Paccvorpers kommyTatop hihohy thy * stix
3JIEMEHTOB.

1.75. a) IIpsmo ciiejyer u3 onpejieieHusi HOpMaJu3aTopa.

6) I'pynmna G zeficTByeT CONpSzKEHUsIMUA HA MHOYKECTBE CBOUX
TIO/ITPYIIIT

g: H— gHg '

Hopwmanuzarop N(H) sasiercs crabummzaropoM H oTHOCHTE B
HO 9TOTO JIEfCTBUS, 8 KOJUYIECTBO TOAIPYIIN, CONPSIKEHHBIX ¢ H |
paBHO MOMHOCTH OpbuThl H mipu 9TOM JieficTBUN, KOTOpas paBHA
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uragekcy (G : N(H)) (em. cnencrsue 1.53 Ha c. 49).

1.76. Vkazanue. cnonbzoBars 3agaun: 1.74 B cayyae a), 1.75
B ciydae 0).

1.79. Ecnu B pa3iokeHnn JAHHOI TEPECTAHOBKY 0 HA HE3ABU-
CHMBIE IUKJIBI BCTpedaeTcs k; IUKJIOB JUIMHBL 1y, ¢ = 1,2, ..., m,
MpUYeM YUITEHBI BCE ITUKJIBI, BKJIFOYAS U IUKJIBI JJIHHBL 1, TO HC-
KOMOE€ 9HCJIO PaBHO

n!

[T (i)t
DTO 9MCIO MOYKHO 3AIMMCATH MHAYE, MTOJIB3YSCh JIPYTUM BBIparKe-
HIeM 3HaMeHaTellsl, YKa3aHHBEIM B oTBeTe 33aa9n 1.70.

1.80. Vkazanue. OB03HAYNTH Yepe3 Ny, YUCIO KJIACCOB COMPsi-
JKEHHBIX 3JIEMEeHTOB ¢ pF sjeMeHTaMu u, moss3ysck 3aaaqei 1.76,
HOKAa3aTh, Y4TO N + n1p + nap” + - - = p™.

1.81. Vkazauwe. Ecaun HopMmasibHBI gemurens H comepxut
wuka (o, 3,7), To H conepxut u goboii apyroii 3-uuki (o, 5, v').
TokazkuTe 910, PacCMOTPER compsizkerue 1ukia (a, 3, ) nocpe-
CTBOM TIEPECTAHOBKU

R By & e ...
O{I ﬁl ,YI 6/ EI . ?

rae ¢ u & BuIOpaHBI Tak, YTO IEpecTaHoBKa = 4yerHa. Jlasee uc-
noJib3yiire zamaay 1.13 B).

1.82. Pemenue. a) Bee 60 Bpainenuii, cocTapsiomme rpy-
[y UKOcad/pa, yKazaHel B orBere 3ajaun 1.53 B). ToxmecTsen-
HOe BpallleHHe SIBJISeTCS eJIUHUIEH TPYNIBl U COCTABJISET OJUH
kJtacc. CompsiykeHHbIE 3JIEMEHTHI UMEIOT OJIMHAKOBHIN IMOPSIIOK.
DJIeMEHTAMU TIATOTO IMOPSIJIKA sIBJIAIOTCS 24 BpalleHus Ha YIJIbI
2k7/5, k = 1,2,3,4, BOKpYI KayKJIOi U3 IIecTu Oceil, mpoxois-
X Yepe3 TPOTUBOTIOJIOXKHBIE BEPIUHEL. |10/ BpaIennemM BOKpyT
BeprmmHEl A Ha yroa o Oy/eM TOHHMATH BpAIleHe BOKPYT OCH,
MTPOXO/ISAIIE Yepe3 A U MPOTUBOTIONOKHYIO BEPINNHY, HA YO &
MTPOTHB YACOBOI CTPEJTKH, €C/TH CMOTPETh BJIOJIb OCH OT A K mpo-
THBOIIOJIOZKHOW BepHInHe. ¥ KarKJI0# BEPIIMHBI OTMETUM OJHH N3
IUIOCKUX YIVIOB ¢ JaHHO# Bepiuuoil. Kazkoe Bpalenne nKocas/i-
pa BIIOJIHE XapaKTepH3yeTcsd yKa3aHHeM BEPIIUHBI B, B KOTOPYIO
nepexouT Januas sepimuna A (B Moxer copnagarh ¢ A), u mioc-
KOTO yTJIa IpH B, B KOTOPHIIT MTepexoInT OTMedeHHbIH yrot mpu A.
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TTosTomy Kazkoe BpallieHue x, rnepepojsiiee A B B, ipeacTapiis-
eTcs B BUJIe KOMIIO3UIINA T = Y2, TJIe Y MEePEeBOIUT OTMeYeHHBIN
yrojimpu A B oTMedeHHBIH yroJi ipu B, a z ecTh BpaliieHue BOKpyT
pepmnHabl B Ha yroa «. ObpaTHBIN 3/1€eMEHT — z71y71 €CTh
KOMIIOBHINA BPAIeHus z | BOKpyr B Ha yroa (—o) m Bpaie-
HUS ¥y~ ', HepeBOISIIero OTMEYeHHEIH yro npu B B oTMedYeHHbIi
yroa tipu A. IlycTs Tenepb g — BpallleHue BOKPYT BepITUHBI A
Ha YroJl <, a & — Jio0OH 3JIEeMEHT TpYIIbI, TepeBosnuii A B
B. Tlpencrasnsisi © B BHJie KOMIO3UIMA T = 4z, KAK YKa3aHO
BEIIIE, Haii/IeM, 9TO CONPAZKCHHBII 3JI€MEHT z~ ! gr = z71y71 gyz
SABJITETCST TTOBOPOTOM CHOBA Ha YTOJ ¢, HO YK€ BOKPYT BepIIu-
el B. B wactnoctu, eciin A 1 B — IpOTUBOTIOJIOYKHBIE BEPIIHHEI,
TO TIOBOPOT BOKpPYr B Ha yroj « COBH3JIaeT ¢ MOBOPOTOM BO-
kpyr A nHa yros 27 — «. Takum o6pazoM, Bce BpAIleHUusi BOKPYT
BepIIMH Ha YIJibl 270/5 u 87/5 NpuHayie)kaT OJHOMY KJIACCY CO-
MPSIZKEHHBIX 3JIEMEHTOB, TaK K€ KaK W BCe BPAIlleHUs Ha, YTJIBI
47/5 u 67/5. Tlokazkem, 4TO BpAIlEHUs §g1 U go BOKPYI' BEpIIU-
ubl A Ha yruiet 27/5 u 47w /5 npuHa I Ie)KaT PA3IUYHBIM KJIACCAM.
Ecnu z nepesomur A B Apyryto Bepmuny B, 10 7 g1z ecTh Bpa-
menrie BOKpyr B u jubo He Gymer BpaleHueM BOKpyr A, maubo
(ecqiu B mporusonosiozkaa A) Oyaer BpainenueM BOKpyr A Ha
yron 87/5, T.e. x g1z # go. Ecam e x — BpallleHEe BOKPYT
A, T0 g1 U T — 37IEMEHTBI UKJINYECKO#l (U, 3HAYUT, KOMMYTATHB-
HO#T) TIOATPYIITEI BpaIleHnii BOKpYT A u cHoBa =~ lgix = g1 #
#+ go. Tak, BCE 3JIEMEHTHI MSITOTO MOPSIIKA Pa3OUBAIOTCS HA JBA
KJIacca 1o 12 3jieMeHTOB. AHAJIOTUYHO, OTMEYasi 10 ILIOCKOMY
YIVIy KaKJIOf TpaHU U IO BEPINNHE KaXKJIO0TO pebpa, ydbemmmcs,
uro 20 3/IEMEHTOB TpPEThero Nopsijika (BparieHus Ha yribl 27/3
u 47 /3 BOKpYT Oceil, NPOXOJLANIUX Yepe3 IEHTPHI IPOTUBOIIO/IOK-
HBIX I'PaHeli) COCTABJSAIOT OJUH KJacc U 15 371eMEHTOB BTOPOIO
nopsifika (BpallleHus HA yroJl 7 BOKPYD Oceil, MpOXOJsIIuX de-
Pe3 cepeInHbI IIPOTUBOIIOJIOKHBIX pebep) TaKKe COCTABJIAIOT OJIUH
KJIACC.

6) HopMmaJibHBII Jle/uTelib JIOJIZKEH COCTOATh U3 O0bejuHe-
HUsST KJTACCOB COTPSIYKEHHBIX 3JIEMEHTOB, OH JIOJIZKEH COJEPIKATH
€JINHAILY, W eT0 TIOPSAI0K JIOJZKEH JeUTh TTopsaoK 60 rpyTsl HKo-
caznpa. [To myHKTY a) KJIacchl CONPSYKEHHBIX 3JIEMEHTOB COJep-
KaT coorBercTBeHHO 1, 12, 12 20, 15 smemenToB. U3 stux uncen
MOYKHO COCTaBUTH JIUIIb JIBE€ CYMMBI, COJIepKallye ciiaraemoe 1 u
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nenste uncyio 60, mvenno 1 u 60. 9To gaeT JUIb J1Ba HOPMAJIb-
HBIX JIEJIATES — €IUHIYHYIO TIOArPYIILY U BCIO TPYTIITY.

1.83. Vkazanue. [Ipumenurs 3a7a4u 1.53 B) u 1.82 6).

1.85. Ortsernl. a) [ukyudeckas rpymna nopsijaka d; 6) 1uk-
JITYecKas PPYIINa NOpsiika 5; B) IUKJIMYEecKas TPyIIna nopsika 6;
) IUKJIHYecKas rpymnna nopsaka 2; 1) U x U (eum. zamady 1.88);
€) aJIUTUBHAS IPYIIA JEHCTBUTEIbHBIX YHCe)I.

1.88. Vkazanus. B ciydasx r), ) u 3) paccMoTperh 0To0pa-
skernn f(z) = 2", a B ciiydae e) — orobpakenue f(z) = 2"/|z|".

1.92. Ilycte ¢: G — G — HEKOTOPHBIH aBTOMOPMUIM TI'PYII-
mel G, a ¢ G — G — BHyTpeHHUiI aBTOMOP}U3M, UTO IO OIpe-
JIEJTIEHHIO O3HaYaeT ¥ x — grg . IIpoBepuM, 4T0 conpszKeHue o
MOCPEJICTBOM (¢ JaeT BHYTPEHHHIT aBTOMOPhU3M:

pooyp l(z)=poi(y) =plgyg ") =
=o(g)eW)plg™") = plg)zplg) "

1.93. VYkazaHwue: 3a10JIHATE TTPOOEJBI B CIIEAYIOMEM KPATKOM
pemenuu. ['pynna GL(2, GF(5)) nuneiinbix npeobpazoBanuii 1By~
MEPHOTO MPOCTPAHCTBA HAJ [TOJIEM U3 5 3JIEMEHTOB JieficTByeT Ha
MHOZKECTBE OJHOMEPHBIX IOJITPOCTPAHCTE 3TOTO TPOCTPAHCTBA.
Takux MOANPOCTPAHCTB 6 MITYK, IOITOMY 3TO JEHCTBUE SIBJISIETCS
romomopduzmom GL(2, GF'(5)) B Sg. O603nauuM 06paz npu 3T0M
romomopduzme uepez H. Moxuo nposeputh, uro (Sg : H) = 6.
I'pymma Sg jieficrByer Ha KjaccaX CMeXKHOCTHU MO mojarpyrmme H,
910 3373€eT aBTOMOPdu3M Sg. DTOT aBTOMOPDUIM HE MOYKET OBITH
BHYTPEHHUM: TPAHCIIOZUIMS TIEPEXOJIUT MIPH 3TOM ABTOMOPhU3-
Me B MPOUBBEJEHME TPEX TPAHCIOZUIMN HENEPECEKAIONTUX ST Map
CMEYKHBIX KJIACCOB.

1.96. Vkazauue. IIpeanonoxus, uro G/Z — uukjindeckas
rpyIia, BEIOpaTh B KJIACCe, CJIyzKallleM JiJisi Hee MOPOYKIAFOITIM
SJIEMEHTOM, SJIEMEHT @ U TOKA3aTh, 9TO a U 7 TOPOKIAIOT BCIO
rpymmny G.

1.97. Pemenne. [TpumeHnM WHIYKIIAO TIO TIOPSJIKY 72 TPYIIITH
G. Ilpu n = 2 rpynna G — IMKJIAYECKasi BTOPOTrO TOPSiIKa, U
TeopeMa Jisi Hee BepHa. IlycTh TeopeMa BepHa Jisi BCeX TPYIII,
MOPSIIOK KOTOPBIX MEHbIE 1, U (G — TpyTIa MmopsiaKa 7.

Ilyctsb cHavasa G KoMMyTaTHBHA. Bo3bmeM Ji060i 3/IeMeHT a,
OTJINYHBIN OT enuauIbl e rpynnsl G. Ero mopsgok &k > 1. Ecm k
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JIenuTcd Ha p, k = pq, T0 3nement al nveeT mopaaok p. Ecmm k ne
JiesiuTest Ha p, 1O nopsaok ' dbakroprpynnsl G’ = G/ (a) rpynmb
G 10 IEKAMYecKoli noarpye {a) pased n/k < n u geauTCI HA P.
TTo npeamonozkenno naayknun G’ conepKuT s1eMenT b’ nopsiaka
p. Ilycts b — snement rpynnel G, BXOJAIMI B CMEXKHBIN KJIACC
. Nz (V)P = ¢, tne ¢ — epununa rpynusr G', cieayer, uro bP
coflepyKuTCA B moArpymme (a), T.e. bP = a', orxyma bPF = a'f = e.
Ecm b* = e, 1o (V')¥ = ¢’ u k menwrcs Ha TOPAIOK p dTeMeHTa
b/, aro HeBo3MOzKHO. 3Haunut, b’ = ¢, HO b # €, T.e. s1ement bF
IMEET TOPAIOK P.

Ilycte Teneps rpynma G meKOMMyTaTHBHA. Fcm cymecTByer
nogarpynmna H, ornmanas ot G, mHAEKC KOTOPOIi He JENUTCs Ha P,
TO nopsagok H Menbme n u gemurces Ha p. 1o mpeamonozkennto
maaykipn H copep:kur snement nopsaaka p. Ecam ke mHmgeKch
BCEX MOATPYyNIT Ipynnbl (G, OTAMYHBIX OT (7, JEaTca Ha p, TO
YUCIIO 3JIEMEHTOB, COTPAYKEHHBIX C JIOOLIM 3JIEMEHTOM TpyTIbl G,
ne BxoggamuM B ee nenrp C(G) (zamaga 1.59), menurcs wa p (3a-
mada 1.74). Tak Kak nopsiJiok n rpynnsl G TakzKe JeJuTcs Ha p,
10 u nopsayok 1errpa C(G) geaurcs Ha p U MEHbIIE 7, TaK KaK
G nekommyTaruBHa. [1o npeanonoxenuto uupykipu C(G) cogep-
JKAT 3JIEMEHT TOPSJIKA, P.

1.98. Vrkazanme. BocrobzoBaThes MpebIIyIeil 3a1ateil.

1.106. a) {(a) = (3a) + (2a); 6) {(a) = {(4a) + (3a); B) (a) =
— (Ba) + (4a) + (5a); T) (a) = (9) + (100a);

1.107. Vkasanue. B ciydae B) ucrnosp30Barh 3aga4y 1.105 6).

1.108. Vkazanwus. a) [IpuHsaTh cooTBeTcTBeHHO 38 A 1 B MHO-
KECTBa Beex djieMeHToB a u b u3 G, myist kotopeix pa = 0 u gb = 0;

6) PaccMOTPETh PA3/IOKEHUs 1 = p’flp’z62 ...pk mopanka n
rpymnel G Ha MPOCThIe MHOXKUTE/U U IPUMEHUTH a).

1.109. O6ozuauum depes G(ni,na,...,ns) NPAMYIO CyMMY
IUKJNYIECKAX TPYII MOPAJKOB COOTBETCTBEHHO 701,72, .. ., M.
Jiobas koneunasi abesieBa rpymna uzomopdua G(ni,na, ..., ns),

rae 9Hhcjia N PaBHBI CTEIICHAM ITPOCTBIX YHCEJI (He O6ﬂ3aTeﬂ])HO
pa,3JII/I‘{HI>IX). B sTux O603Ha,quI/IHX IpuBeaeM OTBETEHI:

a) G(3); 6) G(4), G(2,2); B) G(2,3); r) G(8), G(2,4), G(2,2,2);
ﬂ) G(9)7 G(37 3); e) G(47 3)7 G(27 2, 3);

)K) G(IG), G(2, 8), G(4, 4), G(2, 2, 4), G(2, 2,2, 2);

3) G(S, 3), G(2, 4, 3), G(2, 2,2, 3);

I/I) G(2, 3, 5); K) G(4, 9), ( ,2, 9), G(4, 3, 3), G(2, 2,3, 3);
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an) G(16,3), G(2,8,3), G(4,4,3), G(2,2,4,3), G(2,2,2,2,3);
M) G(4,3,5), G(2,2,3,5); u) G(9,7), G(3,3,7);

0) G(8,9), G(2,4,9), G(2,2,2,9), G(8,3,3), G(2,4,3,3),
G(2,2,2,3,3);

n) G(4,25), G(2,2,25), G(4,5,5), G(2,2,5,5).

1.110. Ecmu C}, — mukangeckas rpyImna nopsiaka k u Z — bec-
KOHEYHAs IUKJINIECKAs TPYIINa, TO HCKOMOE IIPIMO€e Pa3JIOyKeHIe
daxroprpymmsr Z32/H umeer um; a) Co + Co + C3; 6) Cs + Cy;
B) Oy + C3+C3; 1) Cy + Cy; 1) Cy+ 75 e) Co + Cy + Cy; x) Cs;
3) Z+ Z;w) Z; x) Z®) H — nynesas rpymma. VickoMoro pasiozxe-
HUs HE CYIIEeCTBYeT.

1.111. B) I'pynna G eauHcTBEHHBIM 06pA30M Pa3/araercs B
npsiMyto cymmy moarpymr: G = A+ As+- - -+ A, tne A; — nuk-
JIM9ecKas MOATPYIIa MOpsaKa p;. Jlrobas noarpynma H rpymmsr
G, oTudHas OT HYJIEBOMH, SABJISIETCS TPSAMOIl CyMMO# HEKOTOPBIX
uz nogarpymnn A;. Hucyio Bcex moAarpymnn paBHo 2°.

Vkaszanue. Mcnosp30BaTh NyHKT 6) ¥ MOKa3aTh, 4TO €ciau h —
MOPOK ANl 3jteMenT noarpynnel H, To H siBisiercss npsmoit
CyMMO# Tex moArpymmn A;, KOTOpbIe COJIEPXKAT HEHYJIEBBIE KOMIIO-
HEHTHI dJIeMeHTa, h.

1.112. Vkazauue. B) [jisi JoKazareiberBa pazjioxenns G =
= H + K BzaTs m060ii s;tement a1 Bae H, 3aTem mroboii sjemenT
ag BHe {H, a1} ur a., unomnoxure K = {ay,as,...}.

r) Jliobas noarpynma H nopsizika p° paszjiaraercs B NPSMyTo
CYMMY § IIMKJIMYECKUX MMOATPYIIT mopsika p. [lycrs 910 pazioxke-
HIE UMEET BI/T

H = {a1) + {a2) + -+ (as).

Haxomum uncio Beex cucrem (aq, as, . . ., as), ONPEJIEJIEHHBIX yKa-
3aHHBIM 00pazoMm myid Bcex moarpymnn H mopsaka p®. Tak kak
a1 # 0, TOo ot a; ¥UMeeMm pk — 1 Bosmoxkuocreil. Tak Kak ao
JIeZKAT BHE IUKJITIecKOH TIOArpy s (a1), To A1 as uveeM pF —
P BO3MOXKHOCTEH U T. 7. AHAJOTMYHO HAXOJUM YUCIO BCEX CHU-
creM (ay,aq, . .., as), gaomux oguy rpymny H nopsaka p®. Yucio
BCEX TOArPYIII MOPsi/ika p° PaBHO YACTHOMY ABYX HailEeHHBIX
quce.

1.113. VYxkazauwme. CHadaja paccMOTPETh CIydail MpUMapHOR
TPYIIIBI, 32TEM B35Th PA3JI0yKEHNe TPYIIIBI Ha MPUMapPHBIE KOM-
[OHEHTHI U MPUMEHNTH 3aja4y 1.105 6).
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2.1. a) Kossuo. 6) Kousio. 8) Kosbuo. Ipu n = 0 nonyvaem
HYJIEBOE KOJIBIO, COCTOdAIEe U3 omHoro umucia 0, KoToperi Syner
eIMHUIEH KOMBbIA U caM Jig ceds MPOTHBONOIOKHEIM. Hymnesoe
KOJIBIO He OymeT mojeM, TaK KaK TOJIe JOJZKHO COIEp:KaTh 6o-
see opHoro sementa. r) IMose. x) TTose. e) TTose. x) Kombro.
3) IMose. u) Koasuo. k) Toue. u1) Kombro. M) Kosbio. ) Kosb-
1o. o) Kosbro. ) Kosbuo. p) Marpuiipl ¢ paloHa/bHBIMA «,
b obpaszyroT mose, a ¢ AefCTBUTENBHBIMU a, b — KOJIBIO, HO HE
nojie. ¢) ITOJMHOMBI OT CHHYCOB W KOCHHYCOB U MOJMHOMBI OT
OJTHIX KOCHHYCOB 00Pa3yroT KOJIBLO, & OT OJHHUX CHHYCOB HE 06-
pazyior. (Ykazanue. B mocjeaaem ciaydae UCIOIB30BATH TO, UTO
MPOM3BEJIEHNE JIBYX HEYETHBIX (DYHKIMI sBjsieTcd DyHKIMEHR
YEeTHOW. )

2.2. 1) He obpazyior. Ykazauue. Vcrnojibaysi HENpHBOIU-
MOCTh MHOTOHY/IeHa T° — 2 HaJl MOJeM PaIlHOHAIBHBIX THCe, J0-
Ka3aTh, 9T0 /2 - v/2 = v/4 He IPUHA/IIEKAT PACCMATPUBAEMOMY
MHOZKECTBY.

2.13. Jlenurenu uyns umeror sug (a,0), rae a # 0 u (0,b),
rae b #£ 0.

2.17. MaTpunpl, B KOTOPBIX 9JIEMEHT B JIEBOM BEPXHEM YTJIy
OTJIMYEH OT HyJisi, HE OyjyT jieBbiMu (HO OYJyT MpaBLIMU) JIEJIH-
TEJIAMA HyJIs.

2.24. Vkazanue. /IByMsi pazHbBIMU CIOCODaMU PACKPHITH CKOO-
ku B npoussesenun (a + b)(e + e).

2.26. MaTpuilpl Hopsiaka n = 2 ¢ dJeMeHTaMH U3 JIAHHOTO
MOJISE TIPY YCJIOBHH, 9TO BCE CTPOKH, HAYMHAA CO BTOPOM, COCTOAT
n3 HyJleil, 06pasyroT KOJILIO ¢ HECKOJIBKIMH JIEBBLIMA €IIMHUIIAMHE,
a IpU AHAJOTMYHOM YCJOBHUH JJISI CTOJIOIOB — C HECKOJBLKHMHU
MTPABLIME €IMHALIAM.

2.27. Vkazanue. [lokazaThb, 9TO eciit @ = ae, TO € — €JINHUTIA.

2.28. a) a = p B KOJbIE BBIYETOB MO MOIY/IO p°; 6) a = p B
KOJIBIIE BBIYETOB 10 MOJYJIO p". 31eck p — J06G0E IEI0e 9nco,
bosbiree 1.

2.30. Vxaszanme. [Ins aucma a+ by/—3 Beectn nopmy N(z) =
=z-z=a’+3b%. Jlokazats, uto N (21 - 22) = N(21)- N(22); ans
marnoro M > 0 cymecTByeT JINIIb KOHETHOE MHOZKECTBO YUCEN 2 C
N(z) < M, nenuressiMu e JUHUIILI ABJISIOTCH JUMIL 1, einresis
¢ HaMEHbITEl HOpMO, 6osbIneil 1, SIBageTCsS TPOCTHIM.
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2.31. VYkazanwne. PaccMOTpeTh pas3/ioKeHus
9 —9l/2 9l/2 _91/2 9l/4 ol/4 _

2.35. a) PackpoeM cKOOKU B TpOU3BEJEHUN
(ao + a1t + asg + agk)(ao —ayi —agy — agk)

u npuseem mo1o0ubIe. [logyanTes BeIpakeHune a% + a% + a% + a%,
TaK Kak i° = j° = k? = —1, a ocTasbHBIE CIaraeMble COKpPAIa-
FOTCs, TaK Kak 1] = —ji, itk = —ki, jk = —jk.

6) AKCHOMBI KOJIbIIA TIPOBEPSIOTCS HEIIOCPEICTBEHHOI 1MoIcTa-
HOBKOI B OTIpe/iesienns. JIerko TakKe TPOBEPUTD CIIPaBEITNBOCTD
caenyromneit popMysbl [ijist 0OPATHOTO K /i KBATEPHUOHA:

h=t = h/(hh).

B) ByseM zanuchiBaTh KBATEPHUOH B BHJE CYMMBI <«JI€iCTBU-
TeJLHOMY» W «MHUMOMy dactu: h = hg + hy, tme hog € R, a hy =
= ayi + asj + ask paccMaTpuBaeTcsd KaK BEKTOP B TPEXMEPHOM
MMPOCTPAHCTBE ¢ OPTOHOPMUPOBAHHBIM Oazucom 4, 7, k. V3 ompe-
JeneHus YMHOXKeH!s KBATEPHUOHOB CJIe/IyeT, ITO

hg = (hogo — h1 - ha) + hogy + qohi + hy X ha, (*)

3meck a - b — ckaJisipHoe, a @ X b — BEKTOpHOE NPOU3BEIEHIE
BEKTOPOB.

ITpoBepum, uTO MOBOPOT HA yroJ € BOKPYT OCH, 33/1aBaeMOM
eIUHUIHBIM BEKTOPOM v, B TPOCTPAHCTBE <«UUCTHIX» KBaTEPHU-
OHOB (C HyJIEBOH JIeficTBUTE/ILHON YacThio) 3a1aercs (hopmyJIoil

h — (cos(0/2) +sin(0/2)v)h(cos(8/2) — sin(6/2)v). ()
TIpoBepKy mOCTATOYHO CIeNaTh B ABYX ciaydasx: h = v u h = u,
IJI€ % — €IUHUYHBIA BEKTOP, MEPIEeHAUKYIApHEIi v. Ha ocrais-
HBIE BEKTOPBI POPMYJIa, TPOAOKATCS TI0 JTMHEHHOCTH.

B mepeom cityuae feficTBre (%) He MEHSIET BEKTOPA V: UCIIOJb-
3ys (*), MOXKHO IIPOBEPUTD, YTO
(cos(0/2) +sin(0/2)v)v(cos(0/2) —sin(0/2)v) = v.
Bo BTOPOM cilydae BEIMUCIEHNS TIPUBOIAT K CJIEIYIOMIEMY Pe-
3yABLTATY

(cos(0/2) + sin(0/2)v)u(cos(0/2) — sin(0/2)v) =

= cosfu + sinf(v x u),



OrBeTsl, yKa3aHusd, peIeHns 205

T. €. U TEepexXouT B cos fu + sin f(v X w), 9T0 COBIAJAET C TIOBO-
poToM Ha yroJ 6.

Ha dbopmymy (%) MozkHO mocMoTperh nnade: h — ghq™!, rae
q — KBaTepHUOH HOpMBI 1. HO KOMITO3UIIUS CONPSIZKEHU TIOCpe/I-
CTBOM JIBYX KBaTE€PHHOHOB COBIIQJIA€T C COIPSIXKEHHEM TOCPe/I-
CTBOM MPOUZBEIEHUsT ITUX KBATEPHUOHOB. OTCIONA U MOy YaeTCst
TpebyeMbIii TOMOMOPhU3M.

2.36. VYkazanwe. Haiitu marpuner F, I, J, K, coorBercTBy-
FOINNE eIUHUTIAM 1, ¢, j, k U IpOBEpUTH TAOIUILY YMHOYKEHUS JIJIst
mnx: [° = J? = K? = —-E, IJ = -JI = K, JK = —-KJ = I,
KI=-IK=J.

2.44. Ecmu ne # 0 gis moboro n # 0 u3 Z, T0 ¢ — H30MOp-
dbuzm, u p(Z) uzomopduo Z. Eciu ne = 0 qyisi HekoToporo n # 0
w3 Z u d — HauMeHbIIlee TOJIOKUTELHOE UUCIIO, JIJisi KOTOPOTO
de =0, 10 p(Z) n30MOpdHO KOJIBIYY BBIYETOB M0 MOJLYJIIO d.

2.45. a) Uneas; 6) mOAKOJBIO; B) WIEAN; I') HE SBISETCH
MOJAIPYIION aJIUTUBHON IPYIIILL; 1) HMOAKOJBIO; €) MOArPYIIia
aJINTUBHOMN IPYIIILL; XK ) UEAJT; 3) MOIKOJIBIO; 1) UIeaJl; K) e
aJI; J1) HE sIBJISETCs TMOArPYIIOi aJyINTUBHON MPYIIIEL.

2.62. Vkazanme. IlycTb @ — 2/1eMeHT KOJIBIIA, OTJIMYIHBIN OT
HyJist. [lokazaTh, 9TO COOTBETCTBUE X — ax, Tje & — JE000i J1e-
MEHT, SIBJISIETCSI B3AUMHO OJHOZHAYHBIM OTOOPasKEHUEM JAHHOTO
KOJIBbIIA Ha, ceDdsl.

2.65. (5 + 9V2 — V/4). Vxazamme. [lna mokasaTenncTBa
OJIHO3HAYHOCTH MCIO/IB30BATH HEIPUBOIUMOCTh MHOIOU/ICH], T° —
2 HaJI TIOJIEM PAIHOHAJIBHBIX uncen. JIjist oTeicKaHust 06paTHOTO
3JIEMEHTA TIPUMEHUTH METOJT HEOTIPEIEJIeHHBIX KO3 DUITHEHTOB.

2.66. z 1 = $52(34+ 14V/5 + 13v/25).

2.67. VYkazanwne. Mcrmomb30BaTh, 9TO HETTPUBOIUMBIN MHOTO-
49JIeH B3AUMHO MPOCT ¢ JIFOOBIM MHOTOYJIEHOM MEHBIIEH CTEereHu.

22.68. B! = 7=(101 + 37a + 4a?). Ykasanue. Iycrs ¢(z) =
= z° — z + 3. Meromom HeompeeieHHBIX KOhDDUIMEHTOR Hali-
i MHOTOWIeHB! f1(x) mepBoil cremenu u ¢1(x) Bropoil cremenn,
yaoeseropsitonue paseHcrBy f(x)fi(x) + ¢(z)pi(x) = 1, u no-
JIO)KUTH B 9TOM PABEHCTBE T = (.

2.71. VYkazanme. PaccMoTpers 0Opasbl €IUHUIIBI, IEBIX U
JPOOHBIX YHCEJT.

2.72. VYxazanue. [lokazarh, 9TO MOIOKUTENHHOE YHUCIO, KaK
KBaJpaT JEHCTBUTEILHOTO YUC/Ia, MEPEXOUT B TOJIOKUTEHHOE.
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3areM JI0Ka3aTh, YTO JII000E JIEHCTBUTELHOE YHC/IO TIEPEXO/IUT B
cebst, UCTIOJIB3YSI TO, YTO JIF0DOE PAIMOHAJBHOE YUCTIO TIEPEXOJUT
B cebst, U TO, YTO MEXKJY JIBYMs PA3IMYHBIMU JIEHCTBUTETLHBIMU
9UCIAME JIEXKUT PAITUOHATBEHOE YUCIO.

2.73. Bo3MOXKHBI JIUITL J1Ba TaKUX aBTOMOpPQU3IMA: TOXKJIe-
CTBEHHBIN U MEPEBOISANINI KAYKI0€ YUCJIO B COMPSIYKEHHOE.

2.78. Otzser: a™™) — 1. Vkazanue: cM. JTOKa3aTeIbCTBO TEO-
peMmsl 3.37.

2.79. a)z+2;6) 1.

2.80. a) 1;6) 5z + 1.

2.81. a)2? +x—1;6) 1.

2.84. O6ozHaunm depe3 (G rpymimy OOPATHMBIX JIEMEHTOB
kombia Z/(p"). Tak kax |G| = (p — 1)p" !, 3 Teopemsr o Ko-
HEYHBIX abesIeBBIX TpyIaxX 3akjiaodaeM, 9o G =2 A x B, rne A
COCTOUT U3 3JIeMeHTOB (G, TIOPSIIKU KOTOPBIX JejsaT p— 1, a B — u3
ameMenToB (, HOPSIKH KOTOPEIX Aesat p” !, mpuuem |A| = p—1,
|B| =p" 1.

Ternepb paccMOTPUM MOCJIEIOBATELHOCTD

Hy>oH{D>...H, 1 :{1}
moarpymm B G, T1e
Hy = {1+p"iz}.

Wz dopmymner 6unoma u HepaBencts 3k > k+ 2, 2k +2 > k + 2,
cIpaBeIUBLIX TIpu k > 1, mogy4daem

(A+4prz)P =14 p" e+ (Z)pzkxz =1+p" 2 (mod p*t?) (%)
((12’) JleJTATCA Ha, p° IpH p > 3).

PasencrBo (x) osmauaer, uro obpas Hy_i npu BO3BEJeHHU B
crereHb p jexut B Hy, vo He sieskut B Hy4 1. Ilosromy B Hp ecthb
saeMeHT nopsaka p” . Buaunt, B = Hy u B — nuk/anueckas.

Ipyma A wusomopdua G/B = G/Hy. Ho nocnepuss rpyn-
13 COBIIQJIAET ¢ TPYMNIOil rpynmnoii o6parumbix sjementos Z/(p),
KOTOpas ABJIAETCA MYJIbTHIIMKATABHON TPYIION TTOJIS U IIOTOMY
IMKJIN9ecKas TOpsaaKa p — 1.

Teneps mukmMaHOCTL G cnemyer n3 TOro, uro G aBasgeTcs
IPAMBIM TIPOU3BEIEHIEM IUKJIUIECKAX TPYTIT B3AUMHO TPOCTBIX
MOPSIKOB.
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2.86. 6) YeThipe cCMEKHBIX KJIACCA, COCTOSIINE U3 YUceT a1 bi
co ceoiicrBamu: 1) a u b deTHsl; 2) a deTHO, a b HederHO; 3) a
HeueTHO, a b ueTHo; 4) a u b weverHsl; B) Kjacc B, comepxKamumii
1+ i, aBasercs gesmTeseM Hyqs, npudem B2 = 0.
3.4. Pemuwm ypapuenne 103z + 73y = 1 B 1eabIX Ync/iax
pacmupenHbiM ajiropurmom Eskymma (em. ¢. 108).
Beranciienns ys1o06HO cBecTr B TaOJIHUILY

A | Aip1 | Qi1 x Yy
103 73 1-90(37—-1-(-90)=127
73 30 2 37| -16—-2-37=-90
30 13 2| —16 5—-2.(-16) =137
13 4 3 5 —-1-3-5=-16
4 1 41 —1 5

Tonygaem orer y = 127 = 24 (mod 103).

3.5. Ilo moxymro 3 cucTeMa HECOBMECTHA, & II0 MOJIYJIIO 5 OHa
HMeeT eIUHCTBEHHOE pelleHne x = 2, y = 3, z = 2.

3.6. Ilo momymro 5 cucTeMa HECOBMECTHA, & 110 MOJIYJIIO 7 OHa
nMeeT eIUHCTBEHHOE pelieHne x = 2, y = 6, z = 5.

3.7. Tlpu p = 2 KBa/paTUYHLIX BEIYeTOB Gosibine (1 > 0).
IIpu p > 2 KOJIMIECTBO KB IPATUYHBIX BEIYETOB U KBAIPATHIHBIX
HEBBIYETOB OJINHAKOBO.

[Mockomeky (—a)? = a”, Bo3BeleHHe B KB3JPaT CIAPHBAET
HEeHyJIeBEIE SJIeMEHTHI. B 1oje y ypaBHeHus x° — a He 00JIb-
mre 1Byx KopHeil. [TosToMy KBaApaTOB Cpeau HEHYJIEBBIX BEIYETOB
POBHO TIOJIOBUHA.

3.8. Bce nenysiesnie semenTsl 1oyt GF(p) sBisiiorest KOp-
HSIMHU MHOTOYJIEHA,

L1 1= (:,:(1071)/2 _ 1)(:,;(1071)/2 +1).

2 spaunr oP1/2 =

Ho nnsa mroboro BerveTra a nMeeM a = x
— zP~! = 1. TTo39TOMY KB IpaTHUHbIE BEIYETEl — 3TO B TOUHOCTH
kopHE MHorounena #P~1/2 — 1 a KpajpaTHUHBIE HEBLEIYETH —
KOpHE MHOrOueHa #P~1/2 4 1.
3.9. —1.
3.10. 0.
3.11. Jlns p = 2 yTBep:K/ieHNe TPUBHAJBHO. PaccMOTpuM Ciy-

qaif TpocToro p > 2. HeAyseBble BEIYETHI TT0 MOJIYJTIO P SIBJISTFOTCS



208 OrBeTsl, yKa3aHusd, peIeHns

KopHsMHI ypapHerus P~ —1 = 0 B mosie GF (p). JIpyrux KopHeii y
9TOTO ypaBHeHus: HeT (MHOIOYJIeH CTereHu p — 1 umeer He GoJibiie
p — 1 xopus). ITo Teopeme Buera nponssesieHne Bcex HEHYJIEBBIX
BBIYETOB PABHO CBOGOIHOMY WieHy (Tak Kak p — 1 4eTHo).

3.13. 2006-e cTerneHn HEHY/IEBBIX BEIUETOB 00PA3YIOT OATPYII-
[y MyJIbTUILTUKATUBHOM rpymmsl nojas GF(17). Tak kak 2006 ue
nenutcs Ha 17—1 = 16, sra rpynmna cobcrBennas. [TosTomy cymma
U3 YCJIOBHsI 339U 110 MOAY/IO 17 paBHA HEKOTOPOMY KPaTHOMY
CYMMBI IO 3JIEMEHTAM MOJIPYIIbI MYJILTULIUKATUBHON TPYIIIBI
uHgekca k > 1. DTu 9jileMeHTBl, U B TOYHOCTH OHH, SIBJISIEOTCS
kopHaME ypapHeHus zF — 1 = 0. Ilo Teopeme Buera ux cymma
paeHa 0.

3.19. a) Pemenue. IIpegnonoxum, uro f(z) u g(z) umeror Ha
nojieM Q obuwii genuresns d(z) nosoxkureabHol crenenu. Torma
f(z) = a(z)d(z), g(z) = b(x)d(x), tne a(z), b(z), d(z) — mHO-
rousensl Had Q. BriHocs obimue sHaMenarean u obiye HanboIb-
e Jiesiure)in ducauresieii Ko3bQUIuenToB u npuMeHsis JIEMMY
Taycca 0 MpouzBeJeHUH MPUMUTHBHBIX MHOTIOYIEHOB, TIOJIyYUM:
f(z) = ai(z)di(x), g(x) = bi(x)di(x), rae Bce MHOTOYIEHBI HMe-
0T Tiesible KoadbdunuenTs, crenedb di(x) paBHa cremern d(x)
u crapiuii koaddunuent di(z) we nemurcs Ha p. Ilepexous K
[OJIF0 BBIYETOB 10 MOJYJIIO P, TOJy4uM OOIIUil JeiuTes Mo-
JoxkurenbHOM crenenn Jyuis f(z) u g(xz) Haz sTUM mONIEM, YTO
HEBO3MOZKHO.

6) Muorousnens! f(x) = z, g(x) = x + p B3aNMHO NPOCTHI HA/T
[0JIEM PAIMOHAJIBHBIX YUCE/I U PABHEI Z, T. €. HE B3AUMHO [TPOCTHI,
HAJI, TI0JIEM BBIYETOB 0 MOJLYJIIO .

3.20. Vkazauue. Eciu f(z) u g(z) B3auMHO mpocThl, TO, 110-
ayuus pasercrso f(x)u(z) + g(z)v(z) = ¢, toe u(x), v(z) —
MHOTOYIEHBI C LEJbIMU KoddhduimentaMu u ¢ — IeJioe 9ucio,
JI0Ka3aTh, 410 f(z) u g(x) B3aUMHO MPOCTHI HAJL MIOJIEM BBIYETOB
no oboMy MpocroMy p, He JejsiieMmy c. Ilpu JoKazareabcTBe
06paTHOTO yTBEP:KIEHNs NCIIOJIBb30BaTh 3331y 3.19.

3.21. VYkazanwme. [Ipumenss jemmy laycca, 3 pazinoxKkeHUst
f(z) ma gBa MHOXKUTENs] ¢ panUOHAJbHBIMU KO3dduruenTamMu
[OJIyYUTh PABJIOYKEHUE HA JBA MHOXKUTEJsS ¢ HeJbiMu Kodhdu-
menTavu. Muoroden f(z) = pz’+ (p+ 1)z +1 = (pz+1)(z+1)
[IPUBOJIUM HAJI TI0JIEM PAIMOHAJIBHBIX YHUCE/I, HO TI0 MOJLYJIO P Pa-
BeH z + 1 U, 3HAYUT, HEITPUBOJIUM.
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3.22. Pemenne. CHavasia JOKaKeM JeMMY M3 T€OPUU TPYIIIL.
Ecnu npa smevenTta a u b nurmdeckoil rpymnmbl G He sIBJISEFOTCS
KBaJIPAaTaMI, TO UX MMPOU3BEIEHNE SABJIsETC KBaapaToMm. MuoxKe-
crBo H snemenToB u3 (G, ABJISIONUXCS KBaJApPaTaMHU, €CTh IOJI-
rpymmna. Pakroprpynna G/H — mukmuueckas. Ecou D = dH —
ee mopoKjarommii, To 3 d> € H crnemyer D’ = d’°H = H.
Buaunt, wiu H = G, wiu G/H — rpynmna BToporo nopsijika u
ab € aH -bH = H, T.e. ab ecTh KBapAT.

Orcrofia ctejiyer, 9To 110 JIFOOOMY IIPOCTOMY MOJIYJIIO P OJIHO U3
qucen 2, 3, 6 cpaBHUMO ¢ KBaJpaToM. B camowm Jese, pu p = 2
uveem 2 = 0%, mpu p = 3 Takxe 3 = 0°. Ecm p > 3, 10 2
u 3 MOYKHO PACCMATPHUBATH KAK 3JIEMEHTHI MYJBTUILINKATHBHON
rpynmnel G 10715 BeI9eTOB 10 Moy o p. CormacHo Teopeme 3.44
rpymnmna G — MUKJINYECKas U [0 JieMMe, JOKA3aHHOI BHIIIE, ec/in
2 u 3 — He KBaJpaTHl, TO 2 - 3 = 6 — KBaApaT. MHOTOU/IEH

(2—V2=V3)(z—V2+V3)(z+V2-V3)(z+V2+V3) =
=zt — 1022 +1

HETIIPUBOIUM Ha/JI TIOJIEM PAIHOHAJBHBIX YUCe]T, TaK KaK JIMHEHHbIE
MHOZKHTEJIH 1 UX TIPOUZBEIECHNS T10 JBA, HE ABJIAIOTCA MHOTOMIEHA-
ME ¢ paipoHabHbIME Kodbduimentamu. [lycrs GF(p) — nose
BBEIYETOB IO MTPOCTOMY MOAYIIO p. 110 JOKa3aHHOMY CyIIECTBYET
anement a € GF(p), ana xotoporo a? = 2, mmi a’ = 3, wim
2 —=6.
Ecmm a? = 2, to z* — 1022 + 1 = (22 + 2az — 1)(2® — 2az — 1);
ecmn a? = 3, To z* — 1022 + 1 = (2% + 2az + 1)(2? — 2az + 1);
ecr a? = 6, T0x4—10x2+1*(:1:2+2a— 5)(2? —2a — 5).
3.28. JIpa. Ypasuenne 222 — 27 — 1 = 0 umeer B mosie GF(24)
CTOJILKO 7K€ pellleHuii, CKOJIbKO U ypapHeHne z20 — 214 —1 = 0
(aBToMOpdmzMm Ppobernyca). Mcnomssys pasencrsa z'° = 1 u
+1 = —1, ynpoctum ypaBHEeHHE
22tz 41
—

2 g 1=z —a2l-1=

[Mone GF(2*) comepxut momnone GF(2%), B koTopom y MHOTO-
uiaena z° + = + 1 JBa KOpHS.

3.29. [lpomseogmas Monoma (z") = nz" ! ToxmecrrenHo

paera 0 TosbKo eciu p | n. [TosToMy HoKazaTesnn creneHeil Beex

MOHOMOB MHOTOWIeHa f menar p, 3Hadut f(z) = g(aP) = ¢P(x).
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3.30. Ecau muOTOWIEH f B3AWMHO MPOCT CO CBOEI IMPOM3BO/I-
HOit, TO (yTBepKeHue 3.47) OH SIBJISETCS IPOU3BEICHIEM HEpU-
BOJIMMBIX MHOTOYIEHOB f; B MEPBOil cTerneHn

f=f-fo- - fr.

TTo kwuraiickoii Teopeme 06 ocrarkax Flz]/(f) = Flz]|/(f1)®
@F[x]/(f2) ... ® Flz]/(fi). Kaxkaprii coMHO)KUTETb B 9TOH CyM-
Me sBJI€TCs ToJieM (TaK KakK f; — HENpUBOAUMBIE). YpaBHEHNUe
2P = z umeeT p KOpHEli B JIIO6OM M0JIe XapaKTEPUCTUKY p (B TOY-
HOCTH 3JieMeHThl ooyt GF(p), KoTropoe ecTh B JIOOOM M0JIe
xapakrepucTuku p). I[losromy 4ucyio peienuii ypastenus af = x
B xombre F[z]/(f) pasro pF.

3.31. MHcnosb3yem obo3HadeHusi npeabiaymeii 3amaqn. Ko-
PEHb ¥ MOZKHO 33JIaTh MOCJIEI0BATENLHOCTRIO U1, . . . , U, OCTATKOB
ot nenenust v Ha f; (Kuraiickas reopema). Tak kak vF = v, T0 v; €
{0,1,...,p—1}. Ecyiu Bce v; oguHakossl, 10 v € {0,1,...,p—1}.
Bez orpanuuenust OOIIHOCTH cYUTaEM, 9TO v1 £ vy. Torma v — vy
Jejnurcesd Ha fi u He Aenurcd Ha fo. [osromy (v — vy, f) # 1.

3.32. MokHO, HATpUMEDP, UCTIOJIB30BATh WHTEPITOIITITNOHHBIT
muorowieH Jlarpanzxka (3.7):

[Lecrpmnga (@ —b)
f(z) = f(a) :
GEGXFEP,L) [locar@pmygay(a—b)

3.34. (z+ 132 +z+1).
3.35. (z+3)(2? +42+2).
3.36. (z2+1)(2? +z+2).

3.37. (2? a4+ 1)(2? + 2z +4).

338. fi=a, fo=2’+1=(z+1)? fa=a’+taz=z(z+1),
f1= 2> 4+ z + 1 menpuBogUM.

339. fi=2% fo=2+1=(z+ 1) (2> +2+1), =2+ =
=z(z+1)?, f1 = 2> +2% = 22(2+1), fs = 2° + 2+ 1 menpuBOAIM,
fo = 2> + 2% + 1 menpusommy, fr = 2° +2° +x = 2(2®> +z + 1),
o=tz tz+1=(z+1)>

3.40. fi=2"+1, fo=a’+ax+2, fa=a’+2z+2.

341. fi=2> 42z + 1, fo=2> + 20+ 2, fa =2 + 2> + 2,
fa=a> 422241, fs=a3+2>+a+2, fo=a>+2>+22+1,
fr=a>4+22>+z+1, fs=2>+222 4+ 22+ 2.
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3.48. Hy:xHo Haiitn Hamvenbiee k Taxoe, aro 19 | 2F —1 mmm,
910 To 7Ke camoe 28 =1 (mod 19). Taxoe k Hy:KHO HCKaTh CpeIH
nemmreneit 19—1 = 18. Tak kak 2° = 2-16%2 = 2.9 = —1 (mod 19),
a2 =4.2* = —12 (mod 19), To HE OAMH COOCTBEHHLIH JETHTETH
18 He TmOIXOIUT.

Orser: uckomoe 1oj1e umeer 2 s1emenTos.

3.50. Paccmorpum nosie F' = GF(p)/(f), deg f = n. Knacc
BBIUETOB ¢ = {z} siBJiseTCcs KOpHeM ypaprerusi f(z) = 0 B 9TOM
mnojie. Ilo Teopeme 3.41 ocraJbHEIME KOPHAMHU 3TOIO YPaBHEHHUS
GyayT o’ . MHOKECTBO KOpHEii 9TOr0 ypaBHEHNs COXPAHSIETCS TP
neticrBun Jr000TO aBTOMOpdU3MA.

JIroboit apromopduzm ¢: F' — F mepeBoauT 37€MEHTHI TOM-
nosist GF(p) C F' B cebst (tak (1) = 1). Ecau (o) = o, T0 TOrI18
(p — TOXKJIECTBEHHBIN, TaK KaK BCE SJIEMEHTHI TOJIs BEIPAXKAOTCS
ugepe3 1, o. 3HaUUT, ecTh He GoJlee OMHOTO aBTOMOPGdHU3MA, Iepe-
Bomsmmero « B of . Ho ogun Takoi aBTOMOP}DU3M TOYHO €CTh —
9TO - creneHb aproMopduzma Ppobennyca.

Wrak, MBI fAOKa3a/IH, 9TO HUKAKUX aBTOMOPGU3MOB mojs F,
KpoMe crerniereil apromopduzma Ppobennyca, y mosst F Her.

3.51. PaccMOTpHM TpexMepHOe BEKTOPHOE HPOCTPAHCTBO [
wag mojem F' w3 g snemenToB. «ToukaMuy MPOEKTUBHOM ILJIOCKO-
CTH MOPSAIKa ¢ OYAyT OJHOMEpPHbIE MOIPOCTPAHCTBA [, a «I1psi-
MBIMU» — JIBYMEpPHBIE MOAIPOCTPaHCcTBa. OTHOIEHE WHITIEHT-
HOCTH <«IIpSAMasi MPOXOJUT dYepe3 TOYKY» 3aJaJIMM OYEBUIHBIM
0OpazoM: ecju OJHOMEPHOE TMOAINPOCTPAHCTBO V COJIEPKUTCA B
nBymMepHOM monpoctparcrse W, ro W npoxonut gepes V.

ITpoBepum BBITIOTHEHNE CBOTICTB KOHEYHOIT MPOEKTUBHOM TLJTOC-
KOCTH.

JIrobbre nBa HECOBIAIAIONINX OJHOMEPHBIX IOJIIPOCTPAHCTBA
Vi, Vo comepxkarca B asymepHOM moampocTpancree Vi + Vo, co-
CTOSIIIEM W3 JIMHEWHBIX KOMOUHAIII X BeKTOpOB. JIoboe npyroe
TIO/IITPOCTPAHCTBO, cofepxKainee Vi u Vo, MOJGKHO COOAEp:KaTh U
Vi+ V5. Orciona ciemyert, 9To 4epes JiroObIe IBE PA3INIHBIE «TOY-
KI» TTPOXOUT POBHO OJHA «IIPSIMas» .

JIBa paz3iuyHBIX JIBYMEPHBIX moampocTpanctea Wi £ Wy 06s-
3aHBI TIEPEeCEKaThCA 10 HeHyIeBOMY BeKTopy (uHade B > Hammiocs
OBl "eThIpe JIMHEHHO He3aBHCHMBIX BekTopa). OTcioma cresyer,
qr0o ro0bIe [IBE Pa3/IMYHBIE «IIPsSMBIE» ITPOXOAAT HYepe3 OIHY
«TOYKY».
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BrifepeM HEKOTOpOe OQHOMEPHOE mOoampocTpatcreo V. C F3.
Ha dakroprpymme F2/V ecTecTBeHHO BBOIWTCA CTPYKTYpPa
BEKTOPHOI'O MPOCTPAHCTBA HAJ TI0JieM F', 9TO pOCTpaHCTBO ABY-
mepHo. Kanonmgeckuii romomopdmsm F2 — F3/V ycranasmm-
BaeT B3aMMHO OJHO3HAYHOE COOTBETCTBHE MEXKJIY OIHOMEPHBIMU
HOANPOCTPAHCTBAME B F'2 U JBYMEPHBIMH HOIIPOCTPAHCTBAMHU
B I®, comepxxamumu V. OTciofa yike CleayeT, u4To Ha KayKIOi
<IIPSAMO» JIEJKUT CTOJIBKO YK€ «TOYEK», CKOJIBKO «IIPSIMBIX» IPO-
XOJIUT YEPE3 JAHHYIO «TOUKY» . UTOOBI HAMTH 9TO YHCIIO, 3aMETUM,
YTO OJHOMEpPHOE HOIIPOCTPAHCTBO B F2 OHOZHAYHO 33/aeTcs
JIFOOBIM CBOUM HEHYJIEBBIM BEKTOPOM, W KaryKJIOMY TaKOMY IIpO-
CTPaHCTBY MPUHAJJIEXKUT POBHO ¢ — | HEHYJE€BOil BeKTOp. Beero
HEeHyJIeBEIX BeKTOpoB B F2 umeercs ¢° — 1 mryk. Ilostomy, Komm-
YECTBO OJJHOMEPHBIX HOANPOCTPAHCTB B F'2 paBHO

¢ -1
qg—1

3.52. a) Ecau a = 0 wiu b = 0, To paBercTso oueBuHo. st
HEHYJIEBBIX a, b OHO clie/iyeT U3 TOro, 9TO MHOYKECTBO KBaJIpa-
TOB HEHYJIEBBIX 3JIEMEHTOB 110Jis1 06pa3yer noArpymiy (uHgerca 2)
MYJIBTUTTHKATUBHON TPYIIIBL TIOJIS.

6) Tak KaK MyJbTUILIMKATUBHAs TPYIINA TI0Jisl [IUKJIUYECKas,
KBa/IPATHI HEHYJIEBBIX IJIEMEHTOB TIOJIsi U TOJIBKO OHHU YIOBJIETBO-
PSIOT PABEHCTBY

=qg+1.

ale=1/2 — 1
Ecm p™ = 4k £ 1, To (=1)®"~1/2 = 41, uro u tpebosaocs.
B) DTO PaBEHCTBO MOBOPUT, Y4TO B MOATPYIIIE U €€ (€HUHCTBEeH-
HOM) CMEXKHOM KJIACCe OJIMHAKOBOE KOJIMYECTBO 3/IEMEHTOB.
r) Bryag a = 0 B cymmy Hynesoii. Eciu a # 0, To zanumem
at+b=acu

> x(@)x(a+b) = x(a)x(ac) =

a#0 a#0
— S x@x(@x(© = Y x (1 n 9) |
a#0 a#0

IIpu a # 0 BeIpaKeHue b/ a NPUHIMAET BCe BO3MOXKHBIE 3HAUEHHS,
kpome 0. TTosroMy mociefHssi cyMMa OTJIHYAETCS OT CYMMBI U3
nyHkTa B) Ha —x(1) = —1.
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3.53. TlpuBogumast HUXKE KOHCTPYKIUsT MaTpull AjaMapa Ha-
spIBaercs KoHeTpyKiweit [eitnm (em. [18]). Ona ucnonbayer cBoii-
CTBa KBaJPATHYHBIX BBIYETOB B TPOU3BOJBHOM KOHEYHOM TIOJIE,
chOpMYIUPOBAHHBIE B TIPEJILIIYINE 3a1a1€.

Brawuase mocrpoum Matpuity () mopsizika p”t, CTPOKA U CTOJO-
BT KOTOPOiT MHIEKCHPOBAHBI dJIEMEHTAaMH oIt F' i3 p™ syremeH-
toB. [Tonmaraem Qqp = x(a — b).

Tak xkak p™ + 1 =0 (mod 4), o x(a —b) = x(—1)x(b —a) =
= —x(b — a), T.e. Mmarpuna ) sBJSETCS KOCOCHMMETPUYECKOI.
Kpowme Toro, BEITIOHSATOTCS MaTpUYHbIe paBeHcTBa () = JQ =0,
e J — MaTpuIa U3 OJHUX €IMHUIl. DT PABEHCTBA B TOYHOCTH
03HAYAIOT, YTO B KAXKJOH CTPOKE M KaKJIOM CTOJIOTE KOJTHIECTBO
+1 papro KosmgecTBy —1 (MyHKT B) mpeapayieil 3aa4m).

Terreps nposepuym, aro QQT = p™I — J. Jlns quaroHa bHbIX
3JIEMEHTOB TIOJTy9aeM

(QQT)aa ZQab =

a JiJIsl BHE/INATOHAJILHBIX [IPUMEHSIEM PABEHCTBO U3 IIYHKTA ') IPEIbl-
JyIneil 3a1a4n:

(QQT)ab - Z QacQbe = ZX(G —¢c)x(b—c¢) =
= Z x(@)x(z+b—a)=—1.
Hckomas marpunma AnaMapa IMeeT BHT,

1 1
i ot

rme 1 — cTpoKa W3 OJHUX €IUHUIL JJIUHBL p'°. DJIEMEHTHI 3TOIt
MaTpHIB! paBHE £1 1o nocrpoenuto. s HHT umeem

1 1 1 1
HHT = (1T Q—I) (1T QT—I) -

- (p 0+1 J+(Q—?)(QT—1))

Ho J+(Q-D)(QT 1) =J4+p"[-J-Q-Q" +1=(p™ +1)I.
I[MosTomy BBITOHsETC Heckomoe paserctso HHT = (p™ + 1)1.
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objects in study.

Level: undergraduates.

Kaura ocrHoBana Ha Kypce jekiuii, npountanasix FO. U. 2Ky-
paB€BbIM B MOCKOBCKOM (DHU3UKO-TEXHUIECKOM WHCTUTYTE. DTO
BTOpasd 9acTh Kypca «/IMcKpeTHBII aHa/ N3y, OHA TIOCBSIIEHA BBe-
JEeHUIO B BBICIIYIO ajredpy, B Hell paccMaTpPUBAIOTCS OCHOBHBIE
CBOICTBa TPy, KOJIEI U IOJIel.

IlenTpaIbHYIO POL UTPAET TEOPUsS KOHEYHBLIX To/ell. Konew-
HBI€ TIOJIS SBJISFOTCA OJTHIM U3 BayKHEHTTNX WHCTPYMEHTOB B KOM-
bunaTopuke u Teoperuyeckoii nudopmaruke. Kak mpumep mpu-
JIOYKeHWUsT KOHEYUHBIX TTOJIENl MPUBOANTCS TEOPUs KOJIOB, UCITPABJIS-
FOIIUX OIITUOKU.

Kuura cozmep:kut MmHOTO 337189, YacTh U3 HUX — YIIpa KHEHUS
Ha TIOHMMaHWe MaTephaJja OCHOBHOM YacTH KHHUTH, YaCTh JAeT
TpeICTaBIeHne O JAJTHbHENINX Pe3y/IbTaTaX B TEOPUU T'PYTI, KO-
JIell, U TI0JIEM.

Kaura npegrnasHadena Jjid n3yveHns OCHOB BBICIIEH aJiredbphl
CTyIEHTaMHI MJI3IINX KypcoB. Hanboiee mojie3Hoi OHa OKayKeTcst
JJIS CTY/IEHTOB, CIEIUAJU3UPYIONINXCS Ha TPUKJIAIHON MaTeMa-
THUKE.

10. H. 2Kypasaés,
10. A. @aépos,
M. H. Baawi



B usmarenscree «M3 Ilpeccs mpu yuactum Mockos-
CKOr0O (PUBMKO-TEXHUIECKOIO MHCTUTYTA B cepun «Ecre-
crBeHHbIe Hayku. Maremaruka. MubopMmaTukas BBILy-
IMIEHBI CJEIYIONNEe KHUTH:

1. JIaboparopHbIii IPAKTUKYM 110 Kypcy «(OCHOBBI BbIYHC-
guresibHOU maremaruku». Msanos B./l., Kocapes B.U., Jlo-
6anos A.N., TTerpos N.B. u ap. 1-e uza. (2001), 2-e uza. (2003),
194 c.

2. Teopuss m peasm3anusi S3BIKOB MTPOrPAMMUPOBAHUSA.
Vuebnoe mocobue. Cepebpsikop B. A., Tajgoukun M.II., Ton-
qap . P., @ypyraa M. T, 1-e uzza., 2003, 296 c.

3. OcHOBBI TEOpHUU CIIy9alHBIX MPOMECCOB. YUeOHOE MOCo-

6ue. Haran A. A., T'opbaues O.T'., I'yz C. A., 2003, 168 c.

4. OnTuvuzanusi. DieMeHTbl Teopun. duciaeHHbIie MeTO-
apl. Yuebuoe nocobue. Buprokos C. U., 2003, 248 c.

5. BBejienue B HeauHEHYI0 DU3NKY MJIA3MbI. Y uebHOEe 110~
cobue. Kunrcenr A. C., 2004, 264 c.

6. Psinbr @ypose. UaTerpasibi, 3aBucsinue OT napaMerpa, u
o6ob6mennbie pyuknuu. Kypce nekimit. Yepusies A. I1., 2004,
149 c.

7. Maremarndeckast craructuka. Haran A. A, T'opbaues O. T,
I'ys C. A., 2005, 160 c.

8. CoBpemenHble NPOOJIEMBI ITPUKJIAJHONW MATEMATHUKH.
C6opHuk Hay4dHO-TIOMy/IIpHBIX crareii. [Tox pem. ITerposa A. A.,
2005, 232 cTp.

9. OublT MMUTANMOHHOTO MO/ICJIMPOBAHUS IIPU AHAJIA3E
COIUAIbHO-3KOHOMUYecKnX siBjieHuii. [lasmosekuit FO. H.|
Benorenos H. B., Bponckuit FO. U., Onenes H. H., 2005, 136 c.

10. CrpykTypHast COIJIacOBAHHOCTH JIAHHBIX W 3HAHWIA.

Vuebroe nocobue. dymmn C. K., 2005, 144 c.



11. Teopuss m peasm3anust SABBIKOB IIPOrPAMMHUPOBAHUS.
Vuebnoe mocobue. Cepebpsikop B. A., Tajgoukun M.II., Ton-
gap J. P., @ypyraa M. T.| 2-e uz., momon. u ucnp., 2006, 352 c.
12. Huckpernsbrii ananus3. OcHoOBbI 001eii anaredpor. 72Ky-
passés FO. ., @népos FO. A., Bsuteiit M. H., 1-e uzz,, 2006, 208 c.

13. Cummerpuu ypasHenuii [avuibrona u Jlarpanmxa.
Axosenxo I'. H., 2006, 120 c.

14. MareMaTn9ecKkoe MOACIMPOBAHNE TA30NHAMUICCKINX
nponeccoB ¢ ucroaaunkavmu. Bomocepuy I1. 1., Epmomun E. B.|

Jlepanos E. U., 2006, 216 c.

15. Jleknuu 10 TEOPUUM UTP U IKOHOMUIECKOMY MOJIEJIH-
posanuro. Mensmukos U. C., 2007, 208 c.

16. Mexanuka kocmumdeckoro moJsiera. OpoOuranbHoe nBu-
xenue. Yuebuoe nocobue. Mupep C. A., 2007, 270 c.
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